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FOREWORD 


III  St-iMi'inbc r  of  I  ih»‘  ti  r bt  S> on  N<i\al  fly*]  r<«*vnain'i  »* ,  •  ibji.- 
by  tin-  Offit  »•  of  N.'l^'al  h  lb«  N«lional  A*  .»»!•  i;,»  ■*!;>*  — 

R»*Kt*-n*c'h  Ooiiiicilf  bilcl  for  *fii  {xirponi-  o'.  . 

•iuthor)t«;ti\  1'^  w*'itic««l  Mir\iyH  of  art*a'»  of  Hy<l'‘o«lf  nantii  tb.it  »rv  of 

Mi|inifi(.aai  «'  iitnavn*  »*CM‘nL'*  .■*  In  k.i  with  thr  ortf,inaI  bt-t  do\.a  for 

thi?*  bcrii'H,  »itib>4«'qn«*nt  w«-r*  tc*  b**  (l«'\ot«*d  to  ont*  or  mor**  tht'mi'b 

bi’li'i  ti*<l  »ni  t!n*  of  itii'iorlan-'t*  an*!  too'd  for  t't'Mcurch  vt.niulatiunt  «'•*  th«* 

oiu-  h.mil,  .»r  of  a*  h.i-\  ••tti**nt  of  ini|Jor;ant  "bn  akthroiiKl.a"  ^nd  tu-ncr  oi  inicri'il 
fi»r  w.iU*  ciiftbfiii:nalii>n«  on  ih**  otbcr,  Th'tbi  !ht-  prt'iic’nt  Hyir.|jo<iiin  •'iihic\’«*d 
.in  t'vantpii*  ol  tsich  crit«*rion:  by<lro*  i»iid  .^i* rodynamii*  nuiMcfof  :ipor» 

tanc  c  ill  both  \h.ii  fare  ami  •  >tiinit‘rcial  m- f*!*  of  nh.pii  and  airc  rafli.and  bupt-r- 
cavitatin^  an*i  \«'nlilal4'd  flown  Iwhich  p ''tit o !>•«*•  for  •'xainplv,  ijo^nibiltwrii  of 
hi^;h  - -imomI  tiiarini'  |iro|MUT>ion  at  I'ffu  it  ti^  ii*N  hilhiTtn  not  thought  altainablri. 

Ri-ci-nt  d«*4.  labbificatitin  ul  many  ri'ni'an  h  in  both  nubjfct^  made 

|ioi*9ibi<‘  iht  wealth  and  excell**m  «>  of  contritmti on.-  prt  rented  at  ih«  iTivet.ng** 
in  Auguni  of  and  now.  reprodiicerl  in  thib  volniiu'.  Unlike  the  tirj-i  »ym- 

fMi.^ium  which  defined  he  framework  of  the  fielu  of  intereMt ,  thi •  mei  tini!  v,a» 
<le*.  >•  .‘d  :r,  ia  ^t  |Mrt  to  original  i  unt  ribnt ioiib •  Again,  at*  for  :a»  eariie.* 
meit.ii';,  ea*  h  iiajH*-  wa*  .iic.ted  fio-n  the  aetivr*  reneanh  ient«rj  v.ithout 
I'i'i.iaru  to  c*  ogr.ipbii  iot.itioii. 

Abide  from  the  military  im|iortanc«*  cf  the  two  them*  topio*  they  are 
rather  r» markabb-  from  other  btand|M>infb.  In  each  ca«*e,the  iinporlant  ncic n- 
l;fu  4  ont  ribut  ion  -  tb.il  btimulat«*d  furlhiT  rebi*arch  occurred  within  thi*  la*»t 
Heven  «»r  eight  yeart*.  Furthermun*,  th*  \  clearly  illuntrate  a  characteristic 
of  thi*  fii*ld  of  Hydroiiynamicfi  that  the  mobt  in^portant  practical  problemn 
require  far  their  bolulion  re^e.inh  of  a  naturi*  that  ir  **ba4ii  **  in  the  c!ar»u'a! 
!*«‘n*ie.  In  the  cabf  ul  I: ydrc>dviia(’  :c  iioi.M'  pioblenibf  «*nly  an  understanding  of 
the  i>h>9ical  no'chaiubm.-  c.iMtalion,  turbulence^  etc.,  t  ould  lead  to  the 
p-ogrenH  th.«t  ha.-i  bi’en  i<iad«-.  Of  {larticiUar  in|t*ri*Mt  in  recc*nl  yc'irs  haa  iic*cn 
the  question  of  turbaletue  .loiae  in  both  at  rodynaniic  and  hydrodynamic  appli¬ 
cation;  the  clueh  to  tbt  toretliuii  of  research  were  proMded  bv  Lighihill*i* 
tri-atmetil  of  jet  miiae  only  e*ght  year*  ago.  In  ihe  ca«e  of  ca\itating  iIowm, 
the  d.ft;c^iltie^  ol  the  mmlimar  free  rirtam  line  ihettry  and  of  ev|ier;mental 
ob  erv.tl  made  progretib  v«  ry  diffic  ult  and  bee*iivd  to  lead  .nevitably  to 

ihe  coin  lu.-i»*n  ib.*t  cavitation  and  i.iMialii.g  flows  were  to  be  avoided  at  all 
to  t-.  It  wa.4  only  following  the  deNelovment  of  a  lineari/.ed  theory  of  such 
flow  b  by  TiUiti  ;n  IV5J  and  ni.s  sub-equeil  dibc*oN'erit*b  of  low-drag  supc*rc'avi- 
tating  strut  and  hydrofoil  prol  les  lha:  n  ali.'.ation  grew  of  iht  significent 
b»-nefit-  that  van  achievtul  with  b'»|K' rtav  it 'iting  fii*wjt  .imb  in  f«»cl,  that  ft»r 
t «  :  ta  n  ap|>lic.itioi.s,i»|M*raiion  i.ndt  r  s  i|M  rv.iv;tatiiiuct><'c!i:  oii-  i-  to  In- ste.ight 
rather  thar>  acoitleil,  i»:  a^iothi  r  ♦**»nte\l,  |ulin*r*  .ii'tttmoi  siinient-  irt  an  t»ut» 
f.'indiii'i  trium|«h  »»f  t  i* «  »*  r  \  in  prociding  restili  that  tar  bt  used  without 
mm.  fic  ilM*»i.»i#l  w.ih  •  *jiifid(u:t «-  in  tuiuinefrin**  tlebign,  Tht’  Im.- it  .i«hie\t- 
mei.f  Its;  If  will  ».ii...nly  r.iik  w.ih  !•«  .  .✓en  .ii-nn!  ihei.ry  and  tliin  sh  p 
tlieory  in  iit.|fort  «i)t  •  pt.ii  to  -li  t  tuis'  cpiei.:  «•. 


'  fM'»*  X«v-l  . .  .  b.*(i  n*|  ft  4.fr.  ,  ..I  r  -\4tf,.n4| 

M'’«f«r*t><..Mn«il.  4I»,  IsvT,  •4«b|r.vt.n.  4. 


VMu*«*  |>.i;a  \\vr%-  iiu  »  t '••«!  «in  in  imu! .  »•  iin’  imiiUc 

in  ih.il  |».t rl  ■'{  Ihf  .*  ii  iioi  *  *  t?n»jor  i’liipnuMiH  ^«*8 

to  flou  an'i  iti  |Mirtii  alar,  tar b-tifm  ••  in  r«*io^nitio5i 

of  ihf  yrow  ;iin  iin|>orl«ii»i.  *•  t»i  lhi^  .•oarcf  iii  l»otli  ai* ro<lyii«jinit  hyU rodyr*4miC 
<ip|ilicat:on  .  li-n  of  lh*M  r  i  r  <■  1  a  t  i  i»  ii  Jt  h  i  p,  Ijoto  Hc.fntilicaily  and 

tiHhiiolo,;u  ally,  both  Mipi- rt  a' it  ilinu  \ 4‘iil i\usk:t  >hvrv  im  !tidrd  in  iht- 
na  rl  of  iht*  pro>»ran»,  Iii  au«lit ii>n,  to  br«iiti  out  tt.»*  l*••i.^tlon“.hlp.•^  b**twe''n 
ca\:ty  fU»vi  ^  of  th«***«’ typfr  tt  i<l  ?**  •••ir.Attal  flov^>»,at  m.'Otar  a«  tlii*  UHCfu** 

iifas*  aiul  ii'piii  •*b.4  l\  of  tnuUt  rii  :ii«'lhiKlr  oi  .•r.aly»«.  an  cor.ccriifH,  a  pap4  r 
wa?*  al>-o  iiu  i lull'd  lUi  "aiToilyiiaiiiic  ia\ 'tii  8 ,**  In  thi^  w;  y,  it  hoped  to 

illu^l^aU  and  bring  about  a  urifical**'!.  of  Ih*  varioio*  \  of  ri  iivarch 

ill  till*  diM'r>*  diHciplini'h  of  fluid  dyiiainiiH, 

It  if-  my  prix  il t  gi'  to  «'\ii  nd  our  thaiiki*  to  the  authi>r a  tor  thei r  lAil lingni  a» 
to  |>artlcl|>a4  ’  ;ii  tlii'  program.  The  ri'j‘poiiJ*ibility  for  the  organisation  of  the 
technical  He^i'^ion?*  muh  aM»umed  by  thi*  Mechar.icH  Braia  h  of  the  Office  of 
Nava)  Ke^e.irih.  It  in  indi’e*!  a  pleasun-  to  arkiiou  U*dge  the  a»Mihtance  of  the 
folbiMing,  mHo  iml.viduall V  or  votlect^^ely  made  a  nuiidn'r  of  kUggemioP'^  of 
|>a|K  r.'<  and  .luthorb  f“om  ahiih  the  final  pri<gram  aai*  !4«'Si*cted: 

J,  S.  Coleman,  Kxcutix*'  hi»crelary,  I*hyi*ical  Si:ieni.ej* 

!>;vi:*ion,  Naiiona!  Ai  a*li  niy  of  Sciercei* 

S,  Corr/.n,  Thi  John?*  Hopkim*  UniverMty  fRepreavr.ting  the 
National  Kef»i-.irch  C!ouncil  Committei*  on  Under»«*a  Warfare) 

J.  il.  I\i .  •':t;.iij..,  Ch;i'f,  HydrotKuainii  8  i)ivi*«.oiu  National 
Acron.  I* .«  •  a'ut  hpai  e  AdMiini-'t  rat.»*i. 

M.  dtra?*)>i'ri:,  )ia\  c!  Tay’or  Model  Tianin 

A.  J.  T>u  iim.ndj;,  ii«iv:d  Taylor  Miun  t  iVl^il; 

M.  P.  I'd. II,  Otfici'  i»f  Na\.i*  Ki‘'«i'ari.h  Braiah  Otf«i  %  ,  London 

Th«  adtriin*  trativi'  arr.iiiui  ii-i*nt'>  m  e  r  i'  M'ry  kindly  lu.iiertaki'n  bv  tite 
Natioii«ii  He.*i  <»rih  Coiiiicii  and  Hp«‘i  i.tl  th«ink*>  are  dui'  M«*i»4ri*.  (ji-orge  Wood, 
John  C'Hfm  r,  «ini.  Mr^•  H«*ien  K.«y  ot  that  orgai.is.atii*n.  Yoeman  ^ork  in  ron« 
:«i*i*tion  .v'.th  th»  teihniial  di'taiN  of  the  meeting  via»  p«*rlurmed  by  CRU  H.  D. 
Kelli  r,  LhN,  ot  ONK>  Meihaiiiii*  Bram  h,  ami  A*  G.  Fabula  anil  R.  J*  Mindak 
of  thi*  Otiice  of  Naxal  HeHi'iirch  Hraia  h  Offiie«  »n  t^an^idena  and  Chicago,  re* 
i  •o'lgh  .t  i  nexi’r  (Miof  iljle  adeqtuiti  lv  to  thank  the  Falitor  of  eym*^ 
{K>^i<ui:  pro*  ei'dingi*  Mich  ax  tln  ue,  jaarticular  rei ognitioii  i»  due  Mr.  R.il|ih  U, 
Coi^pi***  ^i*rhi>  l  ourage  in  aci  i‘|itii;gthif«  .ii*}»ignminl  and  for  the  profey«^io^.allv 
exceli**i.t  .x.«y  in  xxhiih  h*  acv  ompi i '•hi  d  hi.'<  ta-'k*  Not  only  muMt  he  live  nith 
thi'  :m*i't;ng  long  .ifter  it  i*-  ovt  r,  fiut  he  imiKt,  luifairly  to  Im'  .<*iire,  bi*ar  tin* 
brur.t  of  th*  1  iatnor  that  ir.\ar;abl\  ar*Ki  v  hi*n  ilelavi*  in  publication  incur. 

Kin.iKy,!  ^liounl  liki*  t«i  expn  x-  oar  gr.ititmie  tuthi*  Cotiim.indiiig Offlci* i  ^ 
of  th«  Daxtd  l.ixb^r  MimU  1  lki»;n  ami  the  \«i\al  Ordnance  i..iboralorx ,  and  to 
thi':**  -I  :«  i.ttfu  si.iff^,  for  thi‘-r  kimln*>»*>  ami  I'tfurl^  in  p'*oxidiiig  thi*  techni* 
*  ally  Miiiul.it.ng  tmir^  through  *hi  >  •*  l.ilioraltirii'^  on  the  Ihiril  day  of  the 

i*a  I'litig. 
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THEORY  AND  EXPERIMENT  IN  AERODYNAMIC  NOISE, 
WITH  A  CRITIQUE  OF  RESEARCH  ON  JET  FLOWS  IN 
THEIR  RELATIONSHIP  TO  SOUND 

\lun  ^^owell 

/  ;;  ;  I  *  »  >  I  *  V  '  f  j  '  !  '  - '  *i  J  •; 


INTRODUCTION 

When  I  accepted  the  invitution  tu  add  tu  existing  surveys  (1-6)  of  the  interesting 
study  of  aerodynamic  noise.  1  had  in  mind  a  more  generous  coverage  than  I  am  offer¬ 
ing  you  today.  However  it  s<xin  became  apparent  that  it  would  have  grown  beyond 
reasonable  bounds.  So,  apart  from  the  generalities  of  Part  I  below,  I  shall  discuss 
only  various  jet  flows  and  t.heir  relationships  with  sound  and  concentrate  on  the 
debatable  or  rather  vaguely-understood  aspects,  endeavoring  to  indicate  many 
research  problems  that  remain,  both  thcnrctlcal  and  experimental,  large  and  small, 
and  how  these  fit  into  the  general  picture.  Consequently  there  is  no  attempt  topresent 
an  encyclopedia  on  the  subject,  the  references  serving  only  tlie  purpose  of  providing 
foundation  for  my  comments.  These  aspects  illustrate  well  the  vagueness  of  the 
boundary  between  "ordinary"  fluid  motion  and  acoustics,  a  boundary  not  recognized 
by  Lord  Rayleigh  and  Sir  Horai  e  Lamb.  The  general  situation  was  summed  up  nicely 
by  John  Leconte,  in  that  we  cun  "look  uponali  jets  as  musically  inclined,  "and  although 
he  was  alluding  mainly  to  the  "sensitive"  jets  of  low  Reynolds  number,  it  mi.eht  be 
applied  tu  all  jets— at  least  if  one's  ideas  of  modern  music  are  libeial  enough! 


Part  1 

GENERAL  THEORETICAL  ASPECTS 

There  are  several  types  of  flow,  all  sound-producing,  that  can  be  distinguished. 
These  are  characterized  by  the  uosence  or  presence  of  a  solid  surface  and  if  present, 
witethcr  such  surfaces  are  rigid  or  nut.  All  these  have  in  common  the  ciiuations  of 
motion,  aid  the  solution  us  u  radiation  problem  shows  how  the  various  types  are 
related.  U  there  s  no  introduction  i  f  matter  and  no  c  dernally  applied  body  forces, 
the  equations  of  '<  ntinuiiy  and  momentum  are 


1 


A 

TIh'so  car.  b(  n'.anipulatod  (7)  lusl  as  il  the  jrdinary  wave  equation  were  beint; 
olitaiiied.  e.xcfiil  that  no  terms  are  discarded  and  ^  is  introduced  on  both  sides, 
t ,  beinn  the  .siM-ed  of  sound  in  reRioiis  of  still  fluid  far  removed  from  the-  primary 
distuabaiues  whose  sound-producinK  properties  we  are  to  investigate.  Tibs  yields 
the  inliomui’eneou.s  wave  equation 


I  .  I 


Stric'.U  speaking,  this  is  an  iniecral  equation.  But  if  tiH-  sound-generating  flow  is 
assumed  given  (and  therefore  unaffected  by  the  sound  produced)  then  sound  perturba¬ 
tions  can  Ik-  found  well  away  from  it.  Then  the  "right-hand  side"— in  other  words  the 
source  distribution— is  given  and  tiu'  solution  is  well  known,  from  elcclromagnelic 
tlieorv.  fur  e.xample.  It  can  In-  expressed  in  a  useful  form  for  <Nir  purjaise  by  using 
Gauss'  tlu-orem  (8l  twice  over  on  the  coniplententary  function,  the  r-'3ult  ix-ing 


I  (  '  ,y  !s  (c) 

Here  r  is  the  distant  e  Ir-uii  a  |Niini  \  in  the  sound-generating  flow  to  the  point  > 
at  whiclt  ihcpt  riurlKitioiis  are  estimated,  and  the  asterisk  indicates  a  lime  retardation 
'•II  .esponding  to  the  transit  time  over  lliat  distance. 

The  fir.st  group  (a)  alone  survives  in  tla-  abseme  of  solid  boundaries  and  has 
pi'-ivided  the  liasis  ot  our  undersianding  of  sound  production  liy  turbulence.  While 
little  lias  In  eii  done  foi  shear  flow  turinilence.  as  such,  isotropic  turbulence  has  been 
-tiiisidt  ied  (111  and  the  r>  suits  are  verv  encouraging  when  applied  to  turlHilent  jet 
ll-iwtlOi  <'tn  imixirtant  efieci  |oi  a  high-order  .source  is  tlie  susieptibilit\  of  the 
dire,  ii'iiial  charaeiei  isties  io  motion  through  the  medium— iIm-  introduction  of  moving 
a.xesiraihi  r  ilun  lia  resol-ition  into  higiu-r-orik-r  stationary  sources) permits  a  very 
simpli  jioint  o|  view  lo  e.\plain  the  gro.ss  directionality  of  iIn-  sound  field  so  clurac- 
leristic  of  tiirlNilenl  subsonic  jets  (7).  The  question  of  the  noise  gem-rated  In  isotr-ipic 
tuib-aience  has  been  the  subjtet  of  more  recent  attention  (11.121.  and  siiows  well  the 
Hel  d  tor  some  careful  experimental  w<  rk  measuring  Hu-  rather  low  aeoustii  output  of 
a  stationai-.  mass  ->1  isotr-ipic  iurUilence.  Turinileni  wakes  luive  not  yet  Ix-en  con- 
siileri  d  theoreiic.ili'.  hi  ex|ierimentall>  except  in  i  onm-i  ti'-n  with  the  vortex  noise  oi 
in-ipillers 


•  ly- 

1 

'  I  r 


(a) 

(b> 


Till'  same  ap  -ioacli  lua  In-  iisi  I  to  study  the  --ca'.lei  iiig  oi  s  -und  waves  by  lur- 
biili  n>  I  -I  m>-ie  ri  levant  h-  the  r-'.itlei'inj.  >1  ai'ousiii' eiM-rg>'  troni  tlU' inli'ra‘’tii-r. 

•  •i  tuiTHiienc'i  'jiiili  silo- kw'.i'.t's  Ii:t.l4>  .'»ii  ir.’eresting  result  of  this  is  tliul  most --f 
till  ai  'lustn  eni  i  tends  i  -  .iti'h  up  w  ith  thi  shockwave,  and  s-  In-  ab.sorlH-it  Ity  it. 
Tiiisiathei  -..eiii  r.il  .ippi'-a-  :  is  <'-mip.itibh  wit.;  the  ri-sull  ol  sludi-'sol  tlU' inleractii’r. 
ill  tween  a  siiic.Ie  '.oile\  .ii.i  ,i  sl'oi  gw.ive  1 1."  Hi!,  oliiained  bv  .superimposing  shear 
waves  -1,1  efti-i  I  -  o|  w  in-  II  pad  iii'eii  eonsi'ii  re  I  earlier  1 17)  Altiiougli  thesi  sludii  s 
•III  '.el'  .ipp:  oMin.iii  .  till'.  .1-1  ac ‘iiii'.l  I  >l  '.hi'  ''i.ii  .ii  te;  islit'  dli'ii'li  in.il  effects 

•  itisei'.id  I  \pei  Iiiier.'.lll'.  'Ih>  l|T:'  )l  I -T  i-'li  .-c  siseal  W.ives  ale  JllSl  o|lt  -il  lia 
lliii;  !iv'li  s  ti(  ■  !,  ineti'.i:'  !ii"I:h|:  lie;  tut  liiia.  .i  iii:il'>|i|i  Ii  'W'.  Ill-'  •■itiei'  In  111-.'  soiil'id 
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(I'J.2U.21!  II  is  lull  i'i'Sliii;;  that  llii' 
slim  kwa\<'  acts  as  an  anipltfici'  l>>r 
I  olliiliiii;  smiiiil  waves,  hut  praciii  all\ 
al'siiihs  tliiisc  calcliiii)',  up  ailli  it. 

Tlu’ic  arc  several  litipm  tanl 
applieatiiins  uf  tlii'  principles  just 
iiientiuned  1lie  nei.se  in  siipiu  sunii 
wiiiil  tunnels  is  one  aspect  iiii  ither 
IS  the  inleractiiin  il  eddies  willi  tin- 
sliiick’.' ave.s  ef  supersonic  let  flow, 
iieiiiit  particularly  important  for  cold 
lets,  when  the  interaction  appejj.iw>  to 
•  iccount  for  almo.st  the  whole  of  the 
sound  output.  The  situation  when  the 
e.idv  iscentered  on  the  edke  of  ajet  — 
u'  the  related  situation  when  the  jet 
ai'ijuires  a  sinuosity— has  not  heeii 
studied  in  detail;  the  overall  picture 
IS  .shown  in  Fig.  fi.  in  which,  however, 
the  details  of  this  particular  aspet  t 
are  'ihseured. 

Tile  .second  group  (h)  con  erns 
surlace  effects,  .suggesting  that  sur- 
tace  stresses  act  like  dipole  genera¬ 
tors.  supporting  an  earjicr  and  more 
intuitive  approach  (22).  Thi.s certainly 
seems  to  he  the  case  for  the  fluct.jating 
lorces  on  circular  evlinders  l23l.und 
IS  presuinalily  the  case  in  the  edge- 
tone  type  of  phenomena,  ft  isimpoiiant  to  notice  that  the  dipole  as  found  isanartifict . 
I'oi  •.here  is  no  physical  dipole  supplying  energy :  .his  can  only  come  from  the  volume 
of  tile  fluid  ahoiit  the  obstacle. 

Mm  for  plane  surfaces,  the  contrihution  f:om  fluctuating  pressun  s  is  ihoughi  to 
•..iiiisli  (24,25)  and.  with  fairly  loo.se  re.stri.  tion.s  that  froiii  sliear  stri'sses  also  t2l)i. 
'Itiis  then  suggests  that  (piadrupole  generation  from  tlie  volume  of  lurhuli'iict  in  a 
houndary  layer  may  he  the  most  important  suurci'  of  noise  wlieit  the  surfan  is 
rigid  (26). 

When  the  .surface  is  not  rigid,  tin  houndarv  laver  .stres.ses-particularly  pres.'-uii  - 
set  the  surfaie  into  motion  127-30)  and  in  .several  practical  systems  tills  ma\  In  lit 
predonWnatingeffeel.  Altiunigh  the  general  principles  are  now  clear,  more  information 
I'oncern.ng  tlie  pressure  fluctuations  at  the  wall  is  re(|uii'ed  .So  far  .spectia  atuiafew 
.space  (31)  and  .space-time  (32)  cor-elations  al  suhsoni"  speeds  havi  heeii  mad*  '1  lie 
jjatterns  of  pressure  conv(*eted  across  the  "fiNcd”  surfaces  do  not  appear  to  ln'  as 
"frozen”  as  miglit  he  neces.sarv  for  .some  simple  Iheori  lical  concepts  toapply.  Aion- 
vectioneffeel  iscertainly  present,  the  eonvet  tion  velocity  helii;’.  a  rather  large  fiaction 
(0  H  or  so)  of  the  tree  stream  vefoeity.  Tliis  tends  to  draw  attention  to  the  region  oi 
irreguliir  vorlieitv  fronts  of  the  lioundary  layer.  1  he  suiTaei'  lieeomes  a  sounding 
hoard,  and  radiates  into  the  space  away  from  the  flow  according  to  e.spression  (c). 
(fn  tlie  other  side  the  presence  o|  the  flow  itself  may  infhieme  tlie  radiation;  and  if 
the  flow  is  at  anything  Inil  a  ver\  low  Maeii  luimlier  the  direi  tionality  effects  will  lie 
influenced  hy  llii  moving  .souve  effects.  In  addition  the  lirsi  term  of  e.\pressioii  jlii 
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sut;Ki'Sts  thill  till-  m<  Mon  of  thf  sur- 
fiiii*  results  in  a  dipole  radiation 
because  of  the  effeelive  introducii'jii 
of  momentum  across  tlie  fixed  sur- 
fa-.'i'  of  the  integral— this  a.sjierl 
seems  lo  have  Iwen  overlooked. 

The  noise  source.s  due  lo  the 
passage  of  an  airplane  tliroutth  the 
all  arc  c  omplex  in  character— all  of 
till’  above  types  'lelnn  present  to 
s'lme  decree.  Its  motion  through 
the  amoient  atmosjihcre  results  in 
the  ttenerali-u noise  having;  a  marked 
preference  for  forward  imdiatlon. 
incieasinf',  with  flit'ht  speed;  while 
the  jet  noist'  displays  a  les.scnint;  oi 
ilsdownslr;>am  preference,  its  level 
luturally  decreasing  because  of  the 
reduced  relative  Jet  velocity,  1  he.se 
effcctsaie shown  very  weM  in  Fiit.  2. 

1  In  distributions  of  simple 
sour.es  represented  by  exprcssioti 
(c).  already  mentioned,  can  be  used 


in  '  oimection  with  fluctuatini;  flow  from  an  orifice  such  as  for  pulse  jets  or  ortran 
pipes  On  the  other  hand,  the  continuity  ec;uati  m  could  lx>  supple^  „tcd  by  a  Bourse 
of  ni.itter  term,  and  the  result  could  be  used  in  the  same  cases  by  <  .uployinu  suitable 
liounda.ies  for  the  intcttrals;  and  it  siiould  be  supplemented  by  u  dipole  term  if  tlie 


surroundiim  fluid  is  in  motion.  correK|M>ndintt  to  its  deficit  oi  momentum. 


Althoutth  the  t:cncr.il  theory  of  liie  relationships  iH’tween  vurticity.  pressure  and 
cntiopy  (21.331  cannot  conn  witiiin  the  sco|k*  of  fhi.s  survey,  it  st'ems  to  me  that  the 
deveIo|imem  of  .such  asiH'its  is  likely  lo  be  very  revealing  and  should  lead  to  abetter 
undcrsiandiiii;  of  many  scattered  facius  itiat  so  far  have  not  Ix'eii  tiui  closely  knitted 
together. 


Part  II 

.IE1  FLOWS  DISPLAYING  DISCRETt  FREQUENCIES 
THE  SENSITIVE  .lET  AND  Ft.AME 

The  sensitivity  to  external  disturbances  of  a  jet.  operating  somewhat  below  its 
critical  Reynolds  number  lor  early  turlxilent  development,  seem'3  to  be  a  key  to  more 
than  one  phenomenon.  Thus  it  is  useful  lo  mention  the  well-known  sensitive  jet  or 
flame,  although  in  itself  it  has  little  lo  do  with  the  ge  neration  of  sound. 

'Ihe  visible  dipping  of  the  flame,  say  of  vi>al  gas.  is  an  indicator  that  increased 
jet  mixing  has  taken  place  prior  lo  the  original  flame  front.  lrlp|H<d  by  certain  dis¬ 
turbances  of  the  jet.  These  disturlxinces  are  traditionally  acoustic— thus  indicating 
that  the  jel  is  reatly  sensitive!— and  ordinarily  arise  from  distortion  of  the  jet  as  it 
leaves  the  nozzle  (34,35).  This  is  confirmed  by  tlie  fact  that  sound  waves  propagating 
along  the  jet  axis  are  usually  ineffective,  as  are  the  pressure  antinodes  of  a  standing- 
wave  system  and  laterally  propagating  waves  shielded  from  tiu’  orifice.  Contrary  to 
earlier  reports  (34),  it  :ipj>ears  that  vibration  of  the  orifice  itself  results  in  effects 
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quil<''  similur  tu  thust-  i-uuscd  Uvoustically  (35).  Tliiit  is  a  ni'crssary  reqiiircoiciH  U 
idfus  based  upo-  iIm*  classical  dynamics  u(  jrt  insiabiliiy  arc  valid.  Provided  that  a 
small  sinuosity  of  ihc  jet.  caus<>d  by  distortion  as  it  leaves  the  orifice,  .les  in  the 
unstable  reipmr.  it  will  develop  io  produce  the  beautiful  (nonlinear!)  vortex  forms 
shown  in  Fip.  3,  which  sooner  or  later  degenerate  into  a  mass  of  turbulence.  The 
phenomenon  takes  place  at  relatively  small  ^-ynolds  numbers  wnen,  lacking  externally 
applied  disturbances,  a  substantial  |s>rti<>n.  if  not  all.  of  the  jet  flow  would  be  of  a 
laminar  character.  Thus  small  periodic  disturbances  in  tht*  pertine.it  range  of  Sirouhal 
number  can  completely  alter  the  a|i|N‘arance  of  the  Jet  flow;  the  disturlied  jet  produces 
sound,  but  it  is  of  quite  ne);li;-ible  pr  iportions.  However,  an  undisturbed  laminar  jet 
can  prixluce  no  si:und:  it  is  steady  flow. 
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MicrophoiU'  tiui'vc;  ,s  tlirvclii'iul  proiH'i  tirs  wliicli  arc  characteristic  of 

ilipolcs  (42).  'I'liis  is  ju.sl  wlial  one  would  expei  i  fruin  tlieoretical  reusuninp.  (indicated 
l'\  tile  pressure  part  u[  v,  ^  ^  in  proup  (li)  of  Part  I).  However,  the  directional  pattern 
sometimes  displa>s  an  apparently  more  complex  form  tlian  the  dipole's  fipurc  of 
eiplil,  in  tile  classical  low-speed  case  (42):  in  the  liipli-s|)eed  case  tlie  radiation  is 
mucli  more  suppestive  of  simple  source  radiation,  the  hiph-velocity  stream  apparently 
olferinp  sufficient  impei'ance  to  the  lateral  motion  to  prevent  a  dipole  forming  from 
Hie  generation  of  the  sources  arising  from  differential  flow  on  either  side  of  the  edge. 
Sometimes  the  sound  wave  radiated  away  is  far  from  sinusoidal  (38.42)  (see  Fig.  5, 
for  ex:iniple)  It  would  he  particularly  intere.stinp  therefore  to  .study  the  details  of  the 
flow  about  the  edge  and  to  measure  the  forces  acting  upon  it.  It  is  Interesting  to  note 
in  passing  that  the  edge  maybe  relatively  large  or  quite  small,  from  the  point  of  view 
of  the  circulation  about  it.  since  it  can  be  replaced  by  a  wire  (39).  lit  the  latter  case 
the  connection  between  the  new  eddies  springing  from  the  wire  and  the  force  upon  it 
is  evident:  there  is  clearly  .some  analogy  to  aeolian  tunes,  for  which  the  effective 
dipote  concept  is  row  .(uite  well  established  (23).  It  is  relevant -indeed,  it  seems 
e^sentiat— that  the  vortex  .system  shedding  from  a  cylinder  can  have  its  frequency 
f  irced  to  be  in  step  with  that  of  e.xternally  applied  disturbances  (43).  if  they  are 
largo  enough. 

The  foregoing  type  of  mechanism  of  edge  tores  lias  been  subject  to  doubt  in  the 
past  because  of  a  lew  "crucial"  tests.  For  e.xamplt'.  a  jet  having  no  edge  was  placed 
near  one  having  an  edge  (41).  The  failure  of  the  edgi  less  one  to  show  vortex  develop¬ 
ment  was  taken  as  evidence  tluit  the  feedback  from  edge  to  orifice  v/as  not  propagated 
:is  a  wave;  but.  the  disturbing  signal  at  the  edgeless  one  would  be  reduced,  because  of 
the  increased  distance  from  the  assumed  efk>ctive  dipole  at  the  edge,  to  nut  more 
than  about  1  125  of  its  proper  valut'  (judging  frem  the  published  data).  The  test  is 
therefore  nut  so  crucial  as  it  would  seem  at  first  sight.  Again,  concerning  the  inten¬ 
sity  required  of  a  loudspeaker  to  produce  similar  vortex  formation  i.n  an  edgeless 
jet  (26).  "tl.e  loud.speaker  had  to  lx>  easily  audible,  whereas  no  audible  edge  tone 
occurred."  This  would  have  bei-n  a  very  impressive  argument  liad  tlic  velocity 
fluctuations  at  the  orifice  lieen  directly  comiwred.  an  e.xperiment  worthy  of  attention. 

It  1.-.  interesting  tliat  a  vc  ■  much  simplilied  nuxlel  of  the  jet-tone  flow  yiilds 
(listurlianccs  hat  ing  an  enenuraging  likene.ss  to  .suii'e  of  those  photographed  t41).  Here 
tile  jet  is  considered  as  a  continuou.s  .stream  ol  particles  ol  tnass  subjected  to  trans- 
ver.se  pri'ssurc  gradients  proportional  to  the  displacement  of  the  "stream"  at  the 
edge  (45).  The  apparent  success  of  the  method  lies  partly  in  the  suitable  choice  t(f  a 
necessary  arbitrary  lunction,  and  ai.so  in  tb;il  the  ie.stabilitv  o|  the  jet  photographed 
w;is  rel;iti\  elv  very  small  as  such  jet.->  go. 

I  hope  that  this  attempt  ,it  Itringiii;'.  logetbe:-  tiu  "rival  camps"  is  of  some  avail. 
;ind  that  most  of  the  numerous  theories  ("acoustic. "  "liy drodynainic."  "impulse." 
"vortex  sirei.'t."  etc.)  will  be  n  cogni/«  ii  as  beitig  different  cm|)huses  upon  the  same 
es.sentiul  theme  There  see'u  to  me  to  be  no  sc.rviving  conflicts  of  any  import,  some 
of  the  very  earlii  si  them  ies  coiigiinmg  the  essence  of  the  ni.itter.  di>spite  the  con¬ 
siderable  e.xpcrimental  difficulln  s  of  those  times.  However,  while  1  think  tlie  over¬ 
all  pictui't'  is  taking  shape,  we  are  still  far  from  fully  understanding  Hie  details  of  it. 
In  i):iriicul;ir.  tlie  suund  intensity  cannot  yet  lie  c.ili  ulated.^  ab 'iiilio.  Since  this  is 
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supposcc  to  bi!  a  n'sult  of  u  feedback  mechanism,  it  wouid  seem  necessary  fur  non¬ 
linear  effects  lo  play  an  essential  part  in  determininp  the  amplitude.  This  role  may 
lie  played  by  the  stream  disturbances  becoming  "lar"e"  (developing  into  vortices), 
perhaps  by  the  flow  about  the  edge  becominp  less  effective:  in  any  event  the  "gain 
round  the  cycle”  must  exceed  unity  during  establishment  of  the  motion,  but  clearly 
must  equal  unite  when  established  (38). 


M  isl  edge-tone  studies  have  been  con¬ 
cerned  with  the  flow  itself,  and  especially 
with  the  frequency  characteristics,  a  dis¬ 
tinguishing  feature  being  the  Jumps  in  fre¬ 
quency  (Fig.  6).  These  occur  when  either 
the  height  of  the  edg<  or  velocity  is  varied, 
in  such  a  manner  that  the  disturbance  wave¬ 
length  is  never  far  removed  from  tliat  of 
maximum  instability.  What  few  sound  inten- 
.siiy  measurements  are  available  (42)  indi¬ 
cate  that  the  acoustic  power  is  of  the  order 
of  a  hundredth  of  the  jet  kinetic  power:  a 
surprisingly  high  figure  in  view  of  the 
extremely  low  speeds  involved,  although  the 
presence  of  a  baffle  may  have  increased  the 
acoustic  efficiency  above  its  normal  value. 

The  proximity  of  reflectors  or  reso¬ 
nators  greatly  influences  the  edge-tone 
characteristics  (38,42,46).  The  overall 
picture  is  now  much  more  complex;  the 
salient  feature  is  that  the  pressure  fluc¬ 
tuations  at  the  edge  may  disturb  the  stream 
at  the  orifice  more  effectively  via  the  action 
of  the  reflector  or  resonator,  and  so  impress  upon  it  their  characteristic  frequencies. 
This  situation  is  clearly  related  to  the  steady  tone  of  an  organ  pipe,  although  its 
establishment  is  another  matter  (47). 

In  some  unrepaired  tests  using  a  4:1  elliptic  nozzle  at  a  Reynolds  number  of 
about  half  a  milliiui.  the  author  found  it  easy  to  produce  edge-tone  phenomena,  and 
also  to  demonstrate  the  effects  of  reflectors.  The  acoustic  power  generated  was 
uncomfortably  high,  since  the  Jet  exit  tiad  a  minimum  dimension  of  one  inch,  and  the 
exit  velocity  was  near  sonic!  The  acoustic  power  was  an  appreciable  fraction  of  the 
Jet  power,  perhaps  a  tenth. 
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Kig.  ti  -  f rhi* 

wavclrfij^th  (if  till-  disiurbancfs  (if  th»* 
jol  atPc-ani  iik  ri  ascs  .sUadily  astht* 
niovi'd  awav  fp('ni  tht'  ori/u'c* 
but  afti-f  a  certain  p<»vnt  a  jump 
CUPS  when  an*  it  he  r  di  sturbam  e  wave- 
It'fli^th  fits  Itself  in  between  t!;e  <iri- 
fict*  and  the  educt  reslernij*  the 
'Aavelon^ih  to  ih.d  corresponding  t»» 
the  nn  st  unstable  reiiinie.  Nt»te  the 
prominent  hysteresis  effed.  (Data 
from  O.  n.  Brown  (3t),) 


OTHER  DISCRETE  VORTEX  PHENOMENA  IN  SUBSONIC  JETS 

There  is  anotlier  class  of  Jet  phenomena  in  which  the  development  of  discrete 
vortices  is  a  characteristic;  however,  the  situation  differs  from  the  foregoing  in  tliat 
while  appreciable  sound  is  gcnerat»-d,  the  effect  of  tiu’  suund'^'  so  generated  on  the  Jet 
itself  is  not  of  recognized  importance. 

"Jet  tones"  arc  intimately  connected  with  the  vortex  shedding  of  Jets  issuing  from 
orifices.  These  orifices  must  liave  a  sluirp  entrance  (48),  so  that  flow  separation 
occurs  within  the  orifice.  The  vortiees  are  thought  to  be  conceived  in  this  region  of 
.separated  flow  and  escape  periodieally  in  the  embryo  stage,  resulting  in  the  toroidal 
vortex  structure  of  tls-Jet  (49).  as  shown  in  Fig.  7.  The  nature  of  the  sound-generating 
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iiH'clianisni  ha.«  yi-l  to  Ix'  investigated:  it 
seems  proliahle  that  the  flow  rate  fiuetuates 
III  syni, lathy  with  the  eddy  slieduiiit- .  so  ttivinu 
rise  to  a  "simple  source"  tyjie  of  sound  geii- 
emtioii.  When  a  circular  orifice  is  this,  the 
eharaeteristie  frequency  is  rout'hly  propor¬ 
tional  to  the  exit  velocity  and  inversely  pro¬ 
portional  t-j  the  axial  thickness  of  the  orifice 
(51.52).  When  it  is  comparatively  thick  the 
.'requeney  is  more  dependent  on  the  diameter 
instead  of  the  thickness.  But  now  a  very 
interestint;  facet  emerges;  the  frequency  for 
a  given  geometry  is  not  unique,  since  there 
is  a  choice  of  several  frequencies  for  a  given 
velocity.  There  are  such  that  if  the  thickne.ss 
is  aitt  red  liy  one  or  two  times  the  diametral 
dimension  then  the  choice  of  frequencies 
remains  sulistantially  the  same.  This  nat¬ 
urally  leads  one  to  c-.iitemplate  on  ihe  eddy 
structure,  in  the  stagnant  region  within  t:ie 
orifice,  and  what  controls  it.  These  phenom¬ 
ena  range  over  Reynolds  nuniliers  from  some 
huiidn  ds  to  alxiut  10.000  fur  various  eoiifig- 
urations.  When  the  orifice  is  preceded  by  a 
pipe,  the  situation  is  analogous  in  some  ways 
to  Ihe  "dge-toiie  system  supplemented  by  a 
resonator.  The  pipe  ha.s  its  set  of  resonant 
frequencies  depending  upon  the  geometry, 
and  '  ie  formerly  continuously  varying  ji  t- 
tone  is  greatly  re’iilori-ed  at  these  freiiui  n- 
eies.  sounding  "pipe  toiies"(53.5II.  No  data 
ap|H‘ar  to  Ix'  available  concerning  the  efii- 
ciency  by  which  jet  tones  or  pi|M  tones  give 
rise  to  acoustic  energy. 


An  interesting  variation  on  this  scheme 
is  to  replace'  t  he  sharp  entrance  to  ihi- orifice 
by  a  carefully  designed  throat  to  eliminate 
flow  separation  there,  but  o|H'nirg  out  the 
nuzzle  e.xit  to  cause  fijw  separation  from  tlu' 
curved  surface.  At  a  Reynolds  number  of  the 
order  of  SOO.OOU.  regular  though  turbulent 
vortex  formal  ions  were  disc  losed  by  Se  hi  ie  ri-n 
photographs  (54)  (one  of  wlii'-h  is  shown  in 
Fig.  8)  accompanied  by  an  increase  in  sound 
output  of  up  to  nearly  a  huinlredfold  (551.  thus 
raisinu  it  to  lusirlv  a  luindred'ii  oi  ihe  jet 
powi-r.  The  turbulent  jet  imisi  w.i..  .luite 
swamped  by  lln'  lailer.  w  li.vli  h.nl  i  d.-i n  te  Irequem  y  e|  roughly  ■  .4  V  '.  Tlu'  direc¬ 
tional  propert’,  ol  this  I  xli.-tion  n  a<  h  more  uiutorm  that  for  turliuleni  jet  noise, 
and  .so  IS  suggestive  ol  Ih<  y.io  \  locin.i! i- u-.s  U  mg  .is.s..<  ialed  with  a  fluctuation  •!! 
ili«  mass  How.  constituting  .i  siinph  acousln  .sourt  <  .  (The  simpli  source  efficl  al¬ 
most  >  orl.iinlv  overpowers  iIh-  dipole  eileci  arising  irom  the  momentum  lliietualions.) 
To  aeeoanl  lor  the  .leou.-lK  power  on  ihis  iu.-is  i!»  mass  Ilow  would  havi'  to  fhietuate 
by  roughly  I  20  ol  tin  mean  >  .ilui'.  wliii  l'  sei-ms  i<  .isiMialde  The  mtereslmg  ques¬ 
tion  is;  do  llie  disi  ..•  li.iiii  •  s  .u  the  lorit  .\  I  •crial.  ...s  i  .•|■.lr■d  tile  point  of  flow  separa- 
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-ep.t  r.i!  ;*.>n  ot-eurs  witliir.  the  or.iici 
.ind  Ihe  periociic  ^hedGing  ol  The 
vrTu-e!.  '.Mih  the  associali’d  tiue - 
III  lieu:  -.11  il..w  re.-*'ilts  in  Ihe  ch.ir- 
I.  Tensile  loruid  il  \ortex  I'eirn-a 
ii-ui!..  IKr-»ni  .t  oh-Uocr.iph  hv  'A'. 
M.  I5.irill;.;Toli  fsOI,) 


lion  Iroiii  tile  no//|<'  wall  .‘.o  giving  ri'i-  lot  mlu\  '  i  ddn  s.  or  can  it  lx-  that  a  no//lc 
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Ki?;.  H  -  V4)i*ox  formations  at  hi^*h 
spo«*(i.  In  this  last*  tho  soparaiion 
ow'i.iir.ial  llu‘  ili  vtT^iii^  noz/.l>.M*xit , 
and  ilic  Moynolds  number  is  suf- 
tu  ier.tlv  hi>;h  (80U.O(i(*)  lur  thi-fiii'A 
to!)«.  in  li\e  turhulen!  re^inie exeopt 
lu  r  <i  na  r  T'  »\v  "  lamiti.i  r  *  ollar."  The 
regular  V‘>rt!»e.-«  do  not  have  lh«‘ 
«.Ie.il  (ieliiulloii  of  tile  u  t  t«»ne  flovs 
.tj  low  lUvr.oId.H  min-bfr'..  (hVotn 

A.  i>..%sell  (s.n.) 
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INTENSITY  OF  FUNDAMENTAL 
FREQUENCY  Ob  ABOVE  0  0002 
dynt/cm<  AT  SO  FT  RADIUS 
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coiitrucli'Mi  ri'.sullH  if  coiivc’clcjcl  pressuff 
wavos  lM.'iii|;  l<'  a  suffit'it'i'i  extent, " 

and  SI)  yield  "resonant"  frequeni'ies  ? 

The  last  variation  to  be  discussed  inthis 
section  concerns  the  pulse  jet.  The  perio¬ 
dicity  superimposed  upon  the  mean  flow  is  in 
this  case  controlled  by  resonance  properties 
of  the  combustion  chamber  and  exhaust  nozzle; 
it  is  maintained  by  ti  c  periodic  combustion 
of  fuel,  acain  controlled  by  the  resonanc*' 
propt\»-tie8  Thus,  while  the  heat  supply  is 
variable,  and  the  flow  through  the  engine 
likewise,  the  whole  process  is  self-governed 
and  so  bears  a  strong  resemblance  to  "piite 
tones.”  Presumably  the  fluctuating  velocity 
results  in  toroidal  vortex  formations.  It  is 
logical  therefore  to  include  the  pulse  jet 
under  the  present  grouping.  The  |  Isating 
flow  can  looked  upon  as  constituting  a 
simple  source  (cither  expression  (c)  taken 
orer  the  jet  exit,  or  a  source  of  .matter  dis¬ 
tribution  enclosed  in  the  volume  in  the  neigh- 
Iwrhood  of  the  exit)  and  this  leads  to  a  good 
approximation  to  the  acoustic  power  produced 
(5G.57).  While  the  energy  of  the  fundamental 
is  apparently  easily  dealt  with,  the  same  is 
not  true  for  the  harmonics-and  sometimes 
the  ac  justic  power  is  very  rich  in  harmonic 
structure  (58.59),  presumably  because  any 
harmonicsof  the  flow  rate  would  be  amplified, 
relatively,  as  a  consequence  of  the  higher 
radiative  efficiency  of  higher  frequencies. 
In  practice  the  directional  properties  are 
nowhere  near  as  uniform  us  for  the  siinple 
source,  the  levels  close  to  the  jet  direction 
exceeding  those  in  the  opposite  direction  by 
a  noticeable  amount,  as  indicated  in  Fig.  9. 
In  the  particiiliir  case  considered  (56),  this 
asymmetry  could  not  be  accounted  for  either 
by  taking  into  account  the  pulsations  of  the 
intake  or  the  fluctuating  thrust  (expression 
(b)  ill  one  form  or  another).  This  is  really 
mt  remarkable,  since  the  acoustic  approxi¬ 
mations.  requiring  small  amplitude  fluctua¬ 
tions.  can  hardly  be  ex|K>ctcd  to  be  very  good 
when  tiie  velocity  pulsatii'iis  actually  e.sceeci 
the  ambient  speed  of  souiiil.  Perhaps  tlie  real 
question  rather  concern.s  why  the  .simjile 
acoustic  theory  should  yield  sue  it  good 
results !  Two  otluT  features  are  worth  noting. 
Firstly,  the  levels  close  to  the  jet  fall  very 
sharply,  iiresumably  because  of  reft  act  ion 
effects;  and  .secondly,  it  apiiears  that  turliulent 
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‘-'lulli .  iM'Inri*  lurmiiii  In  limh-stM  *  il  |ili<*nniii<*iu  prn|N*r.  I  wuuld  like*  In  pnsi*  Ihi* 
Inllnu iii^i|u<*Minii  U.iki'N  uml  ji'iH  havf  a  tirrat  Kinikirily.imi-  ufleiil)flri|irunMi(ii*ri*d 
III!  nii>*rM*  n|  till*  iiIIht.  l)iK*ii  tins  himilarily  rxii’iul.  in  soimt  way  or  atsithi  r.  tu  the 
k  tails  III  thi*  tl*i»  iiu*(*luiii.*.ms  itiiveriiiiiK  the  vnriex  |>''ndueliun  behind  lilufi  iMidieb 
.•mini  jets?  .’Xjtuiii.  wisilil  t!:i  Dla.'iiii;  *il  an  edue  in  the  vortex  striiid  behiiM  aeylindiT 
result  I.t  .1  Him  luiviiii:  an\  siiiiilarliy  m  eiljte  tones?  This  seems  »  very  worthwhile 
•■\|H*rimem.  wliieli  I  do  not  mink  lus  Iteen  ilnne  Finally,  is  it  at  all  iwssible  that  the 
I'llih  tnrni.ifnns  in  turbulent  jets  exert  am  inlluenee  on  the  erealiun  ut  embryo  dis- 
iiirlian  es  in  "nrilin.ir\"  eireumsianees?  iiu.'h  i|uest ions  are  very  lundamental  and 
till  11*  j*iint  sliiiiv  may  wellyielda  iimie  1  nniplete  understandinit  than  would  result  from 
tlieir  iN'inu  Healed  tM'|>ai'alel\ 
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tVSii  ii.i  *•  t  IS  *i;N*r.iti*d  at  .1  sulfieient l> 
1*1*.. I  I  I*  S....11*  raiin.  s!inekwa\es  <  xisl  ir. 
111!  II  t  s!:*  .i;i,  tunli’ss  iIm*  nn//le  lia|i|M  r.s 
I'l  tuvi  ’iisi  Ku  enrreet  ar.inuiit  n|  divi  r- 
n*  II*  I  1  I  la  .SI  slkHk«avi*s  Inrm  at  nmre 
**i  iess  I'l  iiular  Intel  vals  alnnj:  tin*  jet  Ir 
innne.'tinn  witti  iin*  "e<*llulai'  strueture 
*i|  the  Him  Tht*  iiheimnienun  with  whii  h 
wi  are  n*m  eimterned  na|i|M'ned  to  Is 
disi.ivtiid  by  iifilieal  iiH*ans  i35l  tnr 
ehnke.i  lnnn<liverKi*nl)  slil-ty|H*  jets.  Fnr 
llu  se  itu*  ire  lueney  of  th<  i  haraelerislie 
niotinn  is  very  steady  (60.61*.  setlini:  in 
iiuile  suikleiily  al  a  piessure  snmewlut 
limls  i'  tliaii  tis*  eiilieal  and  reniaiitir.^. 
ailtil  piessure  ratios  n|  alsiul  seien  ale 
real  lu*d  i62). 
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Iin  lint  1 111*11  *ii  ils  ll*m’  liaviiiK  the 
eilye  n|  tin*  nriliee  is  umerned  l»y  the 
I  X’t  rntl  .ittii*>s|>lN*rii  JIM  !  sure  |iiere.  and 
In  n.  •  I*',  tluetuations  ■/(  Hut  ;ir«ssure 
Thiisiildii  s  III  tin*  liow.iri  Iso  n,  and  Hies* 
i:r>m  and  I  teir  ii.nlmn  .ilnny.  (In  let  results 
III  situiifl  'M  ill*.  I'.eis'i'alt  d  as  Ihev  pass 
lliMKiuh  tin  sIsM'kwaves.  sinee  the  Imuiul- 
ary  nl  ilu  jet  at  iIh’M*  jsisiIunis  ninves  sn 
as  In  if’i  nniiiindati  Ils*  taryin*,:  Him  enii-  ru*  -.* 

iliiiniis  It  a  Ham  eiklies  is  present.  -1*:*  -  . 
tlieii  Ils  ir  sjMi  inr.  ean  Is*  .sui  li  that  tin  *  *'■  ' 
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(hilt  whili'  mu.st  of  tlii'  f-iuiainental  radiation 
is  thus  in  tiif  upstream  clirection,  the  same 
conditions  resulted  in  the  prediction  that 
sound  of  twice  that  frequency  would  have  a 
sharp  preference  for  radiation  at  approxi¬ 
mately  riiilu  angles  to  the  jet  stream  and  this, 
liappily.  was  found  to  he  the  case  (60).  The 
efficiency  by  which  the  kinetic  enerioi  of  the 
jet  stream  is  converted  to  acoustic  enerigiis 
hinh,  heinn  of  the  order  of  from  a  hundredth 
(61)  to  a  tenth  (62)— a  very  high  fixture. 

For  jets  havine,  circular  orifices,  the 
phenomenon  bears  a  closer  analogy  to  edge 
tones  in  (hut  jumps  of  frequency  take  place  (61) 
(Fig.  11).  While  tlie  eddy  formation  for  the 
slit  Jet  is  always  of  an  alternate  structure,  it 
appears  that  just  the  first  stage  fur  the  round 
jet  luis  toroidal  vortices  (63).  It  appears  to 
ix' a  fortuitous  circumstance  that  the  increase 
of  spacing  of  the  shockwaves  with  pressure 
ratio  lia|>]>ens  to  Ih>  such  that  no  Jumps  are 
present  in  the  case  of  the  slit  jet. 


Tiiere  are  several  reasons  why  this  “screixtii"  may  not  make  an  appearance  in  a 
supersonic  jet.  Clearly  the  absence  of  shockwaves  will  guarantee  this;  a  properly 
designed  convergent -divergent  nu/xle  thus  will  e.xliibit  a  limited  range  over  which 
"screech  “  is  absent  (64).  while  the  equali/ation  of  pressure  at  the  nozzle  by  a  per¬ 
forated  sleeve  achieves  the  same  result  over  a  wider  range  of  pressures  (5$,6S). 
Like  the  jet  tunes  of  a  completely  different  flow  regime,  any  roughness  of  the  edges 
of  the  orifice  tends  to  inhibit  the  mechanism  155).  presumably  by  thickening  the 
boundary  layer  and  so  decreasing  the  instability  of  the  eddy  formation.  This  of  course 
is  suggestive  from  the  point  of  view  of  nuise-reducliun  devices  (66).  Not  only  does 
the  mechanism  display  features  in  common  with  edge  tunes,  but  also  the  status  of 
research  is  similar;  the  essentials  of  the  mechanism  are  understood,  and  certain 
isolated  aspects  of  it  are  amenable  to  analysis  under  simplifying  conditions.  The 
frequencies  cun  lie  found:  Init  tiie  calculation  of  sound  intensity,  ^  Mtio,  is  quite 
beyond  our  pre Sent  means. 


This  characteristic  motion  appears  to  be  confined  to  "cold"  jets.  There  are 
probably  two  reasons  for  this.  A  hut  choked  jet  has  a  much  higher  velocity,  and  this 
results  both  in  increased  stability  of  the  jet  boundaries  and  greatly  increased  noise 
due  to  the  inevitable  turbulent  mi.\ing  process,  which  would  also  tend  to  mask  any 
discrete  frequency  phenomena.  Certainly  indications  so  fur  are  (hat  it  is  not  of 
importance  fur  jet  engines (67)  or  rockets (68).  Here  the  noise  from  turbulent  mixing 
is  all  imjiortant.  and  in  the  ne.xt  section  the  question  of  how  mucli  of  the  experimental 
data  can  be  explained  by  theory  is  dealt  with. 


Part  HI 

.JKT  FLOWS  DISPLAYING  NO  DISCHETE  FREQUENCIES 
THE  TURIJULENT  .JET 

In  recent  yea.-.s  tlie  turbuient  jet  ha.s  received  much  attention,  and  this  section 
will  lie  devoted  to  asfieet.s  concerning  noise  generation  in  tlie  aliseiice  of  the  discrete 
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(rcquoncy  phenomena  associated  with  the  periodic  vortex  formations  discussed  in  the 
preceding  section. 


The  overall  picture  of  the  spread  of  a  turbulent  subsonic  jet  is  now  well  estab¬ 
lished  (09,70).  Initially  the  turbulence  springs  from  the  shear  layer  adjacent  to  the 
exit,  spreading  outwards  and  inwards  at  a  steady  rate.  After  about  four-and-a-hall- 
diameters  distance  the  turbulence  readies  the  axis,  so  annihilating  the  cone  of 
"potential"  flow,  after  which  the  axial  velocity  commences  to  fall  in  a  roughly  hyper¬ 
bolic  manner  with  the  distance  from  the  exit.  The  profiles  of  mean  velocity  soon 
become  similar,  suggesting  profitable  techniques  of  analysis;  but  unfortunately  the 
turbulence  levels  do  not  fall  in  line  until  much  further  downstream,  due  to  the  per¬ 
sistence  of  the  high-turbulence  levels  at  positions  corresponding  to  the  original  high- 
shear  layers.  This  basic  structure  of  course  suggests  that  intense  high-frequency 
radiation  emanates  from  the  region  of  high  turbulence  and  shear  near  the  exit,  the 
frequency  falling  in  the  downstream  direction.  The  intensity  would  be  expected  to 
commence  to  fall  sharply  in  sympathy  with  the  axial  velocity  ii  downstream  locations. 
Indeed,  early  exploratory  experiments  (71)  indicated  just  this.  The  success  of 
similarity  Ideas  on  the  mixing  problem  probably  encouraged  the  application  to  noise 
generation  (72,73);  but  it  is  apparent  that  the  proper  form  of  the  similarity  rules  is 
not  yet  known  to  us,  despite  the  theoretical  concepts  at  our  disposal,  and  that  existing 
efforts  should  be  regarded  as  first  attempts. 


Perhaps  the  principal  difficulty  tics  in  the  fact  tlut  it  is  far  from  easy  to  design 
an  experiment  to  yield  the  distribution  of  sound  sources  (of  varying  frequency  bands) 
within  the  volume  of  the  jet.  Space,  or  space-time,  correlations  can  indicate  effective 
regions  associated  with  the  areas  where  the  noise  leaves  the  jet  boundaries  (74). 
Measurements  very  close  to  the  jet  flow  itself  (75)  mainly  concern  the  very  local 
turbulent  fluctuations,  so  that  the  connection  with  the  noise  sources  distributed 
throughout  the  volume  of  turbulence  must  be  regarded  as  being  rather  vague,  at  least 
until  proved  otherwise.  A  method  of  some  promise  (in  principle  at  least)  seems  to 
be  the  correlation  between  points  in  the  turbulent  field  itself  with  a  puint(s)  in  the 
acoustic  field.  (The  difficulty,  of  course,  is  with  Doppler  effects,  but  I  imagine  this 
might  not  be  insuperable.)  But  then  one  might  just  as  easily  (?)  measure  the  cor¬ 
relations  required  by  the  genera!  quadrupule  theory  (7). 


The  quadrupolc  theory  certainly  yields  acoustic  ixiwers  of  the  right  order  of 
magnitude,  and  it  accounts  for  the  gross  radiation  i  liaractcristic  of  marked  asym¬ 
metry  (10).  There  are,  however,  many  aspects  tiuit  are  not  yet  fully  understood,  and 
it  is  upon  those  I  wish  to  dwell. 

The  directional  properties  of  the  radiation  from  turliulent  jets  ajipear  to  follow 
no  simple  law,  although  the  principal  charactciistics  can  be  easily  stated  and 
accounted  for  in  a  general  manner.  Most  of  the  radiation  from  jets  of  low  or  moderate 
speed  occurs  at  angles  noticeably  less  tlian  45  degrees  to  the  jet  axis  (71,76,55,77), 
the  lower  frequency  being  found  closest  to  tlie  axis,  as  illustrated  in  Fig.  12.  Theo¬ 
retical  ideas  are  in  accord  with  this,  since  both  converted  lateral  quadrujioles  asso¬ 
ciated  with  the  shear  layer  and  convected  assemblies  of  longitudinal  quadrupoles 
associated  with  regions  of  weak  shear  further  downstream  will  display  thisproperty. 
However,  additional  sources,  es|M>cially  longitudinal  quadrupoies  normal  to  the  axis, 
have  to  be  postulated  to  olitain  a  satisfactory  agreement  at  ali  angles  (65,76).  The 
possible  influence  of  convection  and  refraction  effects  u|hiii  tlie  directional  properties 
have  nut  been  very  seriously  considered  (2)  although  there  is  almost  certainly  some 
effect  in  view  of  the  very  noticeable  decreasi*  in  noise  levels  as  om*  approaches  the 
jet  in  positions  where  the  energy  ot  tne  jet  is  almost  spent. 
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Kik-  -  Anyloa  for  r.i*ist 
iiiti'tisf  raUiatioti.  Tht'  ra¬ 
diation  of  any  froquoni  y  band 
(hero  represented  by  the 
ratio  of  wavelenysth  to  jet  exit 
diameter)  reaches  its  maxi¬ 
mum  intensitv  at  a  definite 
an)>Ie  Irom  the  jet  axis.  I'he 
pair  of  parallel  lines  refers 
t^>je!  engine  noise ,  the  dotted 
one  between  them  to  cold  air 
jets.  Mere,  the  higher  the 
fre<iuenvy,  the  greater  will 
be  the  angle  from  the  jet  axis 
at  whicli  the  maximum  oi  - 
curs.  Kocket  noise  repre¬ 
sented  by  the  vrtic.il  line, 
displays  its  maximum  for  all 
requencies  at  aiiout  the  same 
angle,  (Data  respectiveU 
c  o  1 1  e  1  t  e  d  fro  m  K.  H. 
tireatrex  (57),  II.  K.  voe 
Gterki'  el  al.  (77),  L.  W. 
l.assiter  and  H.  H.  Iliibliard 
(78),  and  J.  N.  Cole  el  al. 
(bh).) 


As  the  eddy  convection  velocities  increase  for 
faster  jets,  the  eddy  structure  will  more  and  more 
tend  to  genertite  its  own  system  of  shockfronts 
(65,60,10)  and  this  may  account  for  fast  jets  (i.e., 
those  probably  having  eddy  convection  at  supersonic 
speeds)  displaying  maxima  at  increasing  angles 
from  the  axis,  A  helium  jet  exhausting  at  2600  ft/sec 
displays  the  maximum  intensity  at  very  nearly  45 
degrees  to  the  axis  (78),  while  rockets,  having 
exhaust  velocities  of  upwards  of  5000  ft/sec,  have 
maxima,  apparently  for  all  frequency  bands,  at 
angles  tetween  50  and  60  degrees  (68).  The  main 
directional  properties  of  these  three  types  of  jet 
arc  shown  in  Figs.  12  and  13.  If  the  radiation  in 
tlicBc  cases  is  essentially  associated  with  the  eddy 
sliocks,  then  it  is  implied  that  the  eddies  accounting 
for  the  major  noise  contribution  have  a  convection 
velocity  of  rather  less  than  half  the  exit  velocity. 
That  does  not  seem  unreasonable. 

Another  outstanding  cliaractcristic  of  turbulent 
jet  noise  is  its  rapid  variation  with  jet  velocity. 
The  quadrupole  theory  "iclds  the  well  known  siml* 
larily  form  '  when  tlw  field  of  quad- 

rupjles  is  not  convected.  By  some  fortuitous  cir¬ 
cumstance,  experimental  data  produce  not  only  the 
I-  but  also  the  V',  to  a  good  approximation.  How- 
ctrr  it  should  really  be  looked  upon  asanempirical 
result,  since  in  accounting  for  the  characteristic 
directionality  the  convection  effects  ( 10)  necessarily 
supplement  the  above  form  by  a  not  at  all  negligible 
positive  power  of  Mach  number  v,  .  Of  course 
any  sucli  form  should  also  be  supplemented  by  an 
unknown  function  of  Reynolds,  Mach  number,  tern* 
IHtrature  ratio,  den.sity  ratio,  and  any  other  param¬ 
eter  ilut  may  have  a  bearing  upon  the  noise 
production. 


One  naturally  tends  to  liiink  of  clviract  ristic  frequencies  of  the  radiated  sound 
in  terms  of  Strouhal  numbers  (79,80).  One  might  choose  the  peak  of  the  spectrum  (on 
an  "energy -pcr-cycle-per-see"  basis)  us  the  characteristic  frequency.  Although  the 
spectra  are  rather  flat,  th'  -e  is  a  definite  tendency  for  this  peak  frequency  of  the 
total  acoustic  power  to  increase  less  quickly  than  the  velocity  (resulting  ina  decreas¬ 
ing  Strouhal  number),  as  shown  in  Fig.  14.  Most  of  the  energy  however  is  contained 
by  frequencies  higher  tlun  the  true  spectral  peak,  the  peak  of  an  octave  analysislx'ing 
mure  representative  of  (lie  ocerall  noist'  produced,  since  it  corresponds  roughly  to 
the  median  of  the  energy-frequency  distribution.  On  this  basis  the  departure  from 
proportionality  is  marked,  both  at  individual  points  (55)  (Fig.  15)  and  for  tlx<  total 
sound  power  (76).  The  niort  pronounced  effect  in  the  latter  cases  arises  because  of 
the  dependency  of  the  spectral  shape  on  tlie  velocity,  it  btdng  much  flatter  at  low 
speeds.  This  is  in  itstdf  a  noiewo.-thy  fact  and  is  clearly  shown  in  Figs.  14  and  15. 
It  also  raises  the  question  of  what  is  the  niost  signilicant  clioicc  for  a  "characteristic 
frequency";  the  peak  of  the  energy-|)er-cycle-per-sec  spectrum,  the  peak  of  llie 
energy-per-oefave  (or  similarly  pro|M)rlioiUil)  siiectrum.  or  tile  frequency  correspomt- 
iiig  to  tlie  median  of  llie  energy  ?  A  departure  from  Strouhal  concei'ts  also  arises  in 
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t  oiiitci'lioii  with  tiH’  (lin-rtiiitiiilily  iif 
variiHitifrcqufiM'y  Inintliiuf  itu'  noisf. 
Thf  an(;lt'  of  Iht-  pt-ak  Men:.;  to  be 
mure  ile|N'iulent  upun  the  ratiu  uf 
wavelength  to  exit  diameter  '2,761. 
rather  than  upon  Stroulul  number. 

It  luiibeeii  taip^ested  that  tiiere 
ih  some  iKissibilitv  that  the  turbu- 
lenee  is  "damped"  at  hinh  Maeh 
nuniliers  (10)  and  sinee  presumably 
tile  snui.'lest  eddies  would  lie  most 
affei'led.  it  may  afteet  the  slui|H‘  of 
the  spectrum  and  so  be  vuntributory 
to  tile  failure  uf  proportionality  with 
Struuhal  numb(>r.  There  is  some 
experimental  evidence  that  this  may 
be  HO  (70.81)  (at  least  (or  rnis  tur¬ 
bulence  levels)  althouith  there  will 
remain  some  doubt  until  suitable 
Mach  number  corrections  hate  been 
applied  (82). 

Density  and  temperature  effects 
of  the  jet  flow  itscU  arc  stii;  sunic- 
what  uncertain.  Experiments  usinc 
different  isises  (air.  helium,  and 
Freon)  at  esst'ittially  the  same 
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temperature  certainly  tend  to  confirm  the  density  iaclor  (of  y)  arlsinK  from  the 
similarity  arttument,  although  the  only  reported  measurement  (78)  concerns  positions 
at  ri(;htan(;lt's  to  the  jet  axis  (where  convection  effects  would  be  expected  to  be  least). 

Temperature  effects  luive  yet  to  Ixr  fully  investi|;atcd.  Early  indications  that  the 
effect  was  small  (2)  seem  to  be  confirmed  by  receni  experiments  (78,83).  The  acous¬ 
tic  power  seems  to  be  hardly  affected,  implying  that  care  should  be  taken  in  the 
interpretation  of  the  factor,  for  which  there  is  some  verification  fur  different 
gases.  Thus  the  introduction  of  the  molecular  weight  (to  replace  Jet  density)  might 
be  expected  to  yield  a  useful  empirical  rule.  So  far  as  frequency  Is  concerned  it 
seems  to  me  that  the  statement  of  decreasing  characteristic  Strouhal  number  with 
temperature  (00)  (at  a  given  pressure  ratio)  is  less  significant  titan  the  fact  that  the 
"inedian-cncrgy"  frequency  did  not  change  much  with  velocity.  This  means  that  it 
seems  to  make  little  difference  whether  the  velocity  increase  is  due  to  increasing 
temperature  at  a  constant  pressure  ratio,  or  vice  versa.  Apparently  the  effects  of 
reduced  gas  density  are  just  about  offset  by  increased  noise-generating  capacity  (10). 
Directional  effects,  however,  have  yet  to  be  thoroughly  investigated,  but  again  it  looks 
us  though  jet  velocity  is  mure  important  than  temperature,  per  se,  since  a  helium  jet 
andahutair  jet  display  similar  dirictional  propertiesat  the  same  speed  (64)  (Fig.  13). 

So  far  there  is  hardly  any  data  throwing  light  on  the  validity  of  the  .  of  the 
ambient  fluid  in  the  denominator  of  the  similarity  form.  Ambient  temperature  and 
density  effects  are  normally  rather  small  but  may  have  a  measurable  Influence— at 
least  some  full-scale  measurements  suggest  that  possibility.  It  would  therefore  be 
most  interesting  to  perform  an  experiment  in  the  atmosphere  of  another  gas,  for 
example  helium,  (remembering  that  must  microphone  techniques  give  a  measure  of 

p^,  while  the  acoustic  power  is  con¬ 
nected  with  p-’  „r,_). 

The  noise  of  rocket  effluxes  is 
particularly  interesting.  The  low- 
speed  dependency  on  velocity  must 
be  superst'ded  by  another  form, 
otherwise  tlic  acoustic  power  would 
become  Impossibly  large.  Presum¬ 
ably  the  acoustic  power  is  likely  to 
be  asymptotic  to  some  fraction  of 
the  total  power,  in  contrast  to  the 
low  -  speed  case  where  the  conversion 
to  acoustic  power  depends  on  about 
the  fifth  power  of  the  Mach  number. 
Itturnsout  that  this  fraction  appears 
to  he  about  a  hundredth  of  tlic  total 
power  (68,88).  This  Is  shown  in  Fig. 
16,  where  a  comparison  is  made  with 
cold  air  jets,  jet  engines,  and  jet 
engines  with  afterburners.  In  view 
of  the  foregoing  comments  concern¬ 
ing  temperature  effects,  no  allow¬ 
ance  has  been  made  for  density  var¬ 
iations.  The  essential  characteristic 
of  the  rocket  efflux  is  its  high  abso¬ 
lute  velocity.  It  seems  to  me  that 
model  tests  using  supersonic  cold 
air  jets  may  be  very  misleading  in 
relation  to  r'xket-noise  because  of 
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the  limited  velocity,  whatever  the  pressure  ratio.  For  example,  the  turbulence  noise 
level  of  an  unheated  air  jet  still  appears  to  follow  the  velocity  to  about  the  power  of 
eight,  provided  the  "expanded"  velocity  is  used  if  the  jet  is  choKed  (55),  up  to  pres¬ 
sure  ratios  of  thirty  (85).  There  is  an  indication  (86)tlial  Iho  bulk  of  the  noise  energy 
generated  by  rocket  jets  emanates  from  relatively  far  downstream,  possibly  where 
the  jet  velocity  falls  from  supersonic  to  subsonic  speed  (but  this  is  not  in  accord  with 
the  idea  that  supersonic  eddies  may  be  responsible,  as  discussed  earlier).  Another 
interesting  feature  of  rocket  noise  is  that  radiations  from  all  the  frequency  ranges  so 
fur  measured  display  the  maxima  between  50'  and  60"  to  the  Jet  axis.  *  (Low-speed 
jets  display  a  much  wider  variation  (Fig.  12).)  Does  this  imply  that  the  major  part 
of  the  noise  production  is  by  supersonic  eddies  lying  within  a  comparatively  small 
speed  range?  What  is  the  nature  of  the  mechanism  which  limits  the  fraction  of 
available  energy  convertible  to  acoustic  energy  ?  (1  cannot  appreciate  the  argument 
that  because  th  "e  is  only  about  1  percent  of  the  jet  power  resident  in  turbulent 
kinetic  form,  then  this  must  be  a  limit  to  the  acoustic  power  (87).  Py  the  same  token 
would  it  not  also  be  a  limit  to  dissipation?)  Close  to  such  jets  the  pressure  amplitudes 
are  great  enough  to  invalidate  linear  acoustic  theory-is  this  responsible  for  any 
gross  effect,  e.g.,  by  increased  dissipation?  Another  (and  possibly  associated)  feature 
of  interest  is  that  while  the  spectrum  of  turbojet  engine  noise  is  quite  broad,  the 
pressure  maxima  do  not  possess  a  Rayleigh  distribution;  the  highest  peaks  reach  at 
least  four  times  the  rms  level  (88).  This  aspect  is  very  important  in  respect  to 
fatigue  troubles;  corresponding  ditta  for  rocket  noise  Is  not  yet  available,  but  will  be 
of  interest  from  more  than  one  point  of  view.  Knowledge  concerning  these  aspects  no 
doubt  will  cast  light  on  a  curious  fact  that  has  been  observed  (68).  While  the  jet  flow, 
delayed  combustion  effects,  and  near-by  pressures  are  greatly  affected  by  upsetting 
the  stream  at  the  nozzle,  the  noise  radiated  away  is  not  appreciably  altered. 

It  is  interesting  to  reflect  upon  the  changes  that  the  immersion  of  a  turbulent  jet 
in  a  moving  fluid  would  effect.  Again,  similarity  arguments  (73)  come  to  mind,  but, 
to  judge  by  the  limited  experimental  data  available,  yield  results  less  satisfactory 
even  than  for  the  static  case.  There  Is  some  evidence  that  the  reductions  in  the  peak 
and  low  frequencies  are  much  greater  than  such  arguments  suggest  (89),  although  all 
measurements  do  not  show  this  (90). 


THOUGHTS  ON  JET  NOISE  REDUCTION 

As  the  biggest  financial  expenditure  on  jet  noise  has  been  directly  aimrd  at 
methods  for  its  reducMon,  it  is  perhaps  appropriate  to  mention  a  few  major  features. 
Study  of  some  of  the  results  of  this  work  soon  convinces  one  that  our  understanding 
of  the  overall  problem  is  still  very  sketchy  (although  partial  explanations  are  invari¬ 
ably  forthcoming  after  any  particular  experiment!). 

Perhaps  the  most  simple  variation  on  the  Jet  having  a  circular  orifice  is  that 
having  an  elliptical  orifice.  Experiments  (91)  with  a  4:1  exit  showed  the  increase  in 
high-frequency  noise  in  positions  along  the  minor  axis.  This  would  be  expected,  yet 
the  anticipated  corresponding  reductions  along  the  major  axis  were  absent;  low- 
frequency  changes  were  small  but  unexpected.  Another  simple  variation  concerns  a 
change  of  the  velocity  profile  at  the  exit,  most  easily  obtained  by  uBin^,  a  long  pipe 
prior  to  the  exit  (92,93).  Here  the  high  fr^uenclcs  suffer  reduction,  but  the  overall 
reduction  is  not  great.  In  particular  if  the  jet  velocity  is  increased  to  restore  the 
thrust  to  its  original  value,  there  is  a  net  increase  in  noise.  There  is  now  a  little 
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bt  Uri  uiidtTstunding  why  this  should  be  so  (7S,74)  (lor  example,  becaus*.*  the  most 
intense  part  of  the  spectrum  apparently  emanates  from  the  region  at  the  end  of  the 
potential  cone  whicii  would  be  little  effected  by  the  reduction  of  velocity  gradients  at 
the  exit). 

Those  faced  with  the  practical  problem,  not  lacking  in  urgency,  have  tried 
numerous  ad  hoc  devices.  One  might  illustrate  their  diversity  by  reference  just  to 
nozzles  having  axially  corrugated  walls  (67),  a  maltiplicity  of  separate  jets  (94,95), 
combinations  of  several  rectangular  orifices  (95), or  the  combination  of  the  corrugated 
type  with  ejectors  (97).  Of  course,  fur  devices  to  be  used  in  flight  the  question  of  net 
propulsive  efficiency  (98,99)  is  very  important,  and  this  is  an  essential  factor  in  their 
design. 

Our  understanding  of  the  meclianism  by  which  the  noiste  suppression  is  obtained 
is  sketchy  to  say  the  least,  although  it  has  been  the  subject  of  much  conjecture.  The 
views  that  follow  are  by  no  means  entirely  original  and  are  quite  tentative,  but  seem 
(to  me  at  least!) to  be  the  most  satisfying  and.  I  hope,  do  nut  invite  counterarguments 
of  comparable  strength.  I  shall  conclude  my  lecture  on  this  ccmtroversial  (and 
challenging?)  note. 

First,  confine  attention  to  those  variations  of  noz7.le  shape  which  eject  all  parts 
of  the  jet  in  a  dirtH'tion  esscmially  parallel  to  the  axis,  lor  example  that  of  Fig.  17. 
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There  will  be  a  considerable  amount  of  induced  flow  between  the  Jet  flows  from  the 
various  segments,  greater  than  in  the  absence  of  neighboring  segments.  The  result 
of  this  is  to  reduce  the  rate  of  mixing,  i.c.,  the  individual  potential  cores  persist 
longer  than  th^woiild  individually  (100);  the  observed  reduction  in  turbulent  velocity 
fluctuations,  and  in  the  frequency  (100,101)  more  than  offset  the  greater  volume  of 
turbulence  so  far  as  llie  noise  production  is  concerned,  at  least  according  to  existing 
'i!  '.ilarity  arguments  (73).  The  greatest  reduction  will  occur  at  frequencies  corre¬ 
sponding  to  the  regions  where  the  induced  velocity  is  the  most  effective:  this  view  is 
consistent  with  the  selectivity  associated  with  nozzles  having  various  numbers  and 
depths  of  corrugations  around  the  periphery  (67). 

This  also  sheds  some  light  on  the  noise-reducing  action  of  ejectors.  The  flow 
leaving  an  ejector  forms  a  new,  larger,  but  slower  Jet  of  lower  noise-producing 
capacity.  The  answer  to  the  question  of  why  less  noise  is  made  in  the  ejector  than 
in  the  corresponding  section  of  a  free  Jet  seems  to  lie  at  least  jNirtly  in  the  fact  that 
the  action  of  the  ejector  directs  the  Induced  flow  so  as  to  reduce  the  tqUj  shear  of 
the  mixing  region,  and  this  is  the  most  important  single  parameter  so  far  as  noise 
production  is  concerned. 

Anotl.cr  point  of  view— which  does  not  seem  to  have  attracted  previous  attention- 
hinges  on  the  fact  that  the  predominant  effect  of  turbulent  mixing  is  the  diffusion  of 
momentum  in  transverse  planes.  Is  it  not  reasonable  to  argue  that  the  noise  produced 
i.s  connected  with  the  amount  of  diffusion  that  has  to  take  place?  (There  is  some 
theoretical  backing  in  this  direction,  in  that  the  transverse  velocity  fluctuations  are 
presumably  connected  with  the  amount  of  diffusion,  and  fluctuations  across  shear 
layers  serve  to  amplify  the  noise  output  (7).)  And  all  the  fancy  exit  shapes  considered 
do  reduce  the  amount  of  diffusion,  because  some  momentum  is  ejected  from  the  exit 
at  greater  distances  from  the  axis.  While  it  may  be  useful  to  think  of  th.-9eas  separate 
effects,  of  course  they  are  inseparable  in  practice.  Perhaps  the  optimum  configura¬ 
tion  is  a  nice  balance  between  these  two  points  of  view,  namely  to  spread  out  the 
initial  momentum,  yet  taking  care  to  lessen  the  total  shear  by  induced  flow. 

The  addition  of  a  slower  moving  sheath  of  air  has  not  proved  very  effective  (102), 
less  effective  than  some  measurements  (73)  suggest  for  the  flight  case  of  Jet  engines, 
even  for  very  moderate  aircraft  speeds.  The  reason  seems  to  be  that  the  part  of  the 
Jet  responsible  fur  the  peak  of  the  noise  spectrum  ->he  most  important  single  region— 
probably  lies  rather  far  from  the  exit  (at  the  end  of  the  potential  cone,  or  a  little 
farther  downstream  (73/)  and  that  the  outside  sheath  has  already  been  annihilated. 
In  other  words,  to  be  really  effective  one  would  expect  that  the  sheath  should  certainly 
exceed  the  Jet  diameter  in  thickness— an  arrangement  the  airplane  designer  is  unlikely 
to  welcome,  compared,  say,  to  an  ejector  arrangement. 

There  is  another  class  of  nozzle  in  which  the  efflux  docs  not  all  leave  the  nozzle 
parallel  to  the  axis,  and  which  is  known  to  result  in  diminished  noise  output.  Typical 
of  these  is  the  one  in  which  a  parallel  pipe  has  axial  sluts  at  the  ends,  some  of  the 
resultant  "teeth"  or  "fingers"  being  bent  inwards,  some  outwards.  The  situation  here 
is  less  easy  to  see.  The  Jet  spreads  at  a  faster  rate  (103),  thus  reducing  the  volume 
of  noise-producing  turbulence,  but  why  is  it  hot  offset  by  the  presumably  higher 
turbulence  levels?  Firstly,  some  efflux  is  eji>cted  outwards  from  the  axis,  and  would 
not  this  reduce  the  "work"  the  turtxilenee  would  liave  to  do  in  achieving  the  necessary 
diffusion?  Alsu,  may  not  secondary  flows  be  set  up,  like  vortices  with  their  axes 
lying  along  the  mean  velocity  surface  of  the  Jet,  this  rotation  being  a  direct  help  to 
the  diffusion  process,  since  it  would  provide  a  mean  flow  between  regions  of  high  and 
low  velocity  and  vice-versa?  Finally,  the  effect  of  the  teeth  is  to  corrugate  the  Jet 
leaving  the  no/./.le:  then  is  nut  the  induced  flow  aiymnient  Just  us  effective  in  these 
cireunislances?  The  conjectural  nature  of  the  foregoing  suggestions  is  all 
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apparent-the  piacUcal  reduction  of  jet-engine  noise  is  clearly  still  more  an  engi- 
neering  art  than  science ! 

1  appreciate  very  much  having  been  invited  to  undertake  the  task  of  preparing  the 
survey  1  have  Just  presented  to  you,  a  task  which  proved  to  be  both  pleasant  and 
revealing  (at  least  to  myself!),  and  I  regret  only  tliai  time  did  not  permit  me  to 
include  phenomena  involving  solid  boundaries  and  heat.  Thisalso  seems  anopportune 
time  to  express  my  appreciation  to  all  the  many  who  have  helped  me  in  many  ways  at 
one  time  or  another  and  have  given  me  so  much  encouragement.  Of  these,  Professor 
E.  J.  Richards  is  directly  responsible  fur  my  interest  in  the  field  and  he  gave  me 
limitless  help  and  encouragement  while  I  worked  at  the  University  of  Southampton. 
Since  my  as.^ociation  with  the  Douglas  Aircraft  Company,  Mr.  M.  M.  Miller  has  ^ven 
me  encouragement  that  I  am  glad  to  place  on  record.  A  third  name  is  that  of  Mr.  H. 
B.  Irving,  lately  of  the  Ministry  of  Supply  who,  in  his  quiet  gentlemanly  manner,  I  am 
sure  has  achieved  much  by  way  of  encouraging  those,  including  myself,  pursuing 
noise  research  in  England. 
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DISCUSSION 


R.  H.  Kraichtian  (New  York  University) 

I'd  like  to  say  a  few  words  about  why  the  maximum  frequency  doesn't  seem  to  go 
up  with  Mach  number  as  fast  as  one  might  expect.  I  have  done  some  work  recently 
on  predicting  quantitatively  the  amount  of  noise  from  Isotropic  turbulence,  which  is  a 
very  idealized  approach  to  the  Jet  problem  but  it  does  seem  to  indicate  some  quali¬ 
tative  features.  One  of  the  results  is  that  at  high  Reynolds  numbers  the  radiation  is 
principally  at  high  frequencies  coming  from  small  eddies  and,  in  fact,  the  spectrum 
at  high  frequencies  falls  oft  inversely  with  frequency. 

The  radiated  power  is  proportional  to  the  rate  of  dissipation  of  power  in  the  jet 
itself,  and  to  the  fifth  power  of  the  Mach  number.  For  Mach  numbers  of  the  order  of 
unity  the  acoustic  damping  of  the  turbulence  becomes  very  strong.  This  indicates  a 
strong  coupling  between  the  acoustical  and  vortical  modes  at  high  frequencies.  In  the 
region  of  appreciable  Mach  numbers,  because  of  the  strong  damping  at  the  relatively 
high  frequencies,  one  would  expect  that  these  frequencies  could  no  longer  increase 
in  power  and,  therefore,  that  the  maximum  in  the  acoustic  radiation  curve  would  not 
go  up  as  fast. 

This  doesn't  solve  Lighthill's  paradox  in  a  neat  form  because  it  doesn't  answer 
why  one  begins  and  ends  with  the  eighth  power  taw.  Aside  from  any  specific  inves¬ 
tigation  for  nonlinear  phenomena,  one  would  certainly  expect  things  not  to  increase 
as  fast,  so  certainly  the  power  law  is  going  to  drop  off. 

There  is  a  slight  increase  in  efficiency  if  the  Reynolds  number  is  separated  from 
Mach  number  dependence.  This  increase  would  give  a  decrease  in  the  power  law. 
The  turbulence  itself  is  damped. 

We  will  accept  the  experimental  evidence.  1  have  no  competence  to  do  otherwise, 
and  I  would  like  to  point  out  what  seems  to  be  the  great  danger  in  all  of  this.  The 
theoretical  explanationsare  very  simpleand  it  is  not  too  difficult  to  find  atheoretical 
effect  which  agrees  with  any  given  experimental  effect.  Whether  you  are  happy  in 
doing  this  depends  on  how  strongly  you  want  to  support  a  particular  theory. 


A.  Regier  ^National  Advisory  Committee  fur  Aeronautics) 

In  our  earlier  experiments  we  soon  became  aware  uf  the  fact  that  the  frequency 
in  the  fur  field  did  not  Increase  as  rapidly  as  the  velucity.  However,  in  the  near  field 
we  found  that  iwth  the  turbulence  in  the  jet  and  the  pressures  clo.se  to  th<*  jet  did 
agree  nicely  with  the  velocity  increase,  1  wondered  if  Dr.  Kraichnan  or  Dr.  Powell 
would  accept  thl.s  us  an  experimental  fact  and  explain  it,  or  is  there  anything  further 
to  be  said  on  that,  whether  the  near  field  docs  follow  the  velocity  but  the  far  field 
doe.s  not  ? 


K.  Miillo-Chri.sten.sen  (California  In.stilule  of  Technology) 

From  ttie  dimensional  analysi.s  in  tlie  near  field  I  think  there  is  no  doulit  that 
things  .should  seale  with  veloeiiy,bul  in  the  far  field  one  has  r.idi.ition  and  there  ft  els 
something  (|uite  ddferent.  In  the  far  fiiUl.a.s  I  .show  in  my  papci  .wefind  that  eertain 
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frequency  ranges  scale  with  velci'ity  very  precisely.  We  also  find  in  other  parts  of 
the  far  field  that  we  do  have  scaling  with  the  velocity  of  sound,  suggesting  an  acoustic 
mechanism  of  sound  radiation.  There  arc  apparently  two  mechanisms  involved.  This 
is  speculation  now,  but  it  agrees  with  our  experimental  results. 

1  think  that  one  can  get  more  out  of  narrow  band  measurements.  The  measure* 
mentstownirh  Mr.  Regier  refers  are  octave-band  measurements  on  thedecibel  scale. 


J.  II.  Uerrard  (University  of  Manchester) 

I  should  like  to  comment  on  Dr.  Powell's  question,  "would  the  placing  of  an  edge 
in  the  vortex  street  behind  a  cylinder  result  in  a  flow  analogous  to  edge  tones?" 

Edge  tones  have  been  produced  by  placing  a  circular  cylinder  in  a  Jet.  One  might 
expect  the  similarity  suggested  by  Powell  to  be  detected,  therefore,  when  two  cylin¬ 
ders  were  placed  one  behind  the  other  in  an  air  flow.  I  have  made  some  etqjtloratory 
observations  of  the  pressure  fluctuations  on  the  surface  of  a  one-inch-diameter  cyl¬ 
inder  when  a  second  cylinder  was  placed  parallel  to  It  a  short  distance,  2  in.  to  6  in., 
upstream  and  downstream  (also  to  port  and  starboard),  increased  amplitude  of  pres¬ 
sure  fluctuation  at  the  surface  corresponds  to  increased  Aeolian  tone  Intensity  radiated 
from  that  c^.inder.  If  the  flow  assumed  the  character  of  an  edge  tone  one  would 
expect:  (a)  the  surface  pressure  fluctuation  would  Increase  when  a  second  cylinder 
was  placed  upstream  or  downstream,  and  (b)  the  character  of  the  fluctuation  would 
change  from  that  characteristic  of  Aeolian  tones  to  the  pure-tone  form  associated 
wUb  edge  tones.  No  change  in  intensity  was  detected  when  the  second  cylinder  was 
interposed  in  the  fore  or  aft  position.  When,  however,  the  cylinders  were  separated 
across  the  stream  the  signal  intensity  increased  about  twofold.  In  neither  case  did 
the  appearanceof  the  signal  change  from  that  of  a  narrowband  of  noise.  The  Reynolds 
number  of  this  experiment  was  about  S  x  10*. 
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1.  INTRODUCTION 

A  fundanu'tUal  clilliculty  in  thf  dt'volopment  ol  Ihi'  thfory  of  nolsi-  produced  by 
turbulence  has  been  the  absence  of  a  satisfactory  quantitative  theory  of  turbulence 
itself.  This  lack  is  the  more  serious  because  the  prediction  of  acousiic  phenomena 
associated  with  turliulent  flows  requires  a  considerably  more  intimate  knowledge  of 
the  structure  of  th(  velocity  fluctuations  than  is  contained  in  the  energy  spectrum 
function,  or  two-point  velocity  correlation,  whose  determination  has  been  the  principal 
concern  of  pure  turlmlenci'  theory. 

The  puri'ose  of  the  present  paper  is  t<>  survey  the  foundations  of  an  approach  to 
turbulence  dynamics  which  holds  some  promise  of  yielding  useful  approximations  to 
the  pressure  field  ass(K'iated  with  certain  classes  of  flows  -  those  which  display  sub¬ 
stantial  liomogeneity  in  at  It  ast  one  direction  in  spare.  Parts  of  this  theory  have 
bem  published  recently  (1-3),  and  other  aspects,  including  the  extension  to  acoustic 
phenomena,  will  Ite  treated  in  future  ixipt  rs.  The  discussion  here  necessarily  will  be 
largely  qualitative.  Tlie  intention  is  only  to  describe  the  basic  dynamical  concepts 
which  characterize  the  theory,  iwrticularly  those  which  have  elements  of  novelty. 
Consequently,  the  treatment  will  be  confini'd  entirely  to  the  simplest  case.  Isotropic 
turbulence  of  u  completely  incomp  'cssible  fluid,  and  acoustic  phenomena  will  not  be 
considf  red. 


2.  THK  STATISTICAL  KQUATIONS  OF  MOTION 

Let  us  consider  an  incompressible  fluid  in  a  state  of  isotropic  turbulence  within 
a  large  domain  of  sid<'  i  .  If  we  analyz«'  the  velocity  field  n  ,  >  s.  i  ^within  the  domain 
by  a  Fourier  series  expansion 


”  (2.1) 

where  the  summation  is  over  all  wave  vectors  allowed  by  the  boundary  conditions, 
I'quations  of  motion  for  the  Fourier  coefficients  can  be  deduced  from  the  Navicr- 
St'jkes  equation.  In  this  way  w<'  find  (4) 


ii  I  ,  hi  ^  II If  .  I  I  II. ( It  .  I 

k  'k  K 


(2.2) 


ihi.s  \MirP  fj.i^  ri't  iit  \,iv  »1  !<♦  -f.iri  h  utuifi 

(.  )fit  r.n  I  ^ 
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whi'ri'  .  is  ttu'  klncinatii'  viscosity  and 


The  first  term  of  I',  (ki  servi-s  to  include  the  Reynolds  stresses,  and  tne  second 
term,  the  pressure.  tWe  shall  retrardthe  u/k.i  )  as  the  fundamental  dynamic  variables 
of  the  flow  system. 


In  discussing;  turbulence  we  do  not  sis'k  an  exact  description  of  the  exceedingly 
complicated  velocity  field  but  rather  the  average  values  of  physically  interesting 
functions  of  the  field.  The  averages  can  be  defined  in  several  ways.  We  shall  adopt 
here  the  most  customary  procedure, in  which  the  averages,  to  be  denoted  by  <  • ,  are 
taken  over  a  suitable  representative  ensemble  of  individual  flows  (4).  The  statistical 
quantity  of  greatest  interest  isthesicond-order  covariance  tensor  ii,(  k.  t  )  ii,Vk.  t '  >  •. 
It  can  be  shown  as  a  consequence  of  isotropy  that  this  tensor  must  have  the  form 

(I.  2-  ) '  •  ii,fk. Mii.Vk.i '  I  •  j  I’,  ,ckt  ivk;  1 . 1 ' ' .  J2.4) 

where  the  scalar  *'  is  real,  does  not  depend  on  the  direction  of  k.  and  is  a  symmetric 
function  of  t  and  i '  (Refs.  4,5).  The  normalization  by  M.  3-  i '  is  done  so  that,  in  the 
limit  I. — >■ '  ,  when  the  spacing  of  the  allowed  k  vectors  becomes  infinitely  close,  the 
mean  enei  gy  per  unit  mass  is  given  by 

*,  i(,( k. 1 1 II ,*ik.  t 


where 

flk.li  2  k-M-'k:!  .t  •  (2.6) 

is  the  energy  spectrum  function,  as  usually  defined.! 


(2.5) 


We  shall  also  define  the  function 


r(k: t  .1 '  > 


2  k~l’(kn  .t  '  I 
Ffk.t  t  Ftk.t '  1  ' 


(2.7) 


which  satisfies  rik:t  .i  i  !  and  measures  the  pluise  correlation  beiween  theampli- 
tudes  of  a  Fourier  mode  at  times  t  and  i '. 


From  Kq.  (2.2)  we  may  obtain  the  statistical  equation  of  motion 

(--  ■  .•)ei...r.  ,2.8) 


Ill  tlif  vvf  I  ly  Muiil  wntf  >t  ii,(k  t  '  \\iu'n  it  is  luit 

<!<•  s  1  rr<i  I ; »  .1  {kttrtii  iilftr  ni  Km’  tinu*  .t  rLiiMiiMit  Iff  s.imm*  pinfftltirf  will 

!>«•  Iiil]i«vsf(|  witli  iitl'ii'r  titiH  -(ifiifndf nt  .iIm*. 

I  1  f.f  p.t  rt  u  lil.t  r  iiurniali/.itMn  iIkim'Mis  .i]»pr«*)tr:.itf  t>i  I'.klit-  !>«tu!iti.i  r\  \  aiitiitions  vmi 
t  Ilf  tliifu.i ,  (1.  ( )f  ii»  r  Iiiiiirxia  »•>  t  m.il.j  rr  t  j'l  i  rr  mi  in  <  r  t  ri.iriyi.-  ;n  t  l.f  lift  in:  t  ions . 
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SM  t  , '  ,  I  j  ^  ii,(  k  1 1  ii,/k  .  t  I  I’V  k.t '  I  (2.9) 

k  '  k  k 

Bi'causi’  of  tilt'  syninioiry  of  '  i '  .  t ,  t  '  >  In  i  and  t  ,  tlio  similar  oquation  of  motion 
iiivolvin>j  I'd  I  I  I  is  ri'dundant  with  t.q.  (2.8).  For  i  t  ,  wo  find  that  Eq.  (2.8) 
ri'duci's  to 

(_  ■  ...I.-')  Ilk  t  I  Kk.i).  (2.10) 

WhlTl' 


r<k.i  I  4  ■'stk.t.i  I  (2.11) 

is  till'  I'lU'rny  transfi'r  function  as  usually  defined  (4).  Equation  (2.10)  expresses  the 
conservation  of  energy.  If  exhibits  the  opiwsinc  contributions  of  viscous  dissipation 
.!  k  I  and  net  cni'ri;y-input  from  interaction  with  other  modes. 

Equation  (2.10).  or  E  ,.  (2.8),  cannot  be  solved  directly  for  P'k.t  i ,  or  fikd.t''. 
because  of  the  presence  ot  the  third-order  moments  on  the  right  sides.  Equations  of 
motion  for  the  third-order  moments  can  bt  obtained  by  multiplying  Eq.  (2.2)  with 
suitable  bilinear  expressions  and  averaging.  Inn  as  a  consequence  of  thi'  nonlinearity 
these  equations  contain  fourth-order  moments.  One  does  notibtaina  closed  set  of 
equattons  for  moments  of  any  given  orders  simply  by  multiplying  Eq.  (2.2)  with 
\arious  iuiictioiis  and  averaging. 

Sevi  ral  iiieories  of  turbuli  nc*'  have  been  liased  on  making  Eq.  (2.10)  determinate 
i)y  assuming  an  exprission  (or  tin  triple  moment  rd:.i  >  in  terms  of  ra.i  .  oirtalned 
usually  from  son.<'  simple  analogy  (or  the  inergy-transfer  process  together  with 
dimensional  considerations.  The  best-studied  example  is  the  (>ddy-viscosity  theory 
of  Heisenberg  (6).  Otlu  r  theories  have  been  based  on  tiie  assumption  that  (ourth- 
ordi  r  moments  have  tlie  same  exwession  in  terms  of  second-order  moments  as  they 
wou'.d  have  if  the  velocity  field  weri'  normally  distributed.  In  this  way  a  closed  set  of 
equations  cun  lie  obtained  which  involve  only  the  second-  and  third-order  moments. 
Examples  of  this  type  include  tlu'  second  theory  of  Heisenberg  (6)  and  the  theory  of 
Proudman  and  Reid  (7). 

The  approach  to  lie  outlined  in  thejiresent  jiaper  is  nut  liased  on  direct  surmises 
ulxiut  the  relations  of  various  m<iments.  Instead,  it  involves  a  well-defined  approxi¬ 
mation  cn  the  dynamical  proce.sses  by  which  statistical  Interdependence  of  the  Fourier 
modes  is  prrxiuced.  Thi  closed  equations  thus  obtained  turn  out  to  represent  the 
exact  behavior  of  a  model  system  whose  dynamical  structure  is  related  to  that  of  the 
actual  system.  Tln  retiy  it  cun  Im  infi  rredthat  the  theory  alleys  important  consistency 
conditions.  In  formulatiivu  this  approach  it  is  necessary  to  consider  not  only  the 
iroinents  descriliing  the  actual  statistical  stall'  of  the  svstem.  such  as  ’’i  i  .  i .  i  '  <  and 
•  '  I '  .  but  also  fuiu'tions  which  give  the  average  response  of  the  system  to  small 

perturbations.  Tin  latti-r  lunciions  emliiMly  essential  additional  aspects  of  the 
dynamical  behavior. 

Let  US  suppose  that  at  time  •  the  amplitude  of  mode  k,  but  of  no  other  mode,  is 
suddenly  increased  an  ai'bilrary  jnlinitesinial  amount  ig  k  i  i  liy  some  impulsive 
forci .  Tin  sulisi  (|uent  history  of  tins  perturliation  in  amplitude  -  the  infinitesimal 
imjiulse  response  -  will  be  very  eoinplic.ited.  in  general,  liecause  of  the  interaction 
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of  niodo  k  with  all  tlu-  otlu  r  inoflos.  Howovit,  if  tho  response  is  averatted  over  the 
isotropic  statistical  distribution  of  the  unperturbed  amplitudi'S,  we  may  expect  it  to 
liecome  a  much  simpler  function.  Theri'fore  we  introduce  the  average  impulse- 
ri^sponse  function  ^ ;  i  .  t  i  defined  for  i  i  '  liy 

n,i  k  I  ii,(  k  t '  1 1'  .  I .  t  '  (2.12) 

Note  that  the  averattiiu;  implied  is  only  over  the  unperturbed  state,  not  over  the 
prescribed  initial  perturbation  ii|^k.t'i.  The  response  indicated  by  Eq.  (2.12)  is 
proportional  to  the  initial  amplitude  jump,  despite  the  nonlinearity  of  the  system, 
btcause  wc  are  considerinit  only  infinitesimal  perturbations.  In  the  following,  we 
shall  usually  call  •((  .  t .  t '  i  simply  the  resimnse  function. 

Byusintt  Eq.  (2.2), an  equation  of  motion  for  ;  if.  t ,  i  ’  i  analogous  to  Eq.  (2.8)  may 
lie  obtained.  As  in  Eq.  (2.8).  the  right  side  of  this  equation  contains  higher-order 
averages  than  the  left,  thereby  giving  rise  to  similar  difficulties.  In  the  present  c(*sc, 
the  higher  averages  involve  the  cross -response  of  other  modes  k'  to  the  initial  applied 
jump  in  the  amplitude  of  mode  (T:  they  are  connected  with  the  contribution  to  the  decay 
of  this  jump  due  to  spreading  of  its  energy  to  the  other  modes.  An  additional  con¬ 
tribution  arises,  of  course,  from  the  viscous  dissipation  in  mode  k. 


.1  THE  STRUCTURE  OF  THE  INTERACTION 

The  nonlinear  interaction  described  by  Eq.  (2.2)  is  quite  complex:  each  inode 
interacts  with  every  other  mode.  However,  the  total  Interaction  may  be  considered 
the  resultant  of  very  many  elementary  interactions  of  simple  structure,  each  of  wldch 
involves  just  three  Fourier  modes.  When  k  p-q  ,  wo  shall  define  the  elementary 
Interaction  of  three  mo.  es  k.  p,  and  q  by  the  terms 

it:,,rj|fk'  ti,<P'  ii.^fq'  •  iijiqt  ii„,fp)  . 

ujk^  .  u,(kt  .I„f.qr  ^  D 

"J-P'  •  ",'-P'  'V'k' 

in  the  equations  of  motion  of  the  form  (Eq,  (2.2))  for  ii.(k  i.  ii,<  p  u  and  u^iqt  respec¬ 
tively.  We  may  represent  this  elementary  interaction  bv  the  diagram  of  Fig.  1.  It 

follows  from  the  reality  of  the  velocity  field 
thatiijf-k'  ii,*(k'.  Therefore  we  shall  con¬ 
sider  the  mode  k  to  be  represented  by  the 
amplitude  II/- k  ^  as  well  as  up  kt,  and  we 
shall  include  in  the  definition  of  elementary 
interaction  the  conjugate  terms  to  (3.1) 
which  appear  in  the  equations  of  motion  for 
11/ -ki,  ii/-pt,  and  up  qi.  It  is  clear  in  gen¬ 
eral  that  elementary  interactions  exist  only 
(or  mode  triads  whose  wave  vectors  can  form 
a  triangle. 

The  Reynolds  stresses  and  pressure  are  conservative,  so  that  the  nonlinear 
interaction  serves  only  to  distribute  the  energy  among  the  modes  without  overall  gain 
or  loss.  Tht  aptness  of  the  cor.ci-pt  of  elementary  interactions  is  enhanced  by  the 
fact,  verifiable  fron:  Eq.  (2.2),  that  each  elementary  interaction  is  individually  con¬ 
servative:  thi'  sum  of  the  energy  transfers  to  modes  k,  p,  and  q  arising  from  the 
terms  (3.1)  is  zero.  Thus  the  whole  process  of  energy  tran.sporl  m.iy  lie  con¬ 
sidered  the  sum  of  elemental  transfers  associated  with  the  individual  interactions. 


Fif!.  1  -  Diagram 
of  the  i-lemcntary 
interaitinn  .iiiiuiif> 
nioh»*s  k,  p,  and  q 


32 


A  lhf«»ry  I  I  rhuU-nt  <■  D^naitiu 


Till’  toinl  process  is  very  complicated.  Transfer  from  modes  k  and  p  to  mode  q  may 
tal-ie  place  not  only  throii;4li  the  elementary  interaction  which  directly  links  thesi' 
modes  (Fip.  l)l)ut  also  tlirouph  networks  of  elementary  interactions,  involvinp  inter¬ 
mediate  nuxies,  whicli  can  iiranch  out  to  e.xtreme  complexity  (Fip.  2).  The  liranchinp 
is  a  graphical  expression  of  the  nonlinearity  of  the  equations  of  motion. 

Fortunately,  tlie  complexity 
associated  with  the  multiplicity  of 
transfer  paths  is  compensated  hy  a 
related  feature:  each  elementary 
interaction  actually  ri’presents  a 
very  weal:  dynamical  coupling 
amonp  the  modes  involved  -  pro¬ 
vided  the  domain  containing  the 
turhulence  is  very  larpe.  Let  us 
consider  what  iiappens  us  tiie  limit 
'  is  approached.  The  number- 
density  in  wave  vector  space  of  the 
modes  allowed  by  the  boundary 
conditions  Increases  as  i  .  Conse¬ 
quently,  the  number  of  terms  con- 
tributini;  to  the  ripht  side  of  Gq. 

(2.2)  in  any  wave  vector  ranpe 
increases  as  '  '.  In  the  limit,  each 
individual  term,  representinp:  a 
sinple  elementary  Interaction,  makes  only  an  infinitesimal  contribution  to  the  motion 
of  the  mode  k.  This  implies  that  In  the  limit  the  effective  dynamical  coupling  among 
.anythree  individual  modes  k.  p,  and  q  due  to  the  elementary  interaction  which  directly 
links  them  (Fig.  1)  liecomes  infinitesimal  in  strength.  The  same  conclusion  is 
suggested  if  one  takes  the  terms  in  the  first  line  of  (3.1),  which  contribute  to  the 
motion  of  u,  k  .  and  regard  them  as  giving  a  coupling  between  the  pair  of  modes  k  and 
p  with  tile  amplitude  u<q<  acting  as  a  modul.tfing  factor.  As  I  — •  ,  the  energy-per- 
unit-mass  is  spr''ud  over  an  Inhnitely  increasing  number  of  individual  modes.  Thus 
tile  rms  value  of  the  amplitude  u<q)  bc-comes  infinitesimal,  and  so  does  the  strength 
of  the  pair  coupling. 

It  is  not  difficult  to  verify,  by  keeping  account  of  the  orders-of-magnitude  of 
relevant  quantities  as  '  — ►  ■ ,  that  the  weakness  of  dynamical  coupling  among  any 
triad  of  modes  is  still  valid  when  all  the  possible  patha  of  coupling  involving  many 
elementary  interactions  and  intermediate  modes  (Fig.  2)  are  taken  into  account.  In 
fact,  the  weakness  of  tlie  total  coupling  of  any  three  modes  is  actually  a  dynamical 
requirement  for  the  consistenev  of  our  underl.ving  assumption  of  statistical  homoge¬ 
neity.  As  I.  — »  .  homogeneity  implies  that  the  phase  relations  among  individual 
Fourier  amplitudes  become  increasingly  random,’'  and  this  would  not  be  possible  if 
strongdynamic  couplings  persisted  among  individual  modes.  It  is  e.\tremely  important 
to  keep  in  mind  here  that  these  weak  couplings  do  not  become  negligible  as  the  limit 
is  approached.  As  they  become  weaker,  there  beconic  more  of  them  because  there 
are  more  allowed  modes.  Similarly,  as  the  statistical  dependencies  which  they  induce 
among  individual  modes  become  weaker,  there  are  more  individual  cross-moments 
to  be  added  up  in  the  Fourier  sums  which  represent  measurable  averagi’s.  Indeed, 
the  essential  problem  of  turbulence  theory  may  !«’  considered  the  evaluation  of  these 
cros.s -moments. 


K;.;.  J  -  I'.v.iinplr.,  oi  i  ..mpli  x  intr  r.o  tion 
t;.-t ■.v.*rk iomiii,;  muiic.s  fc,  p.  iinil  Q.  Thr 
itU.ilx'Ui'tl  lint  »  tli  niiii-  motii  H  olhi  r  than  h, 
p,  .inti  q. 


’See  li.ili  hflitr  (Kfl.  -i .  .Seitioit 
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4.  THE  DIRECT-INTERACTION  APPROXIMATION 

Let  us  considor  the  cast*  wh(‘rt-  at  an  initial  time  «„  the  Fourier  amplitudes  are 
all  statistically  independent  and  the  state  of  the  system  is  specifled  by  the  initial 
spectrum  jhis  represents  a  very  considerable  idealization  of  any  actual 

flow,  .as  does  our  previous  assumption  of  isotropy.  However,  this  initial  condition 
is  ar  especially  simple'  and  useful  one  for  studying  how  the  nonlinear  interaction 
induces  statistical  interdependence  of  the  modes  at  later  times. 


We  are  particularly  Interested  in  finding  the  triple  moment 

iiijVli.i ')•  fh  p'qi.  (^-1) 

which  contributes  to  .  i .  t '  i.  The  most  obvious  way  in  which  the  nonlinear  inter¬ 
action  can  induce  a  nonvanishing  value  for  this  moment  is  through  the  (  eraentary 
interaction  which  directly  links  the  three  modes  lnvotved(Fig.  1).  We  would  also  expect 
the  value  of  the  moment  to  be  affected  by  the  more  complicated  paths  of  dynamical 
coupling  involving  networks  of  other  elementary  interactions,  and  intermediate  modes. 
The  distinction  just  made  suggests  breaking  up  the  moment  into  the  sum  of  direct  and 
indirect  contributions  defined  below. 


Lei  us  remove  from  the  equations  of  mnt'oa  of  the  system  the  terms  (3.1) 
representing  iht'  single  elementary  interaction  directly  linking  modes  k,  p,  and  q;  but 
I('t  us  leave  unalteri'd  all  the  other  nonlinear  terms,  which  express  the  elementary 
interactions  among  thi'rest  of  the  modes  and  those  between  k,  p,  q  and  the  rest  of  the 
modes.  We  shall  call  the  value  of  the  moment  (4.1)  induced  by  these  altered  equa¬ 
tions  of  motion  the  indirect  eontrilHition.  Tlie  direct  contribution  will  be  defined 
as  the  difference  between  the  true  value  of  the  moment  (with  all  elementary  inter¬ 
actions  retained)  and  the  indinwl  contribution.  Thus  the  direct  contribution  represents 
the  j)urt  of  the  moment  which  Is  induced  by  thi  direct  elementary  interaction  acting 
aitainst  the  txickground  of  all  the  other  I'lementary  interactions. 

The  approximation  fundamental  to  the  present  thrary  is  to  neglect  the  indirect 
contribution  to  the  triple  moment.  We  shall  call  this  the  direct-interaction  approxi¬ 
mation.  The  dynamical  picture  undi'rlying  it  is  the  following.  The  elementary  inter¬ 
action  directly  linking  modes  k,  p,  and  q  induces  an  increment  in  the  amplitude  of 
each  of  these  thret'  modes  which  bears  a  phase  relation  to  the  product  of  the  ampli¬ 
tudes  of  the  other  two  modes.  Thus  it  yields  a  contribution  to  the  triple  moment. 
However,  this  inleraelion  does  not  take  place  in  isolation.  Each  of  the  three  modes 
is  coupled  to  the  rest  of  the  system.  As  a  result  of  this  coupling,  the  induced  incre- 
mi  nts  do  not  simply  continue  to  build  up.  A  ri'laxation  process  lidicB  place  whereby 
the  energy  of  the  liu-rements  is  distrilsited,  or  mixed,  by  the  overall  interaction  into 
many  other  modes.  At  the  same  time,  an  additional  relaxation  is  caused  by  the  action 
of  viscosity.  Thus  w<-have  the  pictureof  phase  relations  among  Hfki,  Wp^  Mtq)  being 
continually  induced  by  the  direct  coupling  of  the  three  modes  and  i  jntiiiually  broken 
down  liy  ri'liixation  effects  assw'iatcd  with  the  dynamical  interaction  as  a  whole. 


Now  neglecting  the  indirect  emit riliut ion  to  (4.1)  amounts  to  assuming  that  the 
effect  of  the  overall  interaction  -  without  the  direct  interaction  -  consists  entirely 
«f  the  reliLxation  iiris  ess  just  described.  Thus  we  are  ignoring  any  inductionof  phase 
ci.crclation  by  networks  of  eleiiientary  interactions  which  can  couple  modes  k,  p,  and 
q  only  through  the  agency  of  interiiiediale  mixli’s.  Examples  of  such  networks  are 
shown  in  Fig.  3.  It  will  be  noticed  that  in  the  diagrams  shown  each  intermediate 
mode  (represented  liy  a  line  without  a  free  end)  is  involved  in  two  elementary 
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interactions.  This  has  the  effect  of 
eliminating  from  the  associatixl 
contribution  to  (4.1)  any  depend¬ 
ence  on  the  (random)  phases  of  the 
amplitudes  of  the  intermediate 
modes.* 


/ 


4 


The  only  justification  for  I  >■ 

the  direct-interaction  approxima¬ 
tion  which  we  can  cite  at  the  present 
point  is  the  wholly  intuitive  argu¬ 
ment  that  in  view  of  the  complexity 
of  the  dynamical  system  the  round¬ 
about  paths  of  interaction  among 
three  modes  should  be  much  less 
effective  in  inducing  definite  mutual 
phase  relations  than  the  direct 
coupling.  Later,  we  shall  see  that  the  approximation  exhibits  important  self- 
consistenrv  properties  which  strongly  indicate  its  dynamic  naturalness  and  that  it 
actually  leprescnts  the  exact  dynamics  of  a  certain  modil  system. 

Approximations  similar  to  that  described  for  (4.1)  can  be  defined  fur  moments 
of  fourth  and  higher  orders.  We  shall  not  deal  with  them  in  the  present  paper. 


Fin-  1  -  Kxainpli'S  iif  tuntrilmting  classes  of 
interaction  networks  which  are  neglected  in 
the  direct-interaction  approximation  for  the 
triple  moment  Fq.  (4.1) 


It  is  not  very  difficult  to  obtain  an  exact  analytical  expression  for  the  direct  con¬ 
tribution  to  (4.1).  According  to  definition,  this  contribution  may  be  constructed  by 
introducing  the  elementary  interaction  of  Fig.  1  as  a  perturbation  on  the  equations  of 
motion.  Although  this  single  interaction  is  expected  to  induce  the  principal  contribu¬ 
tion  to  the  triple  moment,  it  is  clear  from  the  discussion  in  the  previous  Section  that 
actually  it  can  represent  only  an  infinitesimal  perturbation  of  the  motion  of  each  of  the 
three  modes  involved, in  the  limit  l,-»  Thus  we  can  express  its  effects  in  terms 
ofthe  responseof  the  modes  k,  p,  and  q  to  arbitrary  infinitesimal  disturbances.  Then 
we  may  average  the  result  over  thi'  statistical  distribution,  taking  account  of  the 
weakness  of  the  total  dynamic  coupling  and  consequent  statistical  interdependence 
among  the  three  modes  in  the  limit.  After  summing  the  results  over  p  and  'q.  we 
arrive  at  the  following  exact  expression  (3)  for  the  direct  contribution  to  :  t . « ‘ : 


"k  jj  p'Kli'lt!  <1  jT  afk.p.'i)  i‘(k;  (  ' .  s  t  I'fp; 


;  I  .  s  I  l’(  t  .  s  1  N 


(4.2) 


J  hf  k  ,  p,  I  ,  s  )  !'(  k;  I  ' ,  s  >  !'( **.  t  .  s  >  -Is  .  . 


In  this  equation  the  summation  over  p  and  q  has  been  replaced  in  the  limit  by  an 
equivalent  inti^gration.  The  symbols  k,  .i.  and  u  denote  w;ive  numbers,  and  tin* 


'The  flia^rarriK  in  Ki|*.  d  th'pirt  examples  tif  iiuire  genera)  iietwurkH  in  whieh  sttuiie 
irileriiiediatir  rtiiKleH  enttrr  only  iinre.  li<‘iauM*  of  the  raiuhtin  phases  o(  the  inter- 
nic.'fliat«.‘  rriofIt'K.  it  can  Ih?  nIuiwii.  vkithinit  .ippraxiinatitiii.  that  htuh  netuurks  a 

vaiii.shin^'  contribution  to  ('1.U  when  they  art*  ^^uniinetl  tiver  all  po:'.''il)U‘  ehout'hi 
of  irite rOMMliate  modcN  in  the  ittnit  >. 

*'rhej.4‘  two  pro|MTtM‘s  are  font.isteni  sim  i-  tin*  nionieni  (1,1)  repreh>f  iit  s  :ii  UHo 
only  an  infiniteHirna)  phase  lorrt'lation  ainoii).'  the  tliret>  inod.'s  when  1.*'^  • 
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;iili  j'.r.iliD.i  IS  iivii  111.  i  iitiri  (I(iiii:imi  <1  liv  )  siirh  that  i  .  ;  ,  and  i  an  form 

till  li-^s  Ilf  a  Iriai.tili  .  Tlir  <|uanliti.  s  ■!  '■  -i  and  an- tiromciriral  facirirs 

ttliicli  di'piiid  on  the  sliapi  ,  liut  not  iln  si/o.  of  tins  triair.l*  .  Tliry  ari'  ;;ivi  ii  by 


.ti  ■  . . 


(4.3) 


win  ri  V.  .  ■  an  tl;  i-osiin  s  ol  tin  inli  rior  atvli  s  oiijHisiti-  tin-  lops  .  •  .  rospif- 
livolv.  Till  y  oliov  tin  iin-nlilios 


'  (4.4) 


which,  as  wi  slitill  indical'  a  liltb  later,  express  ini|Mirtant  dynamical  propiTtU-s. 

In  order  to  facilitati  tin  physical  interpretation  of  Kq.  (4.2).  let  us  s|H-(':alizi  to 
I  I .  Then  we  find  for  tli  ■  transfer  function  defiin-d  by  Kq.  (2.I1I. 


The  structure  exhibited  by  Eq.  (4. .5)  may  1m-  interpretid  rathi  r  dirix’tly.  The  -  func¬ 
tions  on  the  riphl  express  tht-  di-cay  of  infinitesimal  perturlxitions  (here  associated 
with  thi  direct  interaction)  under  the  influence  of  yiscosity  and  the  overall  nonlinear 
couplinp.  Let  us  writi-  each  e  factor  in  Kq.  (4.5)  in  tta-  form 

I  t  .I  s  I  j  -  '  I  ;  •  ^  •  t  t  r  ;  V  '  (4.6) 

Now  the  I  f’lnctiuns  express  the  loss  otpliase  autociirr elation  in  the  mode  amplitudes 
under  thi-  ori'rall  interaction.  Thus  the  afipearance  of  these  -  and  r  fum'tions 
embodies  the  dynamical  relaxation  effects  discussfd  above. 

It  will  IM-  notid  that  the  ripht  side  of  Kq.  (4.5)  is  the  integral  of  the  difference 
iMiween  two  terms.  'The  term  c'Mitainine  iiV.:  .  i>  involves  the  response  function  for 
thi-  mode  k.  As  this  would  suppi-sl.  it  arises  frcHU  tht'  induction  by  the  direct  inter¬ 
action  of  an  inerenient  in  M(h)  havinp  a  phase  relation  with  the  product  of  the  ampli¬ 
tudes  of  modes  p  and  4.  Similarly,  thi- term  containinp  III  I..;-  pi  involves  ccm.x  arid 
irises  from  th.-  induetion  of  an  increment  in  idp)  phasid  with  the  product  of  the 
amplitude's  of  modes  h  and  4.  (Ne'e  that  we  may  exchange  the  roles  of  p  and  4  simply 
by  a  chanpe  of  intepration  variables.) 


Since  Imlh  the  ,  and  r  functions  e.xpress  tie-  relaxation  effects  associatid  with 
the  overall  interaction,  we  may  anticipate  that  tht  y  are  either  non-nepative  or  have 
only  unimportant  nepative  repioiis.  Now  from  tht  first  of  identities  (4.4)  we  see 
that  I'l.i'  "is  niHi-ni-pative.  and  tin- last  of  tin  se  relalit>i-u!  suppests  (corrtwtly.it 


S'". 
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turns  (lilt)  that  ^  c.  ii  is  typirally  positive.  Thus,  the  term  in  Eq.  (4.5)  containint; 
■  '  •'  ■ '  play.“  the  role  of  an  absorption  term,  whien  always  rrpresentsa  positive  flow 
of  energy  to  mode  k,  while  the  term  containing  la'  u  acts  as  an  emission  term. 
Using  Eq.  (4.6)  we  find  tliat  tlie  ab.sorption  term  contains  the  factors 

but  does  not  contain  '  • '  i.  In  contrast,  the  emission  term  contains  the  factors 
r  1  . 1  1  !•■(  I  .  s  I  '  -  t7!.  t  I  tVg.sr  '  ^ 

and  thus  is  linearly  proportional  tocii  i.  Consequently,  the  .stronger  the  excitation 
in  mode  k,  the  more  the  relative  flow  out  of  this  mode  into  modes  p  and  q.  Conversely, 
the  stronger  the  excitation  in  modes  p  andq.  the  more  the  relative  flow  from  them  to 
mode  k.  It  .ippears  that  ilie  transfer  function  (4.5)  dcscril)es  a  plausible  tendency 
for  the  kinetic  energy  in  the  various  wavenumbers  to  seek  some  equilibrium  through 
the  igency  of  the  nonlinear  interaction. 

By  inserting  Eq.  (4.2)  in  Eq.  (2.8)  we  obtain  an  equation  of  motion  for  ivk:  t .  t '  i 
which  involves  only  the  functions  4  and  i .  In  order  to  have  a  complete  system  we 
should  obtain  a  similar  equation  of  motion  for  411  .  i .  t '  i  by  a  consistent  extension  of 
the  dlrect-interactioi.  approximation.  This  can  bt'  dune  (3)  without  great  difficulty, 
and  the  result  is 


I  I.:  1  .  1  '  I 


i’'p;  I  .  >. 


i'(  k :  s  t  '  '  l'( 'p  t  .  s  1  U.  (4.7) 


It  Will  be  noticed  that  in  contrast  to  Eq.  (4.2)  the  right  side  here  is  bilinear  in  the 
response  functions  and  linear  in  the  covariance  scalars.  It  is  possible  to  give  a 
simple  dynamical  interpretation  of  Eq.  (4.7)  which  parallels  closely  the  actual 
derivation. 

We  can  break  up  the  relaxation  process  described  by  uik:t  t '  i  into  two  parts, 
conceptually.  First,  an  initial  perturbation  in  mode  k  will  induce  increments  in  the 
amplitudes  of  other  modes  p.  For  each  mode  p  the  magnitude  of  this  increment  will 
be  proportional  to  the  amplitude  of  a  third  mode  q  which  acts  as  a  modulating  factor. 
Second,  there  will  be  a  reaction  on  mode  k.  The  increment  induced  in  the  amplitude 
of  mode  p  will  in  turn  Induce  a  counter* increment  in  mode  k.  again  proportional  to 
the  amplitude  of  the  third  mode  q.  The  counter-increment  will  on  the  aver.igebe  nut  of 
phase  with  the  original  perlurbation  in  mode  k  and  thus  represent  a  drain  of  the  per¬ 
turbation  energy  out  of  mode  k.  This  process  is  represented  diagramatically  in  Fig.  4. 
The  arrows  indicate  the  "signal  path"  from  nuxie  k  to  mode  p  and  back  to  mode  k . 

Turning  to  Eq.  (4.7)  and  writing  out  iv.|;  1 ,  s>  as 
an  explicit  covariance  according  to  Eq.  (2.4),  we  may 
interpret  the  factors  in  the  time-integralas  follows. 

If  the  amplitude  of  mode  k  is  perturbed  an  infini¬ 
tesimal  amount  at  time  t  then  I'kis.t')  represents 
the  average  fraction  of  this  perturbation  which 
remains  at  time  s.  Together  with  the  amplitude  fac¬ 
tor  in  VI  1;  t ,  s  I  which  has  argument  s.  it  represents 
the  perturbing  force  applied  to  mixle  p  at  time  s 


Ki^.  4  •  Oift^ram  for  the 
direct  •interaction  cont  ri- 
bution  to  the  rebponne  func* 
tion  k;  t  .  t  '  > 


■'VVf  UJ-e  to  deimlf  the  spettrtun  ftitu  lion  ^^h^•n  it  is  not  <lesire(l  to  specify  the 

V'iluif  of  the  time  ari'umt'iit. 
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tliruu(;h  thi'  olpmcntary  tntpractlon  directly  linking  modes  k,  p,  and  q.  This  force 
iiilcgrated  with  the  response  function  vre:  t .  s  i  (jives  the  increment  induced  in  mode 
p  at  time  t .  This  increment,  toRcther  with  the  remaininR  amplitude  factor  in 
i'(  ii;  I .  s  1  (arRument  t ),  represents  the  perturbinR  force  reactinR  at  time  t  to  produce 
a  counter- increment  in  mode  k. 


The  approximation  made  inolitaining  Eq.  (4.7)  is  the  neulect  of  classes  of  longer 
paths  of  action  and  reaction  on  mode  k  which  involve  successive  transfers  of  exci¬ 
tation  along  chains  of  modes  instead  of  to  single  modes  p.  Typical  neglected  con¬ 
tributions  arc  shown  in  Fig.  b.  Here  again, 
thi‘ arrows  trace  the  "signal  path"  from  mode 
k  liack  to  mode  k.  It  should  be  noted  that 
.  .  .  '  ‘  .  even  in  Eq.  (4.7)  the  interaction  of  modes 

k ,  p,  and  q  with  all  the  rest  of  the  modes  is 
^  implicitly  taken  into  account  to  the  extent  of 

the  relaxation  effects  included  in  the  u  and 
)'  functions  on  the  right.  As  in  Eq.  (4.2),  we 
*  *  treat  the  effects  of  the  direct  Interaction  not 

.  .  ...  in  isolation  but  against  the  background  of 

.  the  rest  of  the  interaction. 

• 

If  we  append  to  Eqs.  (2.8),  (4.2),  and 
(4.7)  the  boundary  condition 


“  •  Ksamplfh  til'  I  ontriliUtiriL* 

prt)i  iti  Um* 

wilt'r.u  turn  a  p  p  r  n  x  :  m  a  1 1  o  n  tur 
’  :  t  .  I  ■  « 


(4.8) 


which  according  to  the  definition  of  '  i. ;  i .  t '  ■ 
must  hold  for  all  i .  we  have  a  complete  set 
of  equations  which  should  determine  the  response  and  correlation  functions  once 
the  initial  values  ''i  .i,  >  ?  t,  are  prescribed. 


5.  REPRESENTATION  BY  A  MODEL  SYSTEM 

Before  asking  how  accuratea  picture  of  turbulence’ the  direct*  interaction  approx¬ 
imation  represents,  we  have  to  inquire  whether  our  approximate  integro-dlfferentlal 
equations  lead  to  any  physically  meaningful  solution  at  all.  This  is  by  no  means  an 
academic  question.  If  an  arbitrary  approximate  expression  is  assumed  for  Si  t: :  t .  t ' ' , 
it  is  not  to  be  expected  that  the  solution  of  Eq.  (2.8)  will  be  the  covariance  scalar  of 
a  possible  random  pnx'ess  or  that  it  will  go  to  zero  in  a  physically  sensible  fashion 
as  t  t'  — ►  '.  Furthermore,  an  arbitrary  approximation  will  not  preserve  the 
conservation  pniperties  of  the  interaction  discussed  in  Section  3.  These  observations 
reflect  the  general  fact  that  u.sually  we  cannot  make  approximations  within  a  differ¬ 
ential  or  Integn-differential  I'quation  and  obt.iln  a  solution  which  displays  the  same 
asymptotic  and  integr.il  properties  as  the  solution  of  the  e.\act  equation. 

It  can  be  seen  in  a  rather  simple  fashion  that  the  direct-interaction  approxima¬ 
tion  doi.’S  actually  satisfy  the  consi.stency  requirements  we  have  mentioned.  This  can 
be  shown  by  demonstrating  that  Eqs.  (4.2)  and  \4.7)  are  obeyed  exactly  by  a  model 
system  in  which  the  coupling  of  the  Fourier  modes  is  altered  from  ttiat  in  the  real 
sy.stem  Init  the  consi'i-vation  pniperties  of  the  interaction  are  preserved.  The  com- 
liari.son  of  this  model  .system  with  the  actual  .system  gives  an  insight  into  the  real 
meaning  and  the  domain  of  validity  of  our  approximation. 


i-  t,  p  c.-s.iTitj,  If .  I  ;  t  .  1  ’  1  III]  L'tO  III  rii  tint  1 1.  r..i  Vf  .1  1  Pf  c|iif  til  \  p  Ilf ;  1  nut  I  \\  It ;  I  '  ;  -  lie  t;.,  - 
tiv  !-iP  .-wiiif  t  Pfijiif  If  If-  OifPfOy  :oifil\ iiiij  .1  tiff.ttiM  ;m\m-p  .-jh- t  t  ptiin  :.tp  ii^  h  i 
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Let  uri  consicliT  instead  <»f  Eq.  (2.2)  the  more  general  equatiim  i)f  motion 
for  li,/ k. I ' 

(—  ■  11  nk.k’.k  n^rk' .t )  ■.,/ k  .t  >.  (5.!) 

'  ‘  k'  *k  -  k 

ivherr  the  cocffiiient  f(k  k  k  '  Is  real,  symmetric  ink.  k' ,  and  k  ,  and  invariant 
under  replacement  of  any  of  these  three  vector  arituments  by  its  nei^tive.  With  this 
chance,  Eq.  (2.8)  requires  that  Eq.  (2.9)  bo  replaced  by  the  new  definition 


i'k„  ^  uk. k' .k  >  ■  11/ k' .1 1  ii„/k  .1  >  iij'fk.t '  I • .  (5.2) 

ic  .k  .  k 

It  is  clear  from  the  symmetry  properties  of  foe  C's  that  all  the  terms  (£.1),  repre¬ 
senting  tlie  elememary  interaction  linking  modes  k,  p,  and  q,  are  multiplied  by  the 
same  factor  c  k.p  q  .  From  this  it  follows  that  the  individual  conservation  property 
o  the  elementary  interaction  is  unaltered  Ity  the  generalization. 

Our  actual  fluid  system  is  represented,  of  course,  by  C'k.p.q'  I  for  all  k,  p. 
and  q.  Let  us  consider  instead  the  new  system  oittalned  by  lotting k.p. q*  take  the 
value  +1  or  -1  entirely  at  random  (subject  to  the  symmetry  conditions  abt«vo)  when 
k,  p,  and  q  range  over  the  various  values  allowed  by  the  boundary  conditions  on  our 
Large  volume  of  side  I  .  For  this  system  all  the  elrment.'>ry  interactions  have  the 
same  strength  as  in  the  original  .system,  but  the  relative  sign  of  the  coefficients  of 
any  two  (or  more)  elementary  interactions  is  entirely  random. 

If  one  now  goe.s  thiough  th<  direct-inter.tcti<m  appro.vimation  for  the  new  sys¬ 
tem.  it  is  not  hard  to  verily  that  as  a  result  of  the  multiplication  of  (3,1)  by  r  k.p,  q\ 
the  e.xpre.ssion  (in  the  limit  I.— »  )  for  the  triple  moment  (4.1)  in  terms  of  !•  and 
'  functions  is  multiplied  by  this  same  factor.  Since  t'  k. p. qt  ’  I,  it  follows  that 
t.t'  ,  as  defined  l)y  Eq.  (5.2),  is  still  givcai  by  the  expression  (4.2).  Conse¬ 
quently,  the  equation  of  motion  (or  ' ' i :  •  t  is  identical  for  the  original  and  the  new 
systems  in  the  direct-interaction  approximation.  Similarly,  it  can  be  verified  that 
the  equation  of  motion  for  ■  i.  ».t'  is  given  by  Fq.  (4,7)  for  Uith  new  and  old  systems. 
(This  can  be  inferred  from  the  double  appearanceof  the  diri'ct  elementary  interaction 
in  Fig.  4.)  Thus,  tlie  direct-interaction  approximation  yields  idi'iitlcal  .  i  ;t  .i '  and 
'■  '.  .  t  t  (or  the  new  system  and  the  old. 


.N'ow  let  us  consider  the  indir«-ct  contributions,  neglected  by  our  approximation. 
Heferring  to  Figs.  3  and  5  we  note  that  tin  indin’cl  coniributions  neces.sarlly  involve 
sevi  ral  distinct  elementary  interactions.  Foi  the  lU'W  system  the  coefficients  asso¬ 
ciated  with  thes(‘  interactions  are  quite  raodomlv  related  in  sign.  It  is  not  very  liard 
to  see  that  when  one  sumsover  all  po.>-hit»li  ,M'ts  of  ixirticipating  interaeiions  itie  con- 
sequeiicf'  is  a  random  canceltatioii  of  tin-  conirilnitions  from  different  sets.  In  the 
limit  !  — »  ,  it  can  lie  shown  that  this  results  in  comiilete  suppression  of  the  indirect 
cijntrilwtions  to  i  •  i  and  the  •  (|uation  of  motion  lor  ■  •  This  means  lliat 
for  th<  new  svsteni.  Fqs.  (2.8),  (4.2).  and  (4,7)  aclualtv  constitute  exact  equations  of 
motion  lor  •  •  and  '  ■  •  .  \\,  m.iv  niii  r  from  tins  llic  consistenev  of  tlie 
dill  c! -inte  raction  aiiproxiination  m  'In  r-  -.pects  mentioned  prcvioiislv. 
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The  direct-interaction  approximation  appears  to  be  the  simplest  dynamical 
approximation  which  embodies  the  consistency  properties  in  question  -  that  is,  real¬ 
izability  of  rn  :  I ,  I '  I  as  acovariance  scalar,  proper  asymptotic  behavior,  and  detailed 
energy  conservation.  Higher  approximations  with  these  properties  can  be  constructed 
also  (3).  The  next  such  approximation  involves  obtaining  an  approximate  expression 
lor  fourth-order  moments  in  termsof  third-order  moments,  second-order  moments, 
and  higher  response  functions  and  using  it  to  close  off  the  set  of  moment  equations. 
Like  the  dlrect-intcractiun  approximation,  this  leads  to  integro-differential  equations 
which  arc  exact  for  a  modified  system.  Now,  however,  the  modified  system  bears  a 
closer  resemblance  to  the  actual  system  in  that  the  proper  sign  relations  between 
different  elementary  interactions  are  taken  approximately  Intoaccount.  There  appear 
to  be  a  well-defined  sequence  of  successively  higher  approximations  which  exactly 
describe  model  systems  embodying  more  and  more  accurately  the  dynamical  struc¬ 
ture  of  the  actual  system.  The  higher  approximations  provide,  in  principle,  a  means 
of  estimating  the  errors  associated  with  the  direct-interaction  approximation,  but 
they  promise  severe  mathematical  difficulties. 


The  fact  that  the  direct- interaction  approximation  gives  an  exact  description  of 
our  model  system  suggests  the  nature  of  the  inaccuracies  it  generates.  As  we  have 
noted  before,  the  model  system  preserves  the  strengths  of  all  the  elementary  inter¬ 
actions  of  mode  triads  but  loses  completely  the  correlation  in  sign  between  the 
coefficients  of  different  elementary  interactions.  It  seems  plausible  that  the  mean 
energy  transfer  among  the  modes  should  depend  principally  on  the  relative  excitation 
of  the  various  modes  and  on  the  strengths  of  the  interactions  which  link  them.  Thus 
we  might  expect  that  it  should  be  fairly  well  described  by  the  direct-interaction 
approximation.  This  surmise  is  supported  by  the  reasonableness  of  the  dynamical 
interpretation  we  have  been  able  to  give  tor  the  transfer  function  Eq.  (4.5).  Some 
further  support  is  given  by  the  application  of  the  theory  discussed  in  the  next  Section. 

Now,  however.  Ictus  turn  to  the  question  of  the  detailed  structure  of  the  turbulence 
incoordinate  space.  The  evolution  of  the  flow  can  be  partially  described  as  due  to  the 
convection,  stretching,  and  twisting  of  the  velocity  field  by  Itself.  These  phenomena 
seem  fairly  simple  intuitively,  but  they  involve,  in  essential  fashion,  the  algebraic 
summation  of  contributions  from  all  the  elementary  interactions  linking  the  Fourier 
components  of  any  given  "eddy  structure."  In  the  model  system,  consequently,  they 
become  sc  rambled  beyond  recognition  with  regard  toappearance  in  coordinate  space. 
This  suggests  that  the  direct-interaction  approximation  should  give  increasingly  poor 
results  when  extended  to  the  evaluation  of  successively  higher-order  moments, 
sensitive  to  the  precise  spatial  form  of  the  velocity  structures. 


6.  THE  INERTIAL 'AND  D'ISIPATION  RANGES  AT  HIGH  REYNOLDS  NUMBERS 

Some  characteristics  and  limitations  of  the  direct-lnteractionapproximation  may 
be  illustrated  by  consideration  of  the  inertial  and  dissipation  ranges  at  very  high 
Reynolds  numbers.  Let  the  rms  turbulent  velocity  in  any  direction  be  v„.  .and  let  tlie 
rate  of  dissipation  by  viscosity  per  unit  mass  be  • .  Then,  a  wavenumber  character¬ 
izing  the  energy-containing  range  of  (he  turbulence  is  given  (3,4)  by 

1.,.  •  (6.1a) 

and  a  Reynolds  nunilH'r  ho-  ihis  range  by 

!'•„  .  •  (6.1b) 
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When  '  1,  till'  inti'itro-diffi'mitial  equations  of  the  direct-interaction 

approximation  simplify  preatly  tor  high  wavenumbers.  UsinK  them,  it  is  found  (3) 
that  the  inertial  ranije  and  the  rani'e  of  principal  energy  dissipation  Involve  wave¬ 
numbers  !  satisfying  the  inequalities 

^  (6.2) 

Also,  it  is  found  tliat  the  transferof  energy  is  local  in  wavenumber  space,  there  betntt 
no  appreciable  direct  transfer  from  the  enerto'-eontainint;  ranite  to  the  wavenumbers 
satisfyint;  Eq.  (6.2). 


The  characterfstic  times  for  modes  .sati.sfyint;  Eq.  (6.2)  are  very  short  compared 
to  the  decay  time  of  the  turlxilence.  This  has  the  consequence  that  .a-t.t  )  and 
rMii.t’'  may  be  considered  explicit  functions  of  only  the  difference  time  i  i'.  The 
solution  of  tile  system  Eqs.  (2.8),  (4.2),  and  (4.7)  in  this  range  then  gives  the 
result  (3) 


..k.l  t  «  ra:,.,  . 

(It  must  be  remembered  here  that  i :  i .  t '  >  is  defined  only  for  i  ■  i ' .)  Thus  the 
characteristic  time  for  mode  It  is  the  order  of  1  v,,'<.  the  time  associated  with  the 
convection  of  a  structure  of  this  wavenumber  by  an  rms  veloc'  ,  component.  The 
transfer  function  in  the  range  (6.2)  reduces  to  the  form  (3) 

T'ki  y  Ij  l.  *.i<  k  .1'.  I '  f(|''  -  .ii. 'i 


where 

.1,'2v,,I-:m  .f  i' '  .1 1' 2V|,'I'(  I 


We  have  suppressed  the  time-dependence  of  T  and  in  Eq.  (6.4),  since  this  variation 
is  slow  compared  to  the  characteristic  times  of  the  modes  involved. 


V(.|1 


■IP'I'' 

I”’ 


(6.4) 


Ji' 


(6.5) 


The  quantity  >  has  the  dimensionsof  a  time.  In  view  of  our  previous  dis¬ 

cussion  of  the  direct-interaction  approximation,  we  may  interpret  (k.p.ui  as  the 
effective  time  during  which  the  direct  elementary  interaction  of  modes  k,  p.  and  d 
can  build  up  phase  relations  before  they  are  wiped  nut  by  the  relaxation  due  to  the 
overall  nonlinear  interaction,  to  put  it  very  crudely.  In  the  present  case  the  relaxa¬ 
tion  evidently  is  dominated  by  the  action  of  the  energy-containing  range,  as  demon¬ 
strated  by  t.'ie  factor  v„  in  Eq.  (6.5).  Thus,  in  the  dire.'t-  interaction  approximation 
the  energy-containing  region  exerts  an  influence  on  the  rate  at  which  energy  is 
transferred  within  the  high-wavenunilM'r  region,  even  though  there  isnegligible  direct 
transfer  from  the  energy-containing  region  to  the  high  wavenumbers. 


The  inertial- range  spectrum  law  in  the  direcl-interactlon  approximation  is 
easily  found  from  the  form  of  Eq.  (6,4)  and  the  fact  that  the  energy-transfer  turns 
out  to  be  local  in  wavenumber  .space.  It  is  apparent  from  Eq.  (6.4)  that  the  rate  at 
which  energy  is  transferred  bv  each  elementary  interaction  involves  the  .ipectrum 
function  bilinearlyand  the  velocity  inver.sely.  Since  the  transfer  is  local,  tiie  vale 
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;it  which  ciicr|!:y  passic.s  from  below  to  above  the  wavenumber  k  can  depend  only  on 
the  sueclrum  I'tinclion  in  the  iiei|'hborh(M)d  of  k.  Thus, 


'■(I 


(6.6) 


where  the  factor  k  '  makes  the  dimensions  of  both  sides  the  same,  and  may  be  deduced 
from  Eq.  (6.4).  Inverting  Eq.  (6.6)  we  have  the  spectrum  law 

F' k  I  rnnsl  )*  ^k  *  ^  (6.7) 

This  law  is  corrolxirated  and  a  value  obtained  for  the  constant  of  proportionality  by 
a  detailed  treatment  of  Eq.  (6.4)  in  Ret.  (3). 

It  is  well-known  (4)  tliat  according  to  the  Kolmogorov  theory  the  spectrum  in  the 
inertial  range  is  given  not  by  Eq.  (6.7)  but  by 

-.k.  *  V  '  (6.8) 

The  origin  of  the  discrepancy  lies  in  the  different  roles  played  by  the  energy- 
ciintaining  modes  in  the  two  cases.  Under  the  direct-interaction  approximation,  the 
action  of  these  modes  on  the  high  wavenumbers  may  be  described  as  follows.  They 
induce  a  rapid  (characteristic  time  i  \-„k)  exchange  of  energy  among  very  many  modes 
in  the  neighborhmxt  of  a  given  high  k  whose  wave  vectors  differ  by  the  order  of  k,, . 
Although  these  high-lying  nuxles  have  marly  the  same  wave  vectors,  their  phases 
are  effectively  almo.st  randomly  related  (.see  si'ction  3).  Thereforethc  energy-mixing 
results  in  a  relaxing  of  the  phase  relations,  essential  for  mean  energy-transfer, 
among  individual  triads  consl.sting  of  one  of  tlM<  mixles  in  the  neighborhood  and  modes 
p.  q  in  other  neighlxirhoods. 

In  th.>  Kolmogoiot  theory,  on  the  other  hand,  the  energy -containing  modes  have 
only  a  trivial  convective  effect  on  high  i  modes  and  do  not  directly  influence  the 
dynamics  in  the  high  ■  range.  On  this  liasis,  the  energy-containing  range  should  not 
contrilnite  to  the  rela.xation  of  energy-transferring  phase  relations  among  modes  k, 
p.  and  q.  In  l.icl,  it  in  the  expre.ssion  (6.5)  for  (k  e  we  replace  v,  by,  say, 
'■  I  1  ‘  which  may  Ix’  considered  the  rms  veliiclty  associated  with  wavenumbi'rs 
the  order  of  '  only,  it  may  ix*  .seen  that  the  011x11111x1  Eq.  (6.4)  thereby  obtained  leads 
to  the  Kolmogorov  law  Kq.  (6.8). 

It  does  not  seem  very  easy  to  deenh'  which  of  the  two  inertial  range  laws  is 
asvniptotically  corrt  et  for  infinite  ' o>-.  for  that  matter,  whether  either  of  them  is. 
The  argument  basic  lo  the  Kolmogorov  theory  -  that  the  energy-range  has  only  a 
trivial  convective  effect  on  high  wavenumlx'rs  -  is  open  to  some  doubt.  This  is 
iiecausi  high  Reynolds  luimlx  r  lurlniti'iice  ii-ixls  to  display  sharp  shear  fronts  (4) 
which  conirilHite  significantly  to  the  hig.li  ’  spectrum,  and  across  which  the  jump  in 
viloeiiy  can  he  an  appreciable  traction  of  .  It  (toes  not  clear  how  to  .se|xirate  the 
low  and  liigli  waveiiiiinbers  in  such  rei-ions  in  a  plivsu  .illi  .suii.sfying  fashion.  On  the 
other  liand.  il  llie  Kolmogorov  iheorv  .s  correc*.  it  is  not  a  surprise  that  thcdirect- 
irter.ictioi;  .ipproNinial ion  fails  lo  r<  produce  i|.  The  convection,  with  onlv  small 
distill  lion,  of  ,t  sni.ill -.'I'ale  velocii .  .-tra  tuie  liv  a  large-.scale  striictcrc  is  not  a 
.1  r\  1  li  n.i  iiiarv  proci  ,ns  in  '•  span  ,  It  irvolvi  s  in  cssenti.il  fashion  the  fact  ttiat  the 
I  oi  II  icient.-.  ol  maiiv  eieini  iil.irv  inter.iclioii.--  linking,  low  w.iveininilx'rs  witli  |xiirs  of 
In'll  '.v  ivi  miinlii  r.s  are  luarlv  tin  .oin  (  onseiim  rllv.  a.s  iiidicaled  by  the  discussion 
Si  ciioi  5.  llie  eonvi  i  lmr  proci  s.-  is  li.idh  n  produced  m  tin  modi  1  svsiem  winch 
!  In  di  ri  el  .  mil  r.icl  ion  .i)>|OoMiii.il  lor  d,  i  ribe... 


s:' 
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The  really  surprisint;  fact,  perlups,  is  lh;it  the  very  different  dynamical  pictures 
called  for  by  the  Kolmo^^irov  ttimry  and  the  direct-interaction  approximation  lead  to 
asymptotic  laws  which  are  nearly  the  same.  This  appears  to  support  the  surmise 
made  in  the  last  Si'dlon  tlwt  so  far  as  energy  equilibrium  is  concerned  it  does  not 
make  much  difterence  how  the  elementary  intcraction.s  are  phased.  One  miirhl  expect, 
jnoreover,  that  the  accuracy  of  the  direct-interaction  approximation  very  likely 

Brtial  rantje.  where  convection-wlthout- 

ir  in  any  event. 

help  in  clioosint;  between  the  two  inertial 
St  careful  hiuh-Reynolds-numlx'r  lalx)ra- 
the  i  ’  *  law.  but  not  much  can  be  made 
is  not  really  hinh  enough  to  l)e  sure  that 
■e  are  larpe  deviations  from  isotropy  and 
leek  the  direct-interaction  appro-cimation 
lies  of  the  ali.solute  .spectrum  level  in  the 
rful  test  of  the  usefulness  of  the  approxi- 
.low  to  diseriniinate  the  difference  in  the 

power  law. 
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is  nivc’i  hy  a  straitTht  line,  whosi'  slopi  is  thi‘  expontnl .  while  a  measured  spectrum 
always  looks  slii'htly  curved.  One  may.  iherefore.  always  draw  a  tangent  represent¬ 
ing  a  particular  power  law.  So.  I  believe,  lor  a  long  time  to  comi'  the  dispute  will  not 
he  decided  hy  I'xpe.-imenial  evidence  alone. 


*  •  •  •  * 
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SOME  EXPERIMENTAL  AND  THEORETICAL  RESULTS 
RELATING  TO  THE  PRODUCTION  OF  NOISE  BY 
TURBULENCE  AND  THE  SCATTERING  OF  SOUND  BY 
TURBULENCE  OR  SINGLE  VORTICES 


EXPERIMENTS  WITH  REDUCING  VALVES 

111  tlii'  piping  sysU'ni  uf  stcum  puwi'i'  plants, 
rcducini;  valves  (see  Ftp.  1)  are  often  installed  tu 
'-'ontrtil  the  flow  rate  of  the  steam  and  to  reduee  the 
steam  from  a  high  pressure  tu  a  lower  pressure 
under  certain  uperatinc  conditions  uf  the  plant.  In 
many  cases  the  flow  rate  uf  the  steam  and  the  pres¬ 
sure  difference  are  lur(;e;  fur  example,  a  maximum 
flow  rate  of  200  tons  per  hour  may  liave  to  lie  reduced 
from  150  atm  at  tlw  tii(>h  pressure  side  of  the  valve 
(Ieft)to20ur30atm  at  the  low  pressure  side  fright). 

The  physical  process  of  pressure  reduction  con- 
.sisis  in  the  conversion  of  kinetic  eiieriiy.  which  is 
produced  by  the  valve  in  Its  smallest  cross  stetiun. 
to  heat  by  turbulent  niixinp  in  fherepion  I!,  a  process 
in  which  the  entluilpies  (per  unit  of  mass)  before 
and  after  the  valve  are  approximatelv  equal  bi>cause 
the  losses  by  heat-conduction  and  heat-  and  sound- 
radiation  are  small.  In  the  alxm*  e.xampK'.  the 
enert^r  beinp  concerted  per  second  is  of  an  order 
uf  ma(;nitude  uf  10  MW  (megawatts),  but  sometimes 
it  Is  even  higher  (up  tu  100  MW).  Of  course,  turbulent  mixing  at  such  a  high  power 
produces  noise  in  the  vicinity  of  the  valve  of  a  strength  which  often  lies  lx<yuiid  the 
threshold  of  pain.  In  addition,  strung  vibrations  of  the  valve  and  tlie  piping  system 
are  caused  which  lead  tu  vibration  breakages  of  screws,  welds,  etc.  (I)  and  thereby 
threaten  the  safety  uf  operation.  In  Fig.  2  one  si-es  a  typical  broad  noise  spectrum 
wiiii  some  dangerous  high  peaks  which  obviously  are  due  tu  resonance  phenomena. 

lieeause  of  these  difficulties,  an  a.s.sociation  of  power  plant  operators  asked  tin' 
MiLX-l’lanck -Institul  fur  Stromung.sforsehung  to  design  valves  which  would  work 
reliaiily  even  if  the  flow  rales,  the  pressures  and  the  temperatures  increase*  mure 
and  more,  as  se(>ms  to  be  tile  geni'ral  trend  tixlay.  At  first,  model  experiments  were 
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frequency  cpt 

tin-  -  -  Suunrl  inti-nsity  in  thr  vicinity  of  .1 
rcilucinn  valve  («illi  arbitrary  ri-fcrence  inlen- 
Hity) 


made  with  air  with  a  pressure  reduction  from  4  to  1 
atm.  Attention  was  focused  on  two  regions  of  the 
valve: 

1.  The  surroundings  of  the  valve  cone  and  the  valve 
seat  ( Fig.  3).  Here  the  flow  is  supersonic ;  unsteady 
sliock  waves  occur  and  cause  vibrations,  especially 
of  the  valve  cone,  and,  thus,  of  the  whole  reducing 
valve. 

unstttdr  2.  The  mixing  region  K  (see  Fig.  1)  and  its  shape. 

shockmnes 

The  vibrations  were  measured  in  the  following 
tin.  i  -  t'r.jit.  a.iy  sii...  1.  way  (Fig.  4):  Different  valve  cones  c  (Fig.  4b)  and 

\iav.  r  It  .  on.,  ami  s..  it  ..f  different  bottoms  n  ( Fig.  4c)  were  fixed  on  thin  iron 

1*1''  '  . '  plates.  Tile  plate  with  the  bottom  could  be  mounted  at 

a  variable  distance  from  the  seat.  Opposite  the  outer 
sides  of  the  plates  electromagnetic  microphones  were 
set  up  in  wliich  voltage  osc  illations  were  induced  by  the  vibrations  of  the  cone  and 
the  iKittoni.  (The  characteristic  frequencies  of  tlie  fixing  plates  did  not  play  a  role 
a.s  was  checked  by  earlier  experiments.)  The  experiments  gave  the  following  results 
(details  in  Ref.  2): 

1.  The  surroundings  of  cone  and  seat  are  nut  of  great  importance  for  the  vibrations 
of  the  valve.  The  vibrations  are  of  minimum  strength  if  the  nozr.Ie  contour 
formed  by  the  seal  and  the  coni'  has  a  ratio  of  throat  cross  section  to  exit  cross 
section  (into  the  region  k)  which  is  equal  to  the  well-known  ratio  one  has  to  use 
for  the  design  of  su|H'rsunic  nuz/les  at  a  given  pressure  ratio.  This  result  cor¬ 
responds  to  results  found  by  other  authors  (see  Ref.  3.  fur  instance)  using 
convergent -divergent  nozzles. 

2.  The  main  source  of  tlie  vibrations  ami  the  noise  is  the  mi.\ing  region  K.  Here,  a 
change  in  Hie  shape  of  g  by  use  of  a  .smooth  eontour  a  certain  distance  from  the 
’.-.live  seal  gave  a  reduction  in  the  strength  of  the  vilirations  of  12  db.  However, 
d  tile  mixing  region  was  changed  so  as  to  completely  eliminate  the  Is'iid  after 
ilie  valve,  tile  pel  loriiianci'  was  almost  as  bad  as  in  the  original  l  ase. 

I'lii  reduction  of  12  db  was  not  yet  large  i  nough  loi  pi-aclie.il  purposi'S.  There- 
[iiii  .  two  other  possiliilities  were  eonsidered; 

4*1 
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1.  A  redu(;tion  of  the  flow  velocity  from  bupersonic  to  subaonic  valuen.  Such  a 
reduction  would  result  in  the  disappearance  of  the  unsteady  shockwaves.  Further, 
the  noise  level  would  decrease  according  to  the  t'**  law  (or  a  similar  power>law 
of  R  charRcteristic  velocity  r)  which  governs  the  production  of  noise  (^turbulent 
mixing.  Of  course,  this  decrease  of  velocity  is  limited  by  the  demand  for  a  small 
cross  section  of  the  valve. 

2.  A  great  decrease  in  the  size  of  the  turbulent  eddies.  The  physical  argument  for 
this  device  is  nut  only  the  shifting  of  the  dominant  frequencies  toward  the  ultra* 
sonic  domain,  but  also  the  influence  on  the  turbulent  mixing  process  itself.  This 
can  be  understood  if  one  recognizes  lliat  the  conversion  of  kinetic  energy  into 
heat  is  performed  by  a  kind  of  cascade-type  mixing  prix’ess  in  which  the  energy 
is  iransferred  from  the  energy  containing  wave  numbers  (eddies  in  the  size  of 
the  mechanism  producing  the  turbulence)  through  a  region  of  mean  wave  numbers 
(mean-size  eddies)  up  to  the  dissipative  domain  of  wave  numbers  (small  eddies). 
Qualitatively,  one  may  say  that  during  this  transfer,  the  turbulent  eddies  strike 
one  another  luid  thereby  produce  noise.  If  the  process  of  energy  transfer  from 
large  eddies  (small  wave  numbers)  to  small  eddies  (large  wave  numbers)  is  cut 
off  in  such  a  way  that  the  initial  size  of  the  eddies  is  smaller  than  before,  a  part 
of  the  transfer  process  docs  not  take  place,  and  the  noise  production  decreases. 
(This  priK'css  will  Im-  discussed  in  more  detail  in  the  next  section.) 

In  order  to  test  the  possibilities  mentioned  aliove.  a  "lal)yrinth  system"  (Fig.  5) 
was  designed  which  was  .set  directly  In>1ow  the  valve  scut.  It  consisted  of  a  set  of 
plates  with  many  small  lioles  (1  to  4  mm  in  diameter)  which  were  placed  so  tliat  each 
lioli^  of  one  plate  lay  opposite  a  closed  part  of  ilie  next  plate.  The  spacing  btdween 
sub.seqiieiit  plates  was  also  very  small.  The  flow  veliH'ity  llirough  the  system  could 
lie  controlled  liy  varying  llie  luiiiilier  and  llie  size  of  llie  lioles  and  the  spacing  of  the 
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platesi.  The  deurc-c  of  turbulence  was  increased  by 
*  I  I  sliarp  ed|;e.s.  In  this  way  a  drat;  was  produced  which 

was  larne  enout;ii  to  reduce  tlie  pressure  at  subsonic 
.  ..  velocity,  at  least  at  maximum  flow  rate.  This  type  of 

reducint;  valve  worked  very  well  and  gave  an  improve¬ 
ment  of  24  db  in  the  model  experiments  (measured 
I  atrain  by  the  vibrations  of  a  bottom  mounted  below  the 

labyrinth  system). 
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On  the  basis  of  these  experiments,  several  full- 
scale  valves  (Fip.  6)  with  labyrinth  sets  were  desiipied 
and  installed  in  some  heatint;  and  electric  power  plants. 
They  worked  very  satisfactorily.  At  one  plant,  for 
instance,  the  iniiabitants  of  the  surroundint;  apartment 
houses  had  filed  suit,  char(;ing  that  the  company  was 
disturbin);  the  peace  with  the  noise  caused  by  the  old- 
type  valve.  After  the  new  valve  was  installed  the  noise 
outside  the  engine  iiuuse  was  very  low  and  no  longer 
disturbed  the  Inhabitants.  Inside  the  engine  room  the 
noise  production  of  the  other  machines  plaeed  there 
was  larger  than  that  of  the  valve.  Measurements 
gave  a  noise  level  of  91  phons  in  this  room,  whereas 
the  noise  level  produced  by  the  valve  alone  was  about 
85  plums.  The  acceleration  of  the  material,  which  is 
important  fur  the  vibration  breaking  strength,  was 
determined  at  different  points  of  tlie  valve  surface. 
The  measured  values  ranged  from  10  to  20  m/soc^ 
which  was  several  orders  of  magnilude  below  the 
critical  acceleration  fur  vibration  breakage. 

In  another  application,  a  valve  was  also  used  for 
pressure  reduction  at  extreme  pressure  ratios.  A 
flow  rate  of  64  tons  per  hour  had  to  be  reduced  from 
116  to  3  atm.  Even  at  this  supercritical  ratio  the 
valve  performed  very  satisfactorily,  both  from  the 
standpoint  of  noise  and  from  tliat  of  vibrations. 


CALCULATION  OF  THE  INFLUENCE  OF  THE 
EDDY  SIZE  ON  NOISE  PRODUCTION 

In  the  last  section  the  supposition  was  made  that  noise  generation  is  influenced 
by  the  eddy  size  of  the  turbulent  motion.  In  the  language  of  statistical  analysis  this 
means  a  depcndejice  on  the  spectral  distribution  of  the  turbulent  properties.  In  order 
to  check  this  supposition,  the  noise  output  was  calculated  for  several  different  dis¬ 
tributions  of  turbulent  energy  in  wave  number  space  for  the  case  of  decaying,  homo¬ 
geneous,  isotropic  turbulence  with  zero  mean  velocity.  This  flow  may  be  considered 
as  representing  the  flow  in  a  Jet,  in  which  the  turbulence  of  the  different  fluid  volume 
elements  (in  the  moving  system)  also  decays. 

The  following  assumptions  were  made;  At  the  time  t  i  „  a  tiomogeneous,  iso¬ 
tropic  turbulent  motion  exists  in  tiic  volume  V.  The  mean  velocity  is  zero.  The 
spifctral  energy  distribution  at  t  is  given  by  the  function  F  so  that 
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wlu-n-  •  ^  i.s  till-  kim-tk'  rniT|{>’  pi-r  unit  mass 
at  t  I  and  k  is  llu-  wave  nunils-r.  The 
sliaiM-  of  r  I.  I  .  is  ri-i’laninilar  (see  Fi;;.  7): 


r 


K  1 


k  1 .1  - 1 


k  t. 


1.  k  -i 


(2) 


1  n.  At  I  1  tin-  turbuli-m-i-  bi-niiis  to 
df-cay.  Thf  total  sound  i-nortty  K  radiatt-d 
from  the  volume  v  during  thi-  decay  process 
is  to  be  calculated,  especially  its  dependence 
on  tiui  initial  condition  Kq.  (2). 

The  initial  condition.  Eq.  (2)  contains 
thr»-e  parameters  i  and  k,,.  For  the  pur¬ 
poses  of  this  calculation,  only  k„  is  of  inter¬ 
est.  because  l  i ..  is  proportional  to  the-  lon- 
Ititudinal  scale 


I-'ii;.  *  -  Fu11-»4'.'iU*  vaivi-  » .tii 
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which  is  a  measure  of  the  eddy  size  (i  is  the  lunititudinal  correlation  function,  r  the 
distance).  Therefore,  constant  values  of  - ,  and  a  were  assumed  and  the  noise  output 
fordifferent  values  of  i,  was  calculated.  The  parameter  .•  was  taken  equal  to2.  This 
value  of  ;•  means  that  the  energy  is  contained  in  an  octave  of  wave  numbers  at  the 
beginning  of  the  decay. 

With  a  derivation  similar  to  that  in  I.  Proudman's  paper  (5)  the  energy  r  was 
found  to  be  (for  details  see  Ref.  6l 
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wlifi'e  and  • me  the  density  and  the  speed  of  sound  at  infinity,  respectively,  is 
tile  instantaneous  mean  square  value  of  any  velocity  component  (arbitrary  because  of 
isotropy). 


I 


I  I  I  .  I  I  Or 


is  the  lonttltudinal  scale,  and  >  t  i  is  a  function  dependent  on  the  shape  of  i  only.  The 
dependence  of  the  integrand  on  i  was  calculated  by  Heisenberg's  Integru-differential 
equation  for  tlie  decay  of  homogeneous,  isotropic  turbulence,  which  was  solved  as  an 
initial  value  problem.  The  results  are  given  in  Fig.  8,  in  which  the  energy  K,  divided 
hy  M,'  and  by  the  total  initial  turbulent  energy  .,i'„v  contained  in  v.  is  plotted  against 
.V  ,  .  the  initial  Reynolds  numbt'i'  of  the  turbulence.  The  following  definitions  apply: 

I  - 

I  c  * 

and 


R., 

vj  is  the  mean  square  of  one  velocity  component  at  t  i ,,  and  is  the  kinematic 
viscosity. 

Figure  8  shows  that  the  e.NiH'cted  general  trend  indeed  exists.  At  low  Reynolds 
numbers  (small  eddies)  less  noise  is  produced  than  at  high  Reynolds  numbers  (large 
eddies),  the  other  parameters  remaining  unchanged.  For  example,  a  decrettse  in  »•, 
from  3  10'*  to  3  X  10'  gives  a  decrease  in  the  noise  output  of  about  7  db.  Quanti* 

tatively.  the  di>pendence  of  the  noise  output 
on  K. ,  is  small  at  high  Reynolds  numbers 
(in  agreement  with  Proudman's  considera¬ 
tions  (5))  and  larger  at  lower  Reynolds 
numbers. 


The  result  cun  easily  be*  understood  by 
means  of  a  dimensional  analysis.  For  this 
purimse.  tlu'  integration  in  Eq.  (3)  is  replaced 
by  multiplying  the  initial  sound  power,  which 
is  proportional  to 


with  the  time  of  decay  of  the  turbulence.  Fur 
iaige  Reynolds  numbers,  this  time  is  pro 
poriional  to 

I. 


Ileiu'e.  <  is  iiulepeiident  of  I  .  For  smaller 
Reynohl.s  mimber.s.  a  part  of  the  initial 


Ki’s'llls  K.  I.iliiii;  I..  Ihf  I'l-.ii*  .1  tiiiii  ill'  N'l.'.’  !.v  I'lrljuii  m  f 

energy  <•,_  is  cuntalned  in  the  dissipative  domain  of  wave  nambers,  and  another  eliar- 
acteristictime  becomes  important  which  involves  the  viscosity,  namely  the  time  I.;’ 
(this  also  follows  from  Heisenberg's  equation).  Therefore,  if  this  time  becomes 
significaiu,  the  energy  k  becomes  proportional  to  l.„  and  decreases  with  decreasing 
l.„.  The  curve  shown  in  Fig.  8  covers  the  upper  part  of  the  transition  region  between 
the  two  laws. 

What  practicat  conclusions  can  be  drawn  from  these  results?  The  calculations 
were  only  tonctrned  with  homogeneous,  isotropic  turbulence,  but  one  can  assumethat 
the  results  are  also  qualitatively  correct  for  inhomogeneous,  non-isotropic  turbulence. 
Hence,  one  can  say  tiiat  the  reduction  in  the  size  of  the  turbulent  eddies  is  an  effective 
means  of  noise  suppression  if  the  size  of  the  eddies  can  be  made  very  small.  In  the 
case  of  a  reducing  valve  this  is  easily  possible.  In  Ha*  investigations  of  the  last 
chapter,  for  instance,  the  Reynolds  number  R--,  lay  between  10^  and  10*,  but  even 
smaller  values  could  ^ve  been  attained.  Fur  jet  engines,  the  overall  benefit  incurred 
in  reducing  the  eddy  size  is  problematic,  because  the  reduction  may  lead  to  a  too 
large  increase  of  weight  and  drug  and  also  to  thrust  losses. 

Some  remarks  concerning  some  devices  for  the  reduction  of  jet  noise  are  perhaps 
in  order.  The  above  calculations  show  the  effect  of  changing  eddy  size  on  sound  output 
and  thereby  offer  a  possible  explanation  for  the  reduction  of  overall  sound  power 
effected  by  some  Jet  noise  suppressors.  Fur  instance,  the  reduction  of  about  7  db 
achieved  by  the  slit-type  nuzzle  proposed  by  t.  J.  Kichards  (7)  can  be  due  -  at  least 
partially  -  to  the  decreased  eddy  size.  Further,  one  can  expect  that  certain  other 
changes  in  the  dlstrihutlon  of  turbulent  properties  also  reduce  the  rate  of  noise 
production.  Fur  example,  the  avoidance  of  strong  inliomogeneities  or  nonisotropies 
may  result  in  a  reduction  of  the  sound  level  by  eliminating  the  eddy  excliange 
processes  needed  to  smooth  out  a  region  of  strung  gradients.  This  seems  to  be  the 
situation  with  some  suppressors  for  Jet  planes  (at  the  jet  edge  of  the  corrii|;ated 
nozzles,  fur  example).  These  proposed  e.xplanatiuns  ought  to  provide  a  basis  tor 
further  experimental  investigations  in  which  particular  care  should  be  taken  regard¬ 
ing  measuremeiHs  in  the  higher  frequency  bands. 


SCATTERING  OF  SOUND  BY  A  SINGLE  VORTEX  .vND  BY  TURBULENCE 

Another  subject  of  the  investigations  of  the  Max-Rlanck-lnstitut  fiir 
Strumungsforschung  concerning  the  interaction  of  sound  and  turbulence  is  the  scat¬ 
tering  of  external  sinind  by  a  turbulent  medium.  This  research  is  still  going  on  and, 
hence,  only  preliminary  results  can  be  given  here.  Both  theoretical  and  experimental 
investigations  have  Ix'en  made.  First  the  theureiical  considerations  will  be  described. 


Scattering  by  a  Single  Vortex 

General  studies  of  tlu-  scalicring  of  ligiit  or  souiul  have  already  been  made  by 
various  authors  who  have  considered  wave  propagation  in  a  medium  with  flu''tuating 
I'drai  tior.  t  uefiicierit  (sei'  the  referiau'i':..  listed  in  fH),  .ilso  fh,l0)  and  others).  Special 
tlieiiries  lor  llie  s<  attermc  <il  .sound  l)V  lurl'ulence  have  been  developed  tiy  Ligl'.thill 
i  1 1),  Kr.iiclin.n:(l2),  .Old  R.itch.  l.>r(  13).  Tliese  tlieories,  while  h.iv  iiig  general  validity, 
h.ive  Ix'is.  applied  spi'citically  to  lennogtsieoie-,  isotropic  turbulence.  In  addition  the 
noi.se  g.eiier.iled  bv  the  ir.ler.n  t  iot.  ot  shock  waves  and  turimlence  has  been  considered 

(11. M). 
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Ttu'  stiir'ing  point  for  Uu’  i«vi'Stl(;ations  of  the  Max-Planck-Institut  was  the 
pi  oblcin  of  the  srattorinp  of  a  sound  wave  as  it  passes  tnrounh  a  stni'lc  vortex.  This 
single-vortex  seatterint;  may  be  considered  as  a  kind  of  elementary  model  for  the 
process  of  seatlerinn  by  turbulent  eddies.  As  will  be  shown,  the  knowledge  gained 
from  a  study  of  thi.s  elementary  model  provides  an  understanding  of  the  scattering 
caused  by  both  extreme  non-isotropic  and  by  isotropic  turbulence."  Of  course, 
scattering  by  a  single  vortex  is  al.so  in  itself  a  problem  of  mathematical  and physical 
interest. 

The  problem  was  formulated  as  follows;  Consider  a  steady  potential  vortex  of 
circulation  The  axis  of  the  vortex  coincides  with  the  /  -axis  of  a  cylindrical 
coordinate  sy.stem  t ,  .  /  and  extends  from  -  to  .  In  the  t  ,  plane  the  vortex 
extends  from  r  r,  to  i  r.,.  In  the  domains  r  i,andr  r,  the  fluid  is  at  rest.  This 
vortex  Interacts  with  a  plane  sound  wave  of  wave  length  .  The  projection  of  the 
normal  of  wave  propagation  into  the  r  plane  is  taken  as  the  line  o  .  The  direc¬ 
tion  of  wave  propagation  includes  an  angle  with  the  axis  of  the  vortex  (sec  Fig.  9). 
The  polar  diagram  of  scattering  intensity  and  the  scattering  power  are  required  as 
functions  of  the  five  parameters  of  the  problem  .  i..  r,.  . 

The  problem  was  solved  by  applying  tile  method  of  small  perturbations  to  the 
frictionless  equations  of  motion,  the  equation  of  continuity  and  the  equation  for  the 
conservation  of  entropy  of  a  mass  element.  Tliis  means  that  terms  involving  the 
square  of  tlie  amplitude  of  the  sound  wave  were  neglected. 
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Thr  livi'  paranu’liTs  of  the  prohlrni  <-aii  Ix'  rcriucid  lo  four  by  dofinini'  new 
il’ini  iisioiiless  parameters  .  K  ,  ' (  ’  and  i-,,  is  the 

spt'ed  of  sound).  is  ussunud  lo  Ih'  sinail  eompared  with  1.  Therefore,  if  aii 
vai’iahli's  are  e.\paiided  in  power  .series  in  ,  terms  of  order  •’  and  smaller  may  be 
lU'uleeted.  With  these  appro.yimatlons.  the  potential  of  the  sound  reads  . 
is  the  potential  of  tile  original  plane  sound  wave. 

I,  ,  . . .  r  ^  (4) 

where  »  is  a  constant,  "  i  .  /  /  .  ir,  are  the  dimensionless  independent 

varialiles  and  i  is  the  tinu  .  ,  is  the  potential  of  the  scattered  sound.  For  ,  one 

obtains  the  inhomogeneous  wave  equation 


(5a) 


in  till'  region  it,  K  it and  the  homogeneous  wave  i  quation 

1  -  I 

in  the  regions  "  i;  K,  and  K  k  is  the  Laplacian  operator 


1 


i;  K  K 


(5b) 


Equation  (5)  can  In-  .solved  l)y  the  well-known  method  of  retarded  potentials. 

Special  care  has  to  In-  taken  regarding  the  discontinuities  in  tlie  potentiai  ,  and 
its  derivatives  at  R  K,  and  K  K,.  From  dynamical  considerations  it  follows  that 
the  sound  pressure  for  K  -It  ,  - "  and  R  vr,,  •  u  has  to  In-  continuous.  This  require¬ 
ment  leads  to  the  jump  <'ondltion 


I 
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(6a) 


for  all  ...  y.  Further,  from  the  requirement  that  the  flow  velovities  normal  to  the 
interface  iN-tween  the  vorte.x  and  the  outer  flow  lx-  continuous,  a  second  jump  condition 
results: 
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for  all  .  .  /.  With  thi.s  condition,  the  ripples  at  the  interface  due  to  the  orighial 
sound  wave  are  taken  into  account.’'  At  K  K,  corresponding  conditions  apply.  Con¬ 
ditions  (6a)  and  (6b)  require  doublet  layi-rs  and  source  layers  respecilvely  at  both 
R  Iv,  and  K  R,. 

The  solution  of  Eqs.  (5)  and  (6)  gives  the  following  formula  for  the  total  scatter¬ 
ing  i.'otential  in  the  fur  zone  (k  -.iii  r  )  for  the  case  R,  ^c: 


C;i.tii|..i  n  llii-  |ll|)<■r^  ( I lli.ii  irt.it  ttllifr  Iml  Miiiil.ir  priiMcmr  iii  wliivli  tlu-sc 
r.jijfif.-'  .ir*-  tit  L’ri'.tt  irijfn.rt.»ni  *' 


53 


1 


H 

sin 


I-  -  A  r 


sill 


I  »  I  •• 


I.. 


K’  ^  silt 


(7) 
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whoro  ,1,,  is  tlii'  zi-ro-ordcr  Bessel  function  iif  the  first  kind.  For  -  90  (soundwave 
fulling  perpendicularly  on  the  vorte.x)  this  is  a  cylindrical  wave,  wliile  for  ;  90 
(sound  wave  fallini' obliquely  on  tiu'  vortex)  it  is  a  conical  wave.  Thlti  means  that  the 
surfaces  of  constant  pha.se  are  cones  movin"  outward  us  indicated  in  Fli?.  10. 
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With  the  help  of  Eq.  (7)  |)olar  diagrams  of  the  scatter'.n^  ir.lensity 


can  be  drawn.  Here.  i>  is  the  sound  pri'.s.sure,  v„  is  the  particle  velocity  normal  to 
the  phase  surfaces  of  the  scattered  .sound,  and  I,,  is  the  suund  intensity  of  the  incident 
wave.  The  iKir  indicates  mean  value  and  r  is  equal  to 


1 . 


(Pa) 


Such  polar  diagrams  were  con.structed  for  lour  difb'rent  values  ol  (*‘(l  ,  GO  ,  45  , 
15  )  and  Ihree  different  values  of  K  ,  (10.  1,  0.1)  and  are  shown  in  r;:z.  il.  l^,  is 
rt'ferred  to  the  value  of  ina.ximum  intensity.  The  waviness  of  the  curves  for 

K  ,  -  10  is  due  to  the  osciilalions  of  the  Bessel  function  or,  physically,  to  Interference 
eifects. 
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For  =  90  the  Intensity  is  zero  in  four  directions  (.  =  0  ,  i90  ,  180  ),  but  only 
for  K  ,  ■»  I'  do  the  four  leaves  of  the  characteristic  appear  symmetrical  and  have  the 

same  maximum  intensity  (at  .  =  t45  ,  il35').  For  R„  •  1  the  intensity  of  the  two 
leaves  in  the  half  circle  -90 '  ,  90 '  is  much  greater  than  that  of  the  other  two 

leaves.  Therefore,  scattering  by  vortices  with  diameters  of  the  orocr  of  magnitude 
of  the  wave  length  or  larger  is  a  forward  scattering.  Further,  for  R„  •  ■  1 ,  the  inten¬ 
sity  is  contained  in  a  very  sharp  angle  interval  (see  K„  =  10  In  Fig.  11)  and  the  angle 

of  maximum  intensity  Is  proportional  to  i  R„.  It  should  be  mentioned  here  that 
for  K  ,  I  the  angular  distribution  F  (Eq.  (8a))  agrees  exactly  wi'.h  Lighthill's  dis¬ 
tribution  for  the  case  of  homogeneous,  isotropic  turbulence  (see  Uef.  ll,Eq.(2S)  with 
F(ki  for  i  1), 

For  ’  90  (see  Fig.  lib,  c,  d)  the  zeros  at  -  0  and  180  remain,  while  the 
zeros  at  t90 '  are  shifted  toward  =  180  ,  as  one  can  also  see  from  Eq.  (8a).  For 
'  45  only  two  leaves  can  exist,  because  the  second  term  in  the  second  bracket  of 
Eq.  (8a)  can  no  longer  attain  the  value  1.  For  fixed  R^and  0  the  angle 
approaches  the  value  90  . 

By  use  of  Eq.  (8)  one  can  easily  calculate  the  total  scattering  power  l.^,.  emitted 
per  unit  length  of  the  vortex.  One  obtains 


I. ,  Jr  ,  MM  I,  is  the  sound  power  falling  on  the  vortex  per  unit  length.  Because 
the  most  interesting  que.stion  Is  the  dependence  on  the  frequency  of  the  incident 
sound  wave  •  the  other  parameters  remaining  unchanged  •  this  ratio  is  plotted  in  Fig. 
12  against  K  ,  which  is  proportional  to  .  (For  this  purpose  .  is  written 


when' 


I 


M  R,, 


(10) 


is  the  mean  value  of  the  azimuthal  velocity  v  of  the  vortex  and  M  is  the  mean  Mach 
number.)  For  R ,  I,  I.,  varies  with  the  5"*  jMJwer  of  R ,,  for  R,,  1  with  the 

2nd  power.  In  the  vicinity  of  R  ,  =  1  the  K'  law  changes  to  the  .R-'  law. 

Till'  scatterlngpowerper  unit  volume  is  I.^,  i  which  has  the  limiting  values 


and 


R  .* 


(lla) 


(lib) 


The  last  formula  can  al.so  lx  written  (l>v  use  of  Kq.  (10))  us 


I 


I 


(irb) 
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which  has  exactly  the  s!>nie  structun'  as  Liiththill's  formula  (20)  In  Ref.  11  for  the 
same  limilimt  ease.  I’his  attain  shows,  as  expected,  that  scatlerini;  by  a  single  vortex 
contains  the  essential  features  of  the  scattering  process  in  a  turbulent  medium  and 
may  be  considered  as  a  kind  of  elementary  process. 


Scattering  by  Turbulence 

In  order  to  apply  the  above  re.sults  tolurlxilence  it  is  assumed  that  the  turbulence 
can  Im'  descrils'd  by  a  stati.stlcal  .superposition  of  vortices  of  different  radii  t  ,,  cir¬ 
culations  ',  and  inclinations  with  respect  to  the  incident  sound  wave.  Because  the 
different  vortici's  (eddies)  are  statistically  independent  of  one  another,  the  intensities 
of  the  scatti'red  sound  produced  by  them  can  1h'  simplyadded.  Further.it  Is  assumed 
that  the  time  required  for  the  external  sound  wave  topass  through  one  vortex  is  small 
as  compared  with  the  time  in  which  the  vortex  undergoes  any  sensible  change.  This 
assumption  is  equivalent  to  the  requirement  that  K  ,  (or  M  2  I).  One  may  then 

proceed  as  follows: 

Let  '.Vi  K  .  .  \.\./i.iK,,l  I  be  the  prolxtbility  that  the  volume  element 

IV  .|\  !\  1/  (\.\,/  are  the  c(K)rdinates  of  a  cartesian  system)  belongs  to  a  vortex 
having  a  radius  iN  tween  K ,  and  K ,  '  IK  ,,  a  dimensionli'ss  circulation  between  and 
'  !  ,  and  an  angle  (see  Fig.  b)  Is-tweeii  and  i  .  it  has  to  satisfy  the  condition 


it  K  X  \  /  IK  I  I 
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With  this  probability  function,  the  total  sound  radiation  i.  from  the  turbulent  volume  v  is 


I.  I  I  I  I  (K,,.  .  >  .1  ..IV  .  (12) 

This  iteniTal  expression  was  evaluated  for  two  different  eases,  namely  extreme  non¬ 
isotropy  (applicable  for  boundary  layers  or  jet  edges,  for  instance)  and  isotropy. 
(Non-isotropy  is  a  case  treated  only  with  difficulty  by  the  method  given  in  Ref.  11.) 
For  simplicity,  it  was  assumed  that  all  vortices  had  the  same  radius  R„  and  the  same 
absolute  value  of  circulation  ,  and  that  the  field  was  homogeneous  (tv  independent  of 
Then,  non-isotropy  means  that  all  vortices  have  parallel  axes  making  an 
angle  with  the  direction  of  external  wave  propagation  and  can  turn  clockwise  or 
counterclockwise.  In  the  isotropic  case  tt  was  t^en  proportional  to  the  differential 
element  of  solid  angle.  The  results  are  plotted  in  Fig.  13.  This  figure  shows  that 
the  greatest  scattering  power  occurs  for  =  90  (normal  Incidence)  and  that  It 
decreases  as  ~>  e  (where  it  becomes  zero).  The  scattering  power  in  the  isotropic 
case  is  approximately  equal  to  that  in  the  noii-isotropic  case  with  45°  <90°.  Hence, 

one  can  say  that  there  is  no  significant  difference  between  isotropic  and  non-isotropic 
scattering. 


Kig.  1  i  -  DimenHiunleHH  total  scattering  power  radiated 
from  the  volume  V.  for  two  rases  of  nun-isotropy 
(  yo*  and  is*)  and  for  tin-  case  of  isotropy 


Expi.Ti  mental  Investigations 

Figure  14  shows  the  apparatus  which  is  being  used  for  the  experimental  inves¬ 
tigations.  Th(‘  laminar  air  flow  within  the  entrance  region  of  a  circular  duct  300  mm 
in  diameter  is  made  turbuieni  by  a  grid  consisting  of  parallel  circular  rods,  S  mm  in 
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diatnuter  and  12.8  mm  distant  from  om-  anothi-r.  The  flow  velocity  is  25  m  s.  Short 
sound  pulses  arc  transmitted  perpt'tidicular  to  the  flow  direction  from  one  side  of  the 
duct  and  are  received  at  the  opposite  side."'  The  decree  of  turbulence  of  the  flow 
traversed  by  the  sound  waves  can  U'  chanced  by  varyinc  the  distance  d  of  the  tur¬ 
bulence  grid  from  the  test  section.  For  the  exact  measurement  of  the  intensity  of  the 
received  sound  pulses,  electronic  equipment  is  used  which  is  shown  in  the  right  part 
of  the  figure.  The  main  element,  a  "pulse  comparing  bridge."  contains  a  bridge  con¬ 
sisting  of  two  condensers  and  two  electron  tulx’S  controlling  the  charge  of  the  con¬ 
densers.  In  this  bridge  the  effect  caused  by  the  reci-ived  sound  pulses  on  one  arm  is 
compensated  by  the  effect  of  electrically  produced  pulses  of  the  same  shape  on  the 
other  arm.  The  height  of  tliese  electrically  produced  pulses  can  be  measured  easily 
and,  if  the  bridge  is  balanced,  is  equal  to  the  height  of  the  sound  pulses.  The  other 
parts  of  the  electronic  system  shown  in  the  figure  arc-  needed  to  compensate  for  the 
delay  time  incurred  in  the  transmission  of  the  acoustical  pulses  through  the  flow  and 
to  compensate  for  the  amplitude  modulation  imposed  on  these  pulses  by  disturbing 
noise  and  other  influences. 

Some  experimental  re.sults  concerning  the  dependence  of  scattering  Intensity  on 
the  frequency  of  sound  are  given  in  Fig.  15.  The  measurements  were  made  in  the 
following  manner:  At  first,  by  shifting  the  receiving  microphone,  the  position  of  the 
maximum  intensityof  the  sound  at  the  wallo|>posite  io  the  transmitter  was  determined 
without  scattering  (that  is  Kj  say,  with  the  grid  far  removed  from  the  te.st  section  or 
with  laminar  flow  in  the  duct).  The  microphone  was  then  left  in  this  position  and  the 
grid  was  brought  clo.ser  to  the  t<‘st  .section.  In  this  way  one  obtains  the  Iniensity  l'  ' 


*'riu-  soiiiul  I  r.iiiHiiiilli'r  .lie!  the  nieieer  .ire  nlintu.iI  ti>iiileti..-e  r  type  iiiii  riijihiine..! 
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(without,  si'attcrint;)  and  ilio  iiitonslty  i""' 
(with  si  attorint?)  for  each  frequency  of  the 
sound.  Thequantity  i  I'ii.il’,,,!'’  i'"'' 
is  plotted  against  in  Fig.  15.  I  must  1m' 
proportional  to  1..^,  I.  given  by  F.q.  (9).  since 
it  represents  the  attenuation  of  the  intensity 
due  to  scattering  (see  Ref.  15). 

The  calculations  gave  asymptotic  power 
laws  1.^  I.  "  with  II  .i  for  the  lower 
frequency  rangi"  and  n  ’  for  high  fre¬ 
quencies.  The  measuring  values  olXainid 
until  now  seem  to  obey  the  -’-law.  Further 
measurenu'iits  are  Ixdiig  made  and  will  Im> 
puldished  later. 
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DISCUSSION 


W.  Willnrirth  (University  of  Michigan) 

I  wish  to  compliment  the  author  on  his  excellent  experimental  and  theoretical 
work.  The  experiments  on  sound  scattering  are  very  well  done.  In  particular,  the 
use  of  sound  pulses  produced  and  detected  by  identical  transducers  eliminates  dif¬ 
ficulties  with  sound  reflection  and  transducer  calibration.  It  is  gratifying  to  see  that 
the  simple,  or  relatively  simple,  results  of  scattering  from  a  single  vortex  can  be 
superimposed  to  give  a  description  of  the  sound  scattering  from  turbulence. 

With  regard  to  the  noise  produced  by  a  high-pressure  steam  valve;  by  the  use  of 
a  set  of  small  passageways  the  turlnilence  and  shock  waves  within  the  valve  were 
reduced  in  scale.  The  small  scale  motion  which  is  produced  probably  does  not 
vibrate  the  pipe  as  much  because  the  mechanical  impedance  of  the  walls  for  the  high- 
frequency,  small -scale  fluctuations  is  greater. 

A  related  problem  of  valve  noise  is  being  studied  at  the  Stanford  University 
Medical  Center.  They  are  working  on  the  valve  noise  produced  by  a  heart  valve,  and 
would  like  to  know  what  types  of  obstructions  in  the  heart  valve  produce  what  types 
of  noise.  Of  course,  the  sound  intensity  for  the  heart  valve  is  very  much  lower  than 
that  for  the  steam  valve  discussed  by  Professor  Muller. 


R.  H.  Kralchnan  (New  York  University) 

The  comment  I  wish  to  make  concerns  the  dependence  of  sound- radiation- 
efficiency  upon  the  turbulence  parameters.  Work  which  we  have  done  recently  on  the 
radiation  from  Isotropic  turbulence  at  high  Reynolds  numbers  has  yielded  the  formula 

tv  ^  I M  R  . 

where  w  is  the  radiated  power  per  unit  mass,  -  is  the  power  dissipated  by  shear 
viscosity  per  unit  mass,  v  is  the  r.m.s.  fluctuation  velocity,  is  the  velocity  of  sound, 
and  R  is  the  Reynolds  number  defined  by  R  vl.  .  ,  where  I.  is  the  length  scale  of  the 
energy -containing  range  of  the  turbulence  and  :  is  the  kinematic  viscosity.  This 
formula  differs  from  the  earlier  result  of  Proudman  on)*'  in  the  presence  of  the  in  r 
factor,  which  arises  from  a  slowly-decreasing,  high-trequeiicy  component  to  tne 
radiation  spectrum  suggested  by  our  work. 

It  is  well-known  empirically  that 


-  v'l.. 

Thus,  w  depends  on  the  basic  parameters  according  to 

’*  'v''  1.1  ImivI.  .  1 

and  varies,  approximately,  inversely  with  i..  However,  the  efficiency  of  the  con¬ 
version  of  turbulent  energy  into  sound  is  given  by 

»  v'hv  il.  .  1 

G2 


Kf&ulis  U>  tht.’  Prociiutiou  <»f  Noise  by  riirbulcnt  e 

and,  apart  from  the  very-slowly-varying  logarithmic  factor,  is  unaffected  by  a  change 
of  lent;th  sciile,  provided  v  is  fixed. 


A.  Regier  (National  Advisory  Committee  for  Aeronautics) 

I  am  rather  interested  in  relating  the  scattering  from  a  large  vortex  to  the  valve* 
noise  problem.  At  Langley  we  have  a  test  facility  for  producing  turbulent  noise  for 
testing  aircraft  and  missile  components,  and  we  arc  interested  in  making  as  much 
noise  as  possible  from  a  Jet.  We  found  that  by  turning  the  air  supply  pipe  through  a 
90-degree  turn  we  can  raise  the  jet  noise  levels  about  5  decibels,  possibly  because 
of  the  large  vortices  generated  in  the  turns.  Actually,  we  can  shape  our  spectrum 
and  Increase  the  lower  frequencies  by  these  large  pipe  bends.  In  our  test  set-up  we 
are  using  a  12-lnch  pipe  which  has  four  90-degree  turns  near  the  Jet  exit,  and  have 
succeeded  in  increasing  our  noise  considerably  and  in  bringing  our  frequencies  down. 


1.  Oyer  (Bolt,  Beranck,  and  Newman,  Massachusetts) 

Several  years  ago  I  made  an  analysis  of  scattering  from  a  single  vortex.  The 
flow  field  I  used  started  at  the  origin  with  zero  velocity,  increased  linearly,  and  then, 
at  a  given  value,  decreased  as  the  inverse  distance  law.  I,  too,  obtained  good  agree¬ 
ment  with  Lighthill's  theory.  This  seems  lo  be  a  very  different  flow  model  compared 
to  that  of  Muller's,  in  the  sense  that  the  velocity  was  not  divergent  at  the  origin  and 
contained  a  central  cure  as  a  true  single  vortex  might.  Thus  the  model  doesn't  appear 
to  be  too  critical  in  the  computation  of  the  scattering. 


H.  S.  Rlbner  (University  of  Toronto) 

Dr.  Miillcr  attributes  the  noise  reduction  in  the  large  steam  valves  to  the  great 
reduction  in  scale:he  supportsthe  idea  bya  theoretical  analysisof  the  noise  radiation 
of  homogeneous,  isotropic  turinilencc  during  its  decay  as  a  function  of  the  initial 
scale.  This  reviewer  believes,  on  the  other  hand,  that  the  dominant  factor  is  the 
reduction  of  the  turlnilent  velocities  in  the  labyrinth;  note  that  v  enters  as  the  eighth 
power  in  Eq.  (3),  scale  I.  as  the  minus  first  |X>wer.  A  similar  argument  applies  to 
jet-muffler  silencing.  It  is  to  lie  noted  that,  according  to  Fig,  8,  a  factor  of  10'  in 

I.  — a  wholly  implausible  amount— is  required  to  explain  the  7-db  noise  reduction 
attributed  to  Richards'  slit -type  nozzle. 
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SIMILARITY  RELATIONS  IN 
AERODYNAMIC  NOISE  MEASUREMENTS 


K.  \ti>Mn-Cliristfn.se:*  and  H.  W.  I.it  priiaiin 
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INTROOUCTION 

Turhulciic-i'  still  remains  the  least  understood  and  most  interesting  field  of  fluid 
mechanics  The  interaction  of  sound  and  turbulent  flow  thus  presents  a  problem  for 
which  ore  cannot  hope  at  the  present  time  to  obluin  a  complete  analytical  solution, 
since  besides  our  ignoranee  about  the  structure  of  turbulent  flow  in  general  the  added 
feature  of  a  non-linear  interaction  between  the  two  fields  enters.  Consequently  the 
need  fur  analytical  experiments  in  the  field  is  obvious.  Experimentation  in  aerody¬ 
namic  acoustics  is  anything  but  easy,  nut  because  of  any  insurmountable  difficulties 
with  the  measuring  technique  but  rather  because  it  is  quite  difficult  to  set  up  a  clean 
and  simple  problettt.  fret  of  parasitic  effects,  and  in  additionto  decide  what  the  really 
important  quantities  to  be  measured  are.  Experimental  studies  of  turbulence,  evt  n 
in  the  absence  of  interaction  with  sound,  luive  given  ample  evidence  of  these  difficulties. 

Intlu  following  we  will  illustrate  .some  very  simple  similarity  considerations  with 
exiierimental  results  obtained  at  GALCIT  in  the  course  of  a  study  of  aerodynamic 
noise  sponsored  by  the  NACA. 

The  experimental  results  which  will  be  used  for  illustration  have  been  obtained 
by  Willmarth  (1).  Weyers  (2).  and  Narusimha  and  Mollo-Christer.si'ii.  Willmarth 
(1)  measured  power  spectral  densities  and  space-time  corriTatipns  of  pressure  fluc¬ 
tuations  on  the  wall  under  a  turbulent  Ixmndary  layer.  Weyer.'i  (2)  measured  the 
pnssuri' fluctuations  on  the  walland  inthi-  emitted  sound  field  of  a  pip  'With  extremely 
thin  walls  with  turbulent  flow  inside.  Narasimha  and  Mollo-Chrisiensen  measured 
noise  from  subsonic  jets. 

In  all  these  experiments,  great  care  was  taken  to  avoid  parasitic  effects,  such 
as  noise  from  unknown  .sources,  diffraction,  and  .scattering. 


PAilAMKTERS  OF  THE  PKOULFM 

III  till  study  of  turbuli  iie< -priHlueed  .sound,  the  fluctuating  pressure  p  K.  i  is 
im  asiired.  Its  stati.stical  propi  rti<  s  determine  ili  ■  structure  of  the  sound  field  and 
Its  relationto  ih>  original  turbuli  nee  The  simpb.st  and  most  important  quantitii  s  to 
I).  measured  are  the  mean-s(|uare  pressure  i-.'  K  •  and  the  iiower  spirtral  di  nsity 
K  .  These  ari  n  lati  d  by 


K.  M'li)  I  (Jhrti'tt'nscM  liii'i  il.  VS.  l.icMii.inn 


The  fhiicl  propcrtifs  ar.J  llu’  sound -producint;  turbulent  field  are  specified  by  a 
set  of  parameters  A'liich  involve  at  least  the  following;  density  .  ,  viscosity  i  ,  and 
vi'loeity  of  sound  .1;  a  chara<'teristic  flow  velocity  i'  and  a  cliaracteristic  lenidh  b. 
One  can  of  course  think  up  many  other,  parasitic,  parameters,  such  as:  the  dimcn- 
siim  of  the  pressure  transducer,  the  turbulence  li'veland  the  sound  level  of  thi'  stream 
used,  the  cutoff  fretiuencies  of  the  ri-cordint;  equipment,  the  lenitth  of  time  averattini;, 
the  dimension  of  tlie  receivint;  volume. 


Indeed,  a  very  important  and  in  some  cas('s  decisive  part  of  an  experimental  study 
of  aerodynamie  nc'selies  with  the  identification  and  elimination  of  as  many  parasitic 
parameters  as  possible.  This  is  obvious  for  any  experiment:  it  is  emphasized  hc*re 
for  the  case  of  aerodynamic  noisi'  since  the  nature  of  the  problem,  namely  the  study 
of  a  random  wavi'fieldot  .'>.nall  intensity  without  a  priori  knowledge  of  what  to  expert, 
often  makes  it  verv  difficult  to  know  whether  one  has  succeeded  in  measurint;  what 
was  intended  or  not. 


It  is  tlieri'fore  especially  important  to  cheek  the  similarity  properties  of  the 
experimental  data  l)i  fore  any  detailed  conclusions  can  be  drawn. 


DIMIINSIONAL  ANALYSIS 

If  it  is  assumed  tliat  the  problem  is  defined  inthe  minimum  numbiT  of  parameters 
listed,  dimensional  analysis  yields  for  the  form  of  ;<’'  and  . '  >: 

r-  1  R  D.  K.  .  v,> 

where  R.  '  and  M  l  '1  are  Reynolds  number  and  Mach  number.  For  the  power 
spectral  density  it  follows; 

Ji  -•i  i.,  ,  I,  ,,  I-,  K,..  \|.| .  . 

Any  measurement  which  c:innot  be  represented  in  this  form  must  bt*  Influenced  by  at 
least  one  additional  parameter,  and  the  alxivc  relations  can  then  be  used  to  eliminate 
such  a  parameter  by  a  limitini:  priH'edure 


As  ('.xamples.  measurements  by  Weyers  (2)  and  Willmarth  (1)  will  bo  cited. 
Fitmres  1  and  2  taken  from  Weyi  rs'  paper  demonstrate  the  similarity  relations  in 
intensityand  spectrum.  Fitmre  3  shows  a  plot  of  siH’ctra  of  wall-pressure  fluctuations 
under  a  turbulent  Ixiundary  layer  obtained  by  Willmarth  (1),  in  which  the  ratio  of  the 
diameter  of  the  pwssure  tran-sducer  1  to  the  boundary  layer  thickness  is  the 
parameter  which  is  different  for  the  different  spectra.  The  effect  of  a  finite  trans¬ 
ducer  size  can  thus  be  estimated,  and  eliminated  by  an  extrapolation  to  d  .  * — *0. 

Inlxith  sets  of  nu-asurements  the  influence  of  Reynolds  number  and  Mach  numbi'r 
were  found  to  bi'  small:  this  a^rei  s  with  the  expectation  that  the  turbulence  at  not  too 
hit:h  Mach  numliers  is  unaffected  by  compressibility  and  tliat  at  sufficiently  high 
Reynolds  number  no  vi.scous  effects  remain. 


We  have  not  investicated  the  near  field  of  a  jet  or  wake,  for  which  similar  rela¬ 
tions  are  bound  to  hold.  However,  in  measuremenls  of  the  far  field  il  biwomes  quite 
obvious  that  microphone  size  and  orientation  can  cause  very  lart;e  deviations  from 
the  proper  similarity  laws  due  to  diffraction  effects. 

CO 
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SIMILARITY 

If  wit  suppli'nirnt  thi'  lxj<>kk<’<'|iiiii.  of  dinx'iisiunal  analysiB  with  some  insight  into 
the  physics  at  the  prolileni,  such  as  t  ..n  im-  ohtaiiu'd  from  general  conservation  laws 
or  the  differential  equations  of  the  lo'ol.l'  ni,  one  can  attempt  to  reduce  the  number  of 
variables  further  8]H'clfying  the  forms  of  i>-'  and  .  more  closely.  One  may  also  turn 
the  pnxtess  around  and  discuss  the  physical  mechanism  whiclt  must  be  involved  to 
give  a  certain  espiTimentally  obtained  siniiiarity  law. 
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wln'M'  till'  vector  1'  has  heeii  r<i>Iae<'rf  hy  its  nianniiude  r  and  its  inclination  to  the 
jet  axis. 

Tottolii  yond  this  si:it:<  .inor<  amt  nioi edetaiicd physical  modelsmust  Ih' adopted, 
or  else  the  <  inphasis  is  thrown  entirely  on  the  nieasurenients  per  se.  For  example, 
if  theeniitter  coiilainsiriivelMni;  sources. the  eonitiination  \Im  ens  will  becharacter- 
istic.  ratlier  than  '■'■•i  and  Ijy  themselves. 


INTFRI’HI  TATION  OF  JFT  NOISI. 


Whili  th  '  no  as'ireiiii  iits  of  uall-pri'.ssore fluctuations  under  aturiiulent  iMiundary 
Inver  iiii'l  lurliiili  lit  pipe  flow  tn  e  nieasurenieals  of  noise  from  a  practically  homogenous 
siiriace  .  iiutiir.  p  t  noise  is  emitted  troiii  hic.lily  noiihoiiioitt  nous  turbulence  which 
occiipii  s  a  small  i  e:.ioii. 
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li'ss  lli;iii  ;i  iiuartt  r  wavi'lonutli  ol  whali  vt  i'  li'i  qui  ticy  is  of  interest),  we  have  found 
that  Miiiilafity  is  inaintained.  'Dn  si'  include  tfie  near  field  of  a  turhulenl  jet  at  low 
Maeli  iiumhers  and  the  prissure  fluetuatioiis  in  the  wake  of  a  cylinder.  In  those 
ea.'-e.s.  similarity  was  maintained,  that  is.  wtien  we  plotted  a  m.n-dintensional,  spectral 
detisity  versus  a  ^truudhal  tiumher,  we  would  uvi  a  .spi'ctral  curve  that  applied  at  all 
velocities.  We  were  not  sur|)ri.s<  il  l>y  this.  We  would  have  been  more  .surprised  if 
this  hailn’t  been  the  case. 

1  would  like  to  mention  a  convenient  way  for  e.xpressini;  spectral  distributions. 
It  lots  been  common  to  expri  ss  itu  spectruiu  m  terms  of  spectral  density,  which  is 
till  nii'an  square  pressure  in  a  narrow  ftand  dividi'i!  by  the  litindwidth.  but  fur  non- 
dimetisional  parameters  one  miiiht  consider  expressing;  the  spectrum  in  a  .slii;htly 
diffeient  way  as  the  mean  square  pressuri'  itself,  which  remains  proportional  to  tht- 
Irequeiicy.  This  is  just  a  matiei  ol  convenience,  the  advantage  beini;  that  when  ttuint; 
from  one  sc.ile  to  anotlu  r  it  is  not  neces.sary  to  correct  for  the  bandwidth.  The 
bandw  idth  automatically  chany.i  s  m  the  riuhi  way.  I'or  example,  one  can  tfive  the 
nuan  square  pressure  in  a  hail  ociave  fiand.  The  reason  1  tim  sii);t;estint;  this  is  that 
I  have  si'en  many  cases  where  people  .scab  li  om  one  dimension  to  another,  and  forttet 
to  chanite  the  bandwidth  proportioii.illy. 


I- .  Mollo-Chrisii'iiseii 

In  response  to  Dr.  Strasbiru's  remark  that  similarity  should  be  expected  in 
individual  measurements.  1  would  like  topoini  out  that  if  onlyune  parunuderis  varied 
It  m.iy  be  easy  to  obtain  appaient  similarity,  but  no  evideiice  has  been  obtained  that 
the  phenomenon  is  independent  of  ilu’  vari.itiles  whii'h  were  not  chant’ed  during:  the 
experiment . 

One  has  not  demonstrated  sintiianly.  for  examiile.  when  mea.suriiii;  the  pressure 
‘i't  'iiai  tons  in  a  turbulent  liiiundary  laver  it  a  (lari  of  the  observed  fluctuations  could 
III  due  to  turbuient  flow  in  the  tunnel.  Sui-h  pressure  fluctuations  would  probably 
scab  with  velocity  the  same  w.iv  as  tiu'  pressure  fluctuations  due  to  Ixmiidary  layt  r 
turti'jleiice.  Thus,  parasitic  eltecls  may  follow  ilu’  same  similarity  law  as  does  the 
proi  I  S'  oiii  intended  to  obsene.  To  avoid  this,  one  must  either  eliminate  or  chani;e 
th'  Wind  t..  iiii  I  turliulence.  1  b<lievelh<  disaitii emeni  between  the  re.sults  obtained 
b>  n.’.  Willinarth  and  those  oiitained  liy  Dr.  Strasberi;  may  be  due  to  the  tact  that 
Willno.rii'  ,-  measurements  wen  perfornied  with  virtually  zero  free-siream  turbu¬ 
lent  .  wi.ib  tjtrasberu's  wen  obtained  in  an  existini;  wind  tunnel  where  there  appar- 
entlv  was  some  free-s| ream  turbtilmce.  judeiny.  irom  the  difference  in  spectra  and 
spaee-lime  lov.irianc  oliserved  in  tin  two  invesliyalions. 

.Msiut  the,su..c,i  .'I :on  iii.n  ■m  I'l  d  con.sianl-W  spectr.i:  I  feel  il  may  t.ike  some 
lime  1  )  heconie  .iccusloiin  d  !•  ' nl.itioc.  1.1  .  x.iniple.  between  such  spectra  and 
the  eo  rrel.it  I  111  tuiicl  ion. 
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To  I'lisLin  v.cll-cli  rilled  expi  riim  iiliil  coiulilior.s,  .1  lioiiiirliij';.  l.ivi  r  ol  c  oiislioii 
lliii'Uiieiis  liiid  1(1  lie  I'eii,  rati (I.  This  n  .  iilarilv  could  In  (.litaii'.i  d  with  a  rotati:  ;■ 
cylinder.  There  were  ri  a.snns  to  lieliiit  that  tin  fiiiiti  iein  lii  oi  ihi  i  >liiuh  i  had 
little  effect  on  the  inner  |iart  <.f  the  liiniiidaiw  ia  .(  v.  wliii  h  is  iaiowii  I'l  I'*’  n  s|)oiisilili 
for  most  ut  the  flow  noise,  and  that  tin  results  (  (luldlie  ytiurali/id  lali  1  lor  act 
other  curved  surfaci  s. 

Till  first  experiments  weft  made  m  tin  Ordnanci  Risean  li  L.dioralory.  l!  was 
c(  rtain  that  the  properties  of  tin  cvlii.di  r  .vails  would  jilay  an  acti'.  e  jiart  in  ih' 
experiments.  Th.  fliii  tuatiiut  pressuia  coulit  lie  e.xpected  to  e.xcite  r(  sonant  modes: 
and  the  resoiiatiiu,  modes  would,  in  turn,  iveite  the  sound  reciivei.  win  tin  r  it  was 
attached  to  the  sin  11  or  placed  far  awav  from  it.  'I'hls  comple.xhL'haviortolie  exin  cted 
ill  iinv  practical  situation  was  the  reason  forliavinp  pun  ly  iheori  tical  pround,  for 
usiiu;  tin  same  hydrophom  s  as  are  usi  d  with  somi  in  S'lwici  t'irpedues,  and  for 
makinp  up  a  cylindt  r  of  1  8-inch  steel.  17. h  incln  s  outer  diameter,  and  24  inches 
lonp.  with  aluminum  doim  s  fastened  on  lach  <  iid.  Tin  overall  lenpth  was  42-3  4 
inches  (Fip.  1).  It  was  driven  liy  an  ll.'i-hii  motor  utilizinp  V-helts.  Figure  2  shows 
the  cylindi  r  mounted  in  the  acou.stic  water  tank  wheri  in  all  the  nu  asun  ments  wcri' 
taken.  The  sound  receivers  were  two  mai.aeto.'  tri»  tivi  hydrophones,  one  2.5  inches 
in  diameter,  the  other  5  inches  in  dianieti  r.  Tin  hydropliom  s  win  mounted  180 
deerees  apart  at  tin  niidpoini  on  t.n  itisidi  wall.  Kipuri  3  shows  the  frequency 
responses  ol  these  hydrophones.  The  txo  inal-tmise  mi  asuremeiits  weri  made  with 
a  similar  n  ceivi  r.  a  24..5-kc  hydrophoiK  ioeated  one  yard  front  the  surface  of  tin 
cylinder  and  at  tin  same  depth  as  the  ciiit'  1  oi  tie  eyliiidi  r. 

The  mai'liini  ry  noise  is  vi  ry  small  .it  hiuli  fr  ipiencies  ias  can  be  deduced  from 
tin  '  urves  tor  a  .smooth  metal  surface)  -  tube  diseussed  lati  r.  The  backpround  noisi 
may  tln  reforebe  attribuled  to  tin  struciur  -liorre  noisi  transniitted  into  the  water 
li  nk,  and  to  the  iin  rmal-noisi  bwi  i  ot  tin  iransdueers.  For  small  speeds  the  noise 
b  V(1  (  quals  the  baekpround  noise  levi  1  (-'iO  db  below  1  dyin  ). 

Other  equipment  was  used  in  additional  mi  asurenieiits  pi  rformed  in  the  Garfield 
Thomas  Wall  r  Tunin  1.  Tin  tisl  secinin  has  a  diameii  r  of  48  incln  s.  Kacli  hvdro- 
lihotie  was  made  up  ot  two  li.irium  titanaie  discs,  om  inch  in  dianti  ler.  each  0.27 
incln  s  thick.  One  disc  was  titled  wiih  a  small  liob  in  tiie  middle  of  ils  faci  .  that 
servi'd  to  take  up  tin  bad  toiln  hot  1  b  clriKb  .  wliieliwas  at  tin  inierfai’e  betwi.ii  tin 
two  crystals.  The  unit  was  enclosed  in  a  rip.iil  brass  box  with  a  1  10-inch  tliicl. 
memiiram  in  from.  Gn  at  can  was  t.iki  n  to  ensure  peril  cl  l  on'ac!  with  tin  casinp 
and  betwe.  II  the  crystals  by  usiiii;  castor  oil  as  a  couplinp  api  nt.  The  unit  was  cali- 
bratidai  tin  lllack Mosliani  >11  Calibration  Station.  On  tin  avi  rape  its  sensitivity  was 
the  same  asthe  theoretical  '.alue  of  -100  dhper  bar  n  1  volt.  A  sirond  sitof  hydro- 
plioni’S  of  similar  n  nisi  ruction  had  a  iliaim  ti  r  ot  1  2  inch,  a  thickness  of  0.1  inch. 
Hydroiihon  wen  also  mouiitid  at  ili  iiosi  and  a!  tin  .side  of  a  streainliiii'd  body 
haviiip  a  nuusiimini  diaiieliroi  4  1  i  incln  s  .ind  a  lenplli  of  20  inches.  Tins  Inidy 
was  In  id  in  position  in  tin  niiddb  of  il..  test  siction  of  tin  ebamu  i  bv  a  strut  Tin 
Irequeiiey  analysis  was  pi  1  furm  d  0.1  1  !ii.  bands  2.5o  to  .500  cps,  DfiO  cps  to  1  kc. 
1  I'.e  III  2  ke .  2  Kc  to  4  kc.  4  kc  In  1  l.c.  ..  sc  In  10  l.e.  1(1  !;c  lo  1.5  kc.  2"  kc  In  23  ki 
!i0  kc  lo  ‘,0  kc.  00  .;c  to  iO  i.c,  80  kc  le  lOO  ,.c,  1  Xe.  p!  fol'  Ilic  results  plotted  ill  Flp. 
18.  wliii  !i  wei .  oblaiiied  by  a  .5-i  ycl  -band  analv.sis. 
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'111'  pi'i  .ssui't  (lest  ribel  loll  n,  lin  I'.n.iid.ir'.  hr  '  i  ol  lln  rolatin;.  i'.  lliliii  r  w.i.s 
ini  asun  d  '.eith  a  limit ipli  -  raki  111. mi  11  i>  i'  teoei  .1  disiaiic.  ol  1  .:  mi  ll  to  abniit  8 
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Tills  mil  iT<d  r.  suit  si  i'ii.sii.  Is  tin.  in  tli.  kivi  ;lui  tin  •l|l•■a^  vi  loi-ity  wan  v<  ry 
IK  uriv  I'onslamovi  r  tin- wiioli  tioiin' nrv  i;i><  r.  h  varii  (t  •niI>  In  j  iat'lor  ii(  Iwn  fniNi 
till  linn  riiiost  furi  of  lln  lio'ii.ftiry  Ium  i'  ili>  r>  yions  a  f<  w  Iim'Ik  m  tliKlaiil  Imai  lln 
surkii  >  ot  tin  I'vTfnilar.  Hus  ■  ouid  i»  u' (kn'ivl  front  tin' (Iran  m*  .isari'M<'iilH|mMii>ln'd 
liv  Tin  MriliiriK'ii  <2|  ami  Ih*-  miIik'  •ti'ti  rnnniti  tnnii  iIk  ri'siilln  ri'|>r<-N<'iil<tl  in  Fit:.  4. 
A  I'ai'li  ol  ihi  tiiio  varifttior  <'l  lli<  in'i  ssiir<  distriiMition  <Fii .  !>|  proved  that  lln'r< 
'A'as  !•!  a.  1 II  ally  iiotiiiie  lafis.  i  .  twf  eii  li-  siirtae.  .s)»-i  liof  Ihi  rvliiMn  r  and  theliuild- 
111  aji  'll  the  ihti.  r  r>  i'io(‘S  nl  ite  lnim  ..ii  v  l.c.ei . 

T’  \*  Ifieitv  III.  triliiitif  It  i*vi  r  tin  i.iamr  jMi'i  I'i  ili*  rr-i.s.'^  si-i-tior  of  tin  tunn.  1 
.■'.1.'  ..  iinriii.  Filin'*  fi  sii'i'..'  Ill*  *..1  !*i  I.  ii  I.  i.l  tl.i  -I'liiiiiy  ..urth*  UuuhLi!'''  lav*  r 
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Inii'i  s  iivrr  ilii  \isi'(iii.s  I  s.  TIk  kii.  lie  foi'c.  s  S'li'li  ;is  tin  Kulla  ,l(/iiU()V,sl;>  lilt 
.1,1(1  the  Cni'iiili'  I'n'C!*  ai  l'  all  to  tin  '('luai''  ((f  tlic  vdocitv,  wiicrcas  llic 

li  icli  inal  lor.  la.  iin  i'i  .i.Ki  willinnlv  tin  fiiKi  p.iwi  r  dl  11'  vi  lir.’it>.  At  .'^inall  Hi'ViioId.s 
iniinlii  IS ,  1  In  vi  lnciiv  .  i.s  lar!'(  in  (■.iinii:iii.--iii'  to  aiul  ICii  tion  laivci  iis  tlm  inotiun. 
Anv  ili.sl,ii  h.un  I  in  tin  V' li«  it\  (i(  Id  iln-icfin  '  di  ci'i  ti.si  s  f'liitlly  t(j  zni'o.  At  liigli 

sp.  '  ils,  .  ■’  Is  HI  cater  than  \  ,  and  the 
kiln  tic  liirccs  dcti'niiiiic  tiu'  flow. 
K  r  i  c  I  i  on  then  licronics  almost 
ciitinly  MCHliltiblc  and  the  fluid 
licliavcs  siliiilar  to  an  idea!  ttas  or 
to  a  collection  ol  ideal  clastic  IkiUs. 
A  disturliaiiee  introduced  into  the 
flow  no  loiiHer  decreases  but  per¬ 
sists  or  even  increases  with  time, 
because  of  the  protluelioii  of  nu'chan- 
ical  ein  rH>’  by  the  surface  dran. 

Tin  Heyholds  number  for  which 

til’  r.on  til  fv'irt  *  .1  bei  oil'll  laiin  i 

Ilian  the  viscous  fore  s  can  be 
crudely  estiniiited.  If  wc  identifv 
the  distiirbanct  s  with  a  cylindrical 
or,  better,  a  spherical  particle,  a 
value  of  .^>1)  to  100  is  obtained,  which 
arrees  will  with  the  experimental 
value  fit)  obsi  rved  for  the  hi  neratioii 


4  0t 


irS  IN  FROM  SURFACE 


Sil  IN  from  surface 

5  9  iN  FROM  SURFACE 
S  I  iN  from  surface 

STATIC 

4  6  IN  FROM  SURFACE 
STATIC  39SIN 
STATIC  I  31  IN 


9  :0 

M  NU'^'tS 


50 


till 


:)l  ti:i  hiili'Mi  ''  111  ,1  u'liki  Till'  i  iii'ri'SiiiiiKliii  ,  Hi  viiiilds  miiiilu  t'  Ini'  li  '  Il!l■'•■l  iM  uliii 
'i  111  ■  ii:  ill'  111  iiiiiliir;'  !.iyi  r  nf  ihi'  ritiiil  Imily  ih  .il  li:i.-il  'In  liiin-.'-  ns  Tins 

.ii  ii.liis  !iuii  till  luriuilriiM' ill  till  ti'iiiiuUiry  I;i\ ■  r  III  ;i  i  u',i;l  liml .  is  cnmplcli'i^  dil- 

Il  nut  in  MiiUiri  fniiii  ihr  iiiilnili mu'  in  ;i  wiil-i-.  Tliii  l.iii  ii..i>  I"'  inli  I'lni'fi'd  ;is  fnl- 

ii'Ws:  III- "iuisi  ill  tin  .itl r.ictivi' fori'i’s  r.M  rii-d  liy  tin  ttiill  and  tin  in('i'i  asi‘d  inti  riial 

li  iriiiiii  iiwiryt  tn  ilu'  iirnximity  of  tin  wall,  tin  nili-nri'  is  inui'li  liartlri'  to  start, 
iii  i  l  ilt  i  i  srai'cli  (3)  .slioivs  tliai  turliitii'm'n  is  initiatid  liv  a  iihi'noiiii'non  that  is  simitar 
in  a  si'T  ii's  Ilf  inti  riiiil  I'.xiilosioiis  of  tho  iliiid.  l!i  t  tin  nioiiii  iit  tiirinili'iit  pati’hi'S  or 
sorlici  s  li.ivi'  lu  i'ii  foriiii  d,  thoy  possess  so  muel  kinetie  eiiertty  tiud  tliey  may  siilit 
lip  iiitii  smalli  r  and  smtiller  ones  of  less  than  1  r>(>ih  of  the  original  diameter,  and  all 
th .  si  patelies  or  vortices  will  still  possess  snflieieiit  i  nertty  to  have  an  apprecialile 
liti  time  .ihead  of  them.  The  diaan  ters  of  th*  voi-iie  s  in  the  liimndary  layer  of  a 
riuld  liody  tlieri  I'ori  vtirv  in  twei  n  a  diiimeter  ■  qual  to  ilie  thii'ktiess  of  the  boundary 
layer  .iiid  adiameti  r  at  least -lo  times  smaller:  aiidthe  spai  e-wave-number  speetrum 
of  this  till  liiilenei  is  I  iiiitinuoiisly  distributed  over  a  iairly  laru'  volume  in  wave-number 
space.  I'luler  this  eonditioii.  equilibrium  laws  s  a  h  as  tin  Kolmottorov  laws  (see 
Appendi'i  .-i.)  lorhoniopi  ueoiis  turbuleiu  e  may  be  e^pl^■led  to  iipply.  In  fact,  it  is  pos¬ 
sible  to  I  stiniate  the  root-iiiean-sqaare  velocity  lliietiiation  of  the  turbulence  on  tin 
basi.i  of  ilils  Uin.  the  result  liavinn  at  least  tin  .sann  order  ol  magnitude  as  the 
mea.sured  values.  Kraiehiian  (-la)  has  n  eeiitly  improM  d  the  Kolmoporov  theory  on 
tile  basis  of  statistical  meehanii  s  and  ht.s  derived  a  sliithtly  different  wave-number 
di  pendency. 

The  Velocity  lluciiiiitiiiiis  caused  by  the  turbulent  patcties  iiu'i'iase  the  transpor- 
latiiin  of  momentum  andpetn  rate  the  drat;.  Oiirfirst  task  isto  cominiti  the  maunitude 
Ilf  the  Velocity  fluctuatiniis.  assuniint;  the  drap  to  In  known.  This  computation  can  In 
el  formed  in  two  diflereiit  ways.  We  may  start  with  tin  .stokes  Navier  etiuatirms.  If 
tin  mean  valla  s  of  Hie  eiimpiineiits  of  tile  veloeiiv  ar<  denoted  by  .i,,.  ■  .  and  the 
tluetuatini;  vrlnciiy  eoiiiponents  are  denotiid  by  ....  Ihis  equation  lieeiinn  s 

,  f 

■■  ■  ■  a  ^  ^  , 

Thi  expression  ituhe  iMrentheses  onihe  riplit-hanilsiih  in  preseiitstln  dray.  Oiitsidi 
the  laminar  subhivi  r.  tlie  first  term  .  is  in  fdipilili  ;  .ind  tin  drap  lieeoines 


Th"  second  mi  tliod  is  luisi  d  mi  tin  .ais-kiin  tic  consideiaiiiins.  .S'iiu  ■  friction  is 
III  I.  li'.  il  II  .It  hipli  Reynolds  luimlx  rs.eompuliiip  th"  dra,;  in  a  similar  mamui  is  per- 
missibl".  as  'he  viscous  forei  is  pas-kiai  tici-  The  aliove  expn  ssion  is  then 
ri  •olilaii'i  d.  ff  the  flow  is  liomoi.i.ein  oils,  :  and  ■  .in  lln  same:  but  tin' turlnileiii'e 
in  tin  lioundarv  layer  is  not  honni.;i  neoi;s.  \V«  m.i'..  li"Wev.  r.  di  fine  an  effective 
■  I  loi  ity  tiv  '.In  I  qii.itnin 


Tins  VI 1  icily  .  '  I'l  lO  '  st  nts  tin  .  •  omiitric  aver;i;:i  ol  tin  Huctiiaiin;'.  l  elocitii  s.  in  the 
diri  clnu:  ol  H  e  flow  ;iii(l  p.  i  pi  iidieiilar  to  tin  wall  in  tin  innermost  part  of  the  lur- 
!iiili  m:  boiiiidarv  layi  r  al  a  disl.inei  from  tin  wall,  wln  ri  tin  vincinis  lori  i  s  just 
tecome  in  li'dbii  .  Aeroi'dir'.c,  iiitln  elassn  al  I'luindtl  lln-orv  ol  tiirbidenei  ,  v  •  should 
In  prailieallv  i"mislaiif  iieeordiin  lo  tin  von  Kiirmaii  Hnory.  ■  shinilii  ileereiisi 
propoi'lioiiail  '  to  tin  (lislanei  troiii  tin  laminar  siiiilaver  lo  /ero  ,il  the  outi  r  limit 
ol  Hie  liniiiidai'v  layi  r.  an  assunipHorr  Hial  acin-i  s  wiilwilli  I.auli  r's  (7)  measuri  mi  nts. 
Tin  Ilia ..iiilii  li  III  ■  ill  |i  Miiiin  s  tin  .-.iii  ar  forei  in  ir  lln  wall,  lln  .'lo-t  .tiled  surl.iei 
I'.r.o  :  Il  IS  |■.l|||'.vll  a.i  Hn  .sin  ar  M  Ineif,'. 


-a 
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Tilt' siirfiK  <  tliMu  has bi'i'ii  iliu;iiU(Lhly  sluilhd  for  |iI|H's  (!,.'))  and  chaniii  ls  (1 ,0)  us 
\.i  lias  lor  flat  plali  s  (1,0)  and  mlatint'.  cylindri-s  (2),  Tlii‘  oNpcrinionfal  rosults  show 
that  tin  surfaco  dra^  is  approximali  ty  nroiiortioiial  In  llio  square  of  the  free-stream 
velocity  II  .  The  Mirfae4‘  drar.  can  therelore  li<  expressed  as  thi'  product  of  the  coeffi- 
ei(  lit  of  dran  i  ,,  and  the  s(|uare  of  the  free  -streain  vidocity: 


ileiiotinn  the  density  of  the  fluid. 

This  coefficii'iit  of  drag  proves  to  be  practically  a  constant  and  to  be  equal  to 
.'i  X  10  ’  whenever  the  flow  Is  turbuh'iit.  It  chanp'es  by  only  a  factor  of  3  when  the 
velocity  is  chunked  by  us  much  as  a  factor  of  5000  (Ref.  1),  Since  this  surface  drat; 
ts  ttenerated  in  the  inner  part  of  th(>  boundary  layer,  we  may  expect  that  it  will  not 
Itrciitly  depend  on  the  curvature  of  the  surface  nor  on  the  size  of  the  body  that  gener¬ 
ated  it.  This  conclusion  has  been  verified  by  Theodorsi  n  (2)  tor  u  series  of  rotatini; 
cylinders.  The  ratio  of  the  hel|;ht  to  the  diameter  has  been  varied  by  as  much  as  a 
factor  of  20.  NeviTtheless.  all  the  mea.sured  |Milnts  seem  to  lie  on  the  same  curve 
(Fi);.  7).  We  may  therefore  assume  tliat  the  coefficient  of  drat;  is  independent  of  the 
curvature  and  of  the  size  'nd  shape  of  the  Ixidy.  This  approach  means  a  considerable 
simplification  in  the  atu.:  >f  flow  noise. 

The  fluctuatinp  velocity  .'  can  be  computed  by  equatiii):  the  theoretical  and 
experimental  results. 


'■*  -T<'|I  l•‘»■to■■•  <,_•  or  V*  0,1.4  . 

The  effective  velocity  then  turns  out  to  be  very  nearly  equal  to  4  percent  of  the  free- 
stream  velocity. 

This  result  is  in  i;ood  agreement  with  Laufer's  channel  measurements  (7).  The 
shear  velocity  reaches  4  percent  at  the  outside  of  the  laminar  sublayer,  and  then 
di  creases  linearly  with  the  di:  ‘aiice  until  it  becomes  zero  at  the  outer  side  of  the 
iKiundary  layer.  Laufer’s  measurements  also  show  that  u'  is  about  8  percent  of  u.,, 
and  V  slightly  less  than  4  percent  of  u,,;  because  of  the  imperfect  correlation  bid  ween 
these  two,  ic  v  is  only  4  percent  of  u,,. 

The  next  task  is  to  derive  the  connection  bi'tween  the  fluctuating  velocity  v*  and 
the  pressure  at  a  |Xilnt  in  the  Ixiundary  layer.  The  boundary  layer  is  usually  thin  and 
the  scale  of  the  turbulence  we  are  interest“d  in  small  in  comparison  to  the  akouatic 
wavelength.  Because  of  this  fart  the  pressure  fluctuations  in  the  boundary  layer  will 
be  primarilylclnetic.  They  are  generated  by  the  centrifugal  and  similar  forces  of  the 
rotating  vortices;  they  represent  the  nc'ar  field  of  the  di|M>le,  quadrupole,and  octupole 
sources  that  mathematically  describe  the  turlHilence.  To  distlntmlsh  these  pressure 
fluctuations  from  a  true  sound  field,  they  are  usually  summarized  under  the  name 
quasi  sound.  In  addition  to  this  quasi  sound,  true  sound  that  is  radiatixl  off  to  greater 
distance  is  jiroduced  because  of  the  unsteadiness  of  the  flow.  But  this  true  sound 
seems  to  be  negligible  in  the  iKHindary  layer  in  cumiKirison  to  the  internal  near  field 
generated  by  the  rotating  vortices.  This  fact  makes  it  ixmsible  to  establish  the  con¬ 
nection  between  the  fluctuating  velocity  and  the  .sound  pressure  by  an  equation  of  the 
type  of  the  Bernoulli  equation  (ApiM’iidix  B)  with  a  slightly  modified  constant 
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wli.  i'f  is  a  I'liMstiiiil  til  tilt  Ki  tlt'i'  Ilf  liiaiuiitiidt'  oik'.  This  (jUiisi  stmnd  prcssuri'  winild 
li'  .11  Iti.iUv  iiicasiircd .  if  iln  smiml  net  ivt  r  ’.vt  ri'  iiifiniti  iv  small. 

A  ri'ci  ivc  i'  Ilf  liiiiti  .si/.i'  1111  asui'i  s  tlif  avi'raiif  valiif  iif  tlif  pressurt' tivrr  it.s 
si  iisitivi  ai'i  a.  Tliis  avi'ra;',!'  valiii  is  tin  smalli  r,  tin  larpi  r  tin  an  a,  sirict  tin 
piTssiii-i'  maxima  .ind  minima  I'oinpt'ii.sulc  out'  .inothi  i'.  If  th.  hydrophoiif  arna  is 
viTV  lari’, i‘  in  I'lmijiaristm  tntln  srali-  nflhf  lurliuli  iu'f.tlu'  avi  rap.i’ quasi  sound pres- 
siii’i  will  111’  vi’i’Y  small, and  thi'  hydrophotu’ rfadin^;  will  hf  mainly  difi’i’niint’d  by  tlif 
trill  r.idiatiim  fit  Id  pi  nt  rated  in  tlie  whole  spai  1  that  surrimnds  the  hydrophone.  The 
above  formula  will  then  no  lonpi  r  apply. 

Li  t  us  eimsuler  a  practieal  l  ase,  such  as  a  vehiele  traveling  with  a  veloeily  of 
20  kiuita  or  10  melt  rs  iier  serond.  The  effei’tive  fluelualinp  velofity  would  be  40 
eeiitimeiers.  and  the  noise  pressure  us  piven  by  the  above  equation  would  be  1600 
dynes  fin-'.  This  result  is  very  interesting,  but  it  does  not  yet  pive  any  information 
about  the  flow  noise  actually  produced  by  the  movimp  body.  Tlu  frequency  sjiectrum 
is  still  unUnown.  The  flow  noise  sptetruin  may  be  eenleri  d  at  e.xtremely  low  fre- 
(luencii  s  and  be  inaudible,  or  may  be  in  the  audibb  or  supersonic  runpe. 

First  of  all.  We  have  ti.  .ind  the  connection  between  the  frequency  spectrum  of 
the  noise  pressurt  and  the  .sealt  of  thi  turliulence.  We  may  identify  the  patches  with 
till  ma.xima  and  minima  in  a  pri  pressive  'wave  that  moves  with  the  local  mean  speed 
1  of  the  flow  alonp  the  surface  1  ;  thi  receivinp hydrophone.  This  local  speed  1  varies 
aecordinp  to  how  far  away  frinn  the  laminar  sublayer  the  patches  are  between  and 
.  The  iii’essuri  fluctuations  as  recorded  bv  the  iiydrophotie  will  then  have  a 
frequency 


where  is  the  distance  between  successive  vortices  or  is  tin  scale  (the  etlective 
diameter)  of  the  turbulent  [latches.  For  low-frequency  noise,  this  local  velocity  .1  will 
have  to  be  assumed  to  be  rouphly  equal  to  thi  free-stream  velocity  of  the  fluid. 

There  an  two  [lossibli  ways  tocomputi  the  frequency  spi  ctrum  of  the  flow  noise. 
Krniclinan  (4c)  assumed  a  Ciaussian  correlation  function  for  the  velocity  correlation, 
his  su|)|iiisition  beinp  equivalent  to  assuniinp  u  Gaussian  eiierpy  siiectnim  of  the  tur- 
bulini  '  .  Tie  pressure  spectrum  is  then  derived  by  a  series  of  inteprations.  The 
result  still  resembles  a  Gaussian  spectral  distribution  in  its  sharp  cutoff  at  fre- 
quencii  s  abnvi  a  limitinp  Ireinieney  ri  [iresi  nted  by 


\ilii  n  is  liii  liiieiaiess  of  till  iHiundary  layer.  If  wi  subslituti  numerical  vilues  and 
assiiiiii  a  s[ie.  tl  of  20  knots  or  10  meters  jier  second  and  a  thickness  of  1  cenfimetir 
for  the  boundary  layer,  this  Iri  queiicy  will  lie  1  ki  . 

The  SI  I’oml  iiroei'dure  is  as  follows:  We  may  divide  tin  s|)tctrum  into  a  low- 
lit  queney  s|iectrum  and  a  hiph-frequi  ncy  spectrum.  For  the  derivation  of  the  low- 
in  iiuiiiev  s|ieeiruni.  tin  [lateli  of  turbulence  may  l>i  considered  as  equivalent  to  a 
pulse  111  ,1  width  I  qual  to  tin  diameter  of  this  [laleh.  If  we  assume  this  diameter  to 
lie  I'ou’.dilv  equal  to  the  Iliiekness  of  the  boundarv  lavi  r.  I  he  upeetrum  'Inn  turns  out  to  lie 
eimstant  up  to  a  span  .i.iu  leni’.'h  equal  to  (he  diameter  ol  the  paleh  or  to  tin  liiieknes.'  ot 
tin  I’ouudai’y  laver.  l■ronlthel■^  on  it  'leereasi  sas  e  .  \.  For  the  deriv.ition  of  the 

lii’.’!i-l  n  i|’.iene\  [lart  of  the  speet  rum.  the  details  a  re  turn  i  shed  at  least  .ipproxim.itelv  liv 
tin  .  quilibrlum  iaw.s  of  lurbuli  iie'  .  Tin  Kolmiiuorov  l,iw,  Inc  instaiin  .  pn  diets  tl.ul 
ill  hi;  h  iicii  s  tin  ■■  in  1';’.%  s)»'  irum  ih  eriases  iiivi  rsely  as  tin  It  2  I'owc  c  of 
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till'  .siKii'c  wavi'h'iintli.  riic  spi'i-tral  dcnslly  iil  the  lurluili  iici  iioiHi'  mity  llius  In’ 
cxpiclcd  Id  l)i‘  approxiiiiatcly  constanl  at  Idwt-r  frf’quc’iu'ics  up  to  Ihc  frequency  u,, 
deteniiini'd  by  the  ratin  (if  the  fr‘'i-stream  veldcity  t(t  the  thickness  of  tlie  boundary 
layer.  From  there  on.  it  may  b(  .  xpecti'd  to  decrease  apprn.ximafely  inversely  as 
the  3  2  |)ower  of  the  scale  of  the  turbulence  or  tin  space-wave  number. 

Fipure  H  slums  some  nuMsurements  performed  in  the  Garfield  Thomas  Water 
Tunnel  at  State  College.  The  method  used  in  maKint;  these  measurements  will  be 
described  later.  The  noisi  level  is  shown  as  a  function  of  frequency  for  several  flow 
speeds.  Up  to  a  certain  frequency,  which  in  this  particular  case  should  be  about  400 
cyi  les  p.  r  second,  the  noise  level  should  be  constant;  and  from  there  on  should 
appro.ximately  decrease  inverselv  as  the  5  3  power  of  the  frequency. 

The  e.sperimental  results  show  that  we  must  distine.ui.sh  between  two  types  of 
flow  noise.  Tin-  first  type  is  the  one  w’e  just  discussed;  it  is  the  flow  noise  priiduced 
by  the  velocity  fluctuation  iti  the  turbulent  Ijoundary  laser  that  hiis  been  studied 
thoroughly,  in  preat  detail, and  very  int;eniously  by  U.  II.  Kraichnan  (4b).  M.  Harrison 
(8)  verified  the  predietiotis  of  the  Kraichnan  theory  exp-  l  inientally  in  air-channel 
flow  and  itroved  that  the  assumptions  in  Kraichiuin's  ueik  are  indeed  very 
reasonable. 

The  second  component  of  flow  noise  is  produeid  Ic'  tlie  .■-i.i  faet  roughness.  With 
ati  increasitii^  speed  of  flow,  the  laniitiar  iHiunilary  layer  becomes  continuously 
thinner.  When  the  velocity  reaches  a  certain  value,  the  nm. dinesses  bi come  greater 
than  thethicknessofthe  laminarboundary  sublayer  and  pi  mirate  tiie  lamimir  iMiundary 
sublayer.  They  then  become  capable  of  sht  ddint;  vortices  or  of  prodiicim;  a  von  Karmiln 
Vortex  street  (9).  The  vortices  penerated  tills  way  ini  n  ase  tin  .surlaee  drae;  and 
create  a  turbulent  sublayer  on  top  of  the  laminar  boundary  sublayer.  Bei  .mse  of  its 
small  scale  and  its  great  enerfty  content,  this  turbulence  may  be  expeetid  to  create 
a  high  noise  level  with  an  issentlally  hlgh-fretiuency  s|)ectrum.  Defore  goins.  meie 
into  detail,  let  us  prove  that  this ''roughness  noise"(loes  iiuieedexist.  Figuri  !'  shows 
measurements  that  have  been  performed  with  the  aid  of  a  rotalinc.  cylinder  42  inclus 
high  and  about  23  inches  in  diameter,  and  with  a  microiihone  mounted  flush  with  tin 
wall  of  thecylindi  r.  The  abscissa  in  this  figure  represents  thesurfaci  velocity  of  the 
cylinder;  the  ordinati  represents  the  noise  level.  Let  us  first  ecincentrate  on  tin 
measurements  performed  with  a  smooth  paintedcylinder  surface,  a  surt.ice  as  smooth 
as  possible.  Until  the  speed  .  xceeds  a  certain  value,  the  noise  lei  t  1  is  that  of  the 
;iml)lent  noise;  from  there  on.  it  increases  at  a  rate  of  roughly  13  ilb  per  sjietd 
octave,  as  for  true  lioundary  layer  noise.  Now  let  u.s  consider  a  second  measurement 
'.hat  has  been  performed  under  the  .same  conditions  exci  pt  that  the  surfaci  of  the 
evlinrier  has  been  rougin  ind  (grit  180).  The  noise  levi  l  now  i  xcetds  that  of  the 
tmbient  noise  at  a  .much  slower  speed  than  in  the  prexious  ea.^e.  For  tin  same 
'locities  tin  flow  noise  produced  j>y  the  rough  .surface  is  20  to  .uO  db  greater  than 
'  if  luTKliicid  by  the  smiHith  painti  d  surfa* » .  Since  nolhiiii;  t  Ise  has  lieeii  eluinged. 
•w  i  r-  ater  noise  must  be  attributi  d  to  tin’  elfect  of  the  surface  roughin  ssi  s.  Tin  re 
■'a.s  no  doubt  tliat  rouglin  sses  generate  flow  noise. 

I  '  e  elfect  of  surhice  roug.liiie.sses  oil  tin  drag  has  liem  llioroug.hly  studiid  in  tin 
III' i;iii';''  for  flaiplatis  (1).  [lipes  (1 ,5,(i).and  a  rotating,  eviinder  (2).  The  results  ;iri 
.ihxxivs  tin  s:inie.  Whenever  tin-  surface  rinic.liiiesses  penetmti  tin  laminar  Imumiary 
sulii.r.i  r.  till  V  inerease  tin  surl;i(  i  drag.  The  llnory  sin  ws  lli.il  tin  roughnesses 
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lu  i'umi  l:ir(',ri'  tluin  lln  'iliickiH  .ss  nl  llii’  liouiuUii'y  siilihiy  r  if  llii’ir  Hi  yiioldK  nuniln  r 
hrciimi's  !'.i'r;itiT  lliiin  fi: 


Till  .  I  !ii(  il>,  it!  tfi.  iiiiiin  ili.ili-  vit'iiiity  of  Ifti  laiiiiiiar  MiW.iyi  r  i.s  a|)i)i  ijxiiiiati  ly  >  qual 
t(i  ilu  shear  M'ldi  iiy.  'Hu  aliti.e  Ileynoltis  iiumla  r  had  ttierefore  iti  lie  forincd  with 
tin  height  Ilf  till'  I'liuuliin  sses  and  the  shear  veloeity. 

Witli  the  aid  111  the  jireVKius  ri’siilts.  the  alim’e  Keyiiulds  nunilier  ol  5  can  he 
expressed  as  ;i  fiiiietiiiii  uf  the  free-streain  vi'lm’ity.  'I'lu'  rniipdiiiesses  are  then  ftniiid 
to  heeome  etteelive  whi  I!  tile  spei'd  is  greater  than  the  critical  value  i;iven  by 


wheri  is  the  In  i^ht  nt  tin  roughnesses  in  inches.  An  analnpuus  condition  can  lie 
deriveil  for  tin  sheitdini;  of  vortices  liy  rouiihnesses  in  a  nonturbulent  lioundary  layi  r: 
the  lieviiolds  inititlier  tiler,  has  to  lie  t'ornied,  with  the  heicht  of  the  roui;hnesses  and 
the  laitiinar  v.  loeitv  at  a  distanci  i  from  the  walls.  Tiiis  Reynolds  number  incn-ases 
towai'd  tin  stai.iiiition  point,  as  would  In  e.xpected  because  of  the  preati  r  velocity 
gradients.  For  rouphin  sses  ot  10  -  incli  and  a  distance  from  the  I'dpe  of  tlu'  liody 
greater  'htin  ;i  li  w  ceiitinieii  rs  mimerieally,  very  neiirlythe  same  results  are  dt  rived 
tor  the  roiiphtii  ss  noisi  :  and  it  siiould  make  litili'  ditti'i’eiice  whether  the  bulk  ot  the 
boundary  layer  is  nirlHibnt  or  l.itninar.  Ilowi  vi  r,  the  regular  lioundary  layer  noisi 
will  not  111  c.eii  r.ited  in  tin  sia.uMtion  rec.ion  because  of  its  |ii edominant  laminar 
ikiture.  It  IS  li.ird  to  piadict  the  reduction  ot  flow  noise  that  could  beexpectid  in  such 
a  c.is  becaiisi  flow  iioIm  willalsotn  radiaii  d  bacK  from  tin  other  jiarts  of  tin  mov- 
iti;  siirfac.  into  th.  staiai.iieii  .iri  .i, 

Ki-.-ai'ett.i  illnsiratis  iin  .lim.i  results  for  rotatincc  .linih  rs  coveiad  with  rouyh- 
in  ss  of  •.iiio'.is  .fain  si.,.s.  Willin'.!  r  the  Heyinilrl .  Mimbi  r  of  tin  rou',.hnesses 
I  xci  .  .Is  “i.  tin  drac.  beeomi  s  :r.  ;ii«r  than  that  for  a  smooth  surfiice.  Tin  sin  ed  tit 
wiiu  li  il..  Si  iiK  rease.s  an  obsi  rv.  d  is  ilnisa  lunctloii  of  tin  !.i  icht  of  the  roughnesses 
onl'.,  th  iiMcnitiidt  ■  t  tin  iin  rea...i  ot  tin  drac  is  a  funeiion  of  tin  density  of  the 
ro.i  '.!  .  -osi  s.  This  IS  illusiiatid  m  f  u  .  H.  which  npr.  si  iits  measurements  wln'n 
m  .1  nsity  o|  tin  rom'.htn  si-.  ^  ii.e;  I- •  n  larod. 

Tin  noi 'C  iJi'essiin  lias  bi  •  n  shov. n  to  In  proportional  to  tin  drap.  Tin  increase 
m  drill,  bi  cause  ol  tin  sinall  si'ab  .surfin  rouphin  sses  may  tin  relore  be  i  xpected 
to  show  lip  in  a  cori  i  .spoii.rm'.'  ii  <  i  ■  iisi  of  hich-freqin  ncy  flow  noise.  Thai  this 
.issumption  n.  .  ssi  ntially  i  orri  et  s  illu.-.t rated  in  Fic..  !i.  No  flow  noise  can  In 
obs' I  v.  d  iit  b  SSI  r  siiiiils.  .\i  tin  iiiiie.il  Reyiinhls  lunnbi  r.  flow  noisi  mav  be 
■  xp.  .  0,1  [1,  II.  ■  I  II  liiiiil.  bet  tin  lilt,  iisil'.  of  this  noise  is  still  so  siaall  Ih.it  it  is 
I'oinpli  li  I',  miiso’ '•  I'V  tin  an>bo  nt  innsi  .  I  roiii  a  c  rliiin  speed  oicwards.  a  spi  i  d 
that  p!  lids  on  tl,  si/i  .md  ih  nsd''  ili.a rtbnl imi  ol  tin  sni'l.ie.  i nuc.lm.  sses.  tin-  |.  \ ,  1 
■  'i.  .inois.  \c.  .ils  lli.il  "t  tin  amiMeiii  ini>;a  ,  it  me  in  .isis  at  .1  r.il  i' ol  1  .>  I  o  it'i 
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noisi  ”  li'vcl  -  15K  (Ih  ill  spi't'cls  t  qual  ti.  llii'  (-orn‘S|ioiidiiit;  critiral  valm  s;  and  this 
indeed  seems  to  i)e  what  lia|)|ieiis  if  we  allow  for  a  small  ex|)ei’imental  error  and  for 
llie  fart  that  the  enertty  of  the  iKiekKrouiid  and  that  t)f  the  flt)W  noise  add  up  to  tiu’ 
resultant  noise  level  and  ehanpe  the  shape  of  the  eurves  at  lower  noise  levels.  Grit 
CO  exhibits  mtiximum  dimensions  of  10  -  ineli(\,  ,,,  1  knot).  The  eorrispondinp 

eritieal  speed  is  thiTefore  0.54  m  se<-.  The  mea.sured  line  interseets  very  nearly  at 
till'  iMiint  V  V,  , ,,  0.70  m  see  with  the  equivalent  zero  flow-noise  li'vel  at  -159  db. 
For  a  smooth  maehine-ixjlished  metal  surface,  v,  ,,,  -  0.75  m  si’C  (1.5  knots).  Paint 
seems  to  cover  the  smaller  roughnesses  and  appears  to  increase  the  larper-size 
roughnesses  with  paint  streaks  so  that  the  corres|M)ndinK  v, , , ,  is  0.5  m  sec  (1  knot). 
The  e.xlrapolation  of  the  measurements  to  levels  considerably  below  the  ambient 
noise  level  is, of  course,  thoroughly  hypothetical;  and  the  assumption  of  a  zero  effec¬ 
tive  or  equivalent  flow  noise  level  is  likewise  tenuous.  Out  this  assumption  seems 
to  represent  a  working  assumption  that  is  iHirne  oiii  by  thi’  experimental  results,  at 
least  as  ion);  as  no  detailed  tlu-ory  is  available. 


Like  the  slope  of  the  curves  for  the  drait.  the  slope  of  the  noise  curves  is  also  a 
function  of  the  density  distribution  of  the  roughnesses.  The  noise  li'vel  increases 
linearly  with  the  lot.'arithm  of  th<'  speed  by  IB  do  per  (wtave  of  increase  in  speed  if 
the  surface  is  verv  smooth  and  by  up  to  ^5  db  per  oc-tave  increase  in  speed  if  the 
surface  is  roufth.  The  flow  noise  ttentTated  by  a  surface  with  small  iiut  densely  dis¬ 
tributed  roui;hnesses  may  thus  exceed  the  ambient  noise  level  at  much  slower  speeds 
than  tliat  irenerated  by  a  surface  with  larpe  rounhnesses  if  the  density  of  llu-  large 
roughness  is  sufficiently  small.  The  noise  levels  have  been  measured  simultaneously 
with  two  hydrophones,  one  2.5  inches  in  diameter,  the  other  5  inches.  The  results 
are  identical  except  for  a  constant  difference  in  level,  the  smaller  hydrophone  being 
more  sensitive  by  10  -  13  db  (Fig.  12).  Thi’se  results  show  the  average  pressure 
over  the  hydrophone  area  that  determines  the  h.vdrophonc  nading  and  the  compensa¬ 
tion  of  the  pressure  maxima  and  minima  over  thi'  area  of  the  hydrophone.  This 
average  pressure  is  greater,  the  smaller  the  diameter  of  the  hydrophone. 


One  of  the  must  puzzling  res. dts  of  these  investigations  was  the  fact  that  the  noise 
level  measured  with  a  similar  hydrophone  outside  the  boundary  layer  at  a  distance  of 
one  yard  proved  to  be  approximately  the  same’  as  tliat  measured  in  the  boundary- 
layer  (Fig.  13).  This  result  can  lie  explained  again  as  a  consequence  of  tlie  cumpiit- 
satlon  of  the  pressure  maxima  and  minima.  Tlie  hydrophone  used  did  not  indicate  the 
true  pressure  fluctuations  in  the  boundary  layer,  Inil  the  average  value  over  an  area 
of  a  diameter  of  about  the  magnitude  of  the  acoustical  wavelength.  On  the  basis  of 
diffraction  theory,  it  can  be  shown  that  the  pressure  at  a  certain  distance  from  the 
source  distribution  can  be  computed  as  a  function  of  Ihe  pressure  at  the  boundary 
surface.  In  this  computation  the  average  value  of  the  pressure  f-ir  an  area  roughlv 
equal  to  the  square  of  the  wavelengths  delernitiies  the  result,  and  this  is  exactly  the 
quantity  that  was  responsible  for  the  hydrophone  reading  inside  the  iHiundary  layer. 
This  result  shows  that  in  the  presence  of  flow  noise  a  small  hydrophone  will  always 
lie  a  ixiorer  sound  receiver  than  a  large  one. 


Damping  the  shell  by  coating  it  internally  w'ilh  a  damping  varnish  had  only  a  small 
effect  on  the  measured  levels  (Fig.  12).  This  result  might  be  expected.  At  high  fre¬ 
quencies,  the  resonances  of  the  shell  overlap  to  a  continuous  background,  and  individual 
resonances  do  not  greatly  contribute  to  the  re.sult. 
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Fipiri'  14  .sh(3\vsi  soim-  nicasun  iiu  iits  pcrfiirniid  in  lln  Garfidd  Thomas  Water 
Tmmi  l"  'Aith  a  miiTdiJlioni'  niountrd  on  a  very  .smooth  iaminar-flov-nuise  head.  Tin 
roiii.lmesses  are  relatively  hirve.  Inil  not  nunienni.s.  The  slope  is  111  db  pi  r  ovtavi 
spc'  cl  ( liar.'.,i  ,  as  would  he  t  .xjh  i  ted  for  true  houndarv  layer  noise. 

A  miinlier  of  flow  noise  nieasun  niepts  on  slops  hav<'  In  .  n  reported  for  which  tl'.e 
.slopes  are  18  to  22  dh  per  speed  in  tavi  ,  hut  till'  ahsolute  levi  Is  are  larpi  r  hy  10  111 
20  dll  than  thosi  lo'.iiid  in  Ih'  measuieineiils  ohtained  hv  usiin'.  the  cylinder.  Tlds 
nil  ails  tliat  In  piactical  cases  tin  rmi'diis  sses  c.i  Herat inc.  tin  flow  noise  .iri  nsu.illi 
1  •  latr. I  Iv  l.ii'.o  .  hut  fi  w  in  nanih'  i . 

Till  cvl  1  mil  r  nil  as’ If  nil  Ills  h  .III  ’  I  i  I'ourli  •  siini.i!  i  ot  I  In  iiol.si  1 1  \  •  I  as  a  liaic  - 
ti'i.i  111  111'-  ‘-jii.-il,  tie  si/e.  and  th-  di  itsp  ■  of  t|e  roni*,line.s...i  i- .  Tin  i  \pi  rinii  nt.i! 
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for  tlx  2. ')- incli-diiinit  li  r  liV(lrii|iiioii<  :ts  r<  r>  i\i  r.  wiirri  i.s  a  factor  varyini 
bi'twff  It  20  and  2r)  db  ja  r  octav<  of  .sjici  d  rhanco.acrordiiii’.  in  \^lll  tlx  r  the  siirfaci  is 
smoolli  and  paiiiti'd  and  tli'  roiic.lxx  sscs  '.c;;!-c*-,  ,i[-  i  fimplt  t*  ly  as  when  treated 

with  i.rit .  Siix'e  '  1-,  |]i-,  ia_s  n,,  ixiinl"  i  ■  if  iieia  \ .  ■;  above  llx  crllical  spi  ed . 


rix  '  \lii  I'liiK  nl.i!  !  I  .'.'i.ll-.  (  ai  '  i  !  ill  :;x:nn;ari/ed.  Th  ■  Ihc.v  iioisi  li  \  i  1  ,it  2.")  la' 
::i' asiii''  I '.util  a  liydn.iilxiix  'ltd  iii  1 1 '  r  of  2.a  inches  an  I  a  bandts idlh  n!  2  he  at'ain." 
-  10  il!)  Ill  I'l'.'.  1  ilvrx  jii  I  ('I'liiihi' '  ■''  inari  'speei  ral  levi  1 .  jx.  r  i  v;  b  ) .  m lx  r.  i In  speid 

IS  2*)  I  lie,-'  lie  I  Mlieal  ‘-|,ic  r|  i!  t .‘-'ui'laci  is  ‘-iixiotti  ieai'i  I'.ill  |i:i!MliiU  er  a  liniis 
•la  ii'iii  a!  S|a  i  d  if  till  •-•il'lai  I  ii.i'hi  s-'-'al'i  di  nsi-K  disli  ibiileil  '.i:-  t.a  inslaiici 
III  I  III  '  .,  •  •  ii!  .1  I  '1  -1  I  -  1  I  '  e  •  1. 1 '  .  1 '  '  Txiii.i  b  '  I  1  ilx'ii  nil  I'easi  •'  a  a  i  at  •  ••!  2(' 

I i  I  j  a  r  I  1  I  il  !  1  u  I'l  .e-ii  .  l:  '  '  x  •  t  I  1 : '  i  1  tae .  .  ir  h  il  h  ( hl’a  '-.si  '••  l  i*  1 '  ai'- 

1 1  lb'll •  '!  1  a  ai  y.'i  nil  i  '  •'  O'  la'  ■  :  . 'a  i  •  ra  !  .1  1 !  •  In  .‘.i : el.  i  ■  e  ' aim;  I.  o  ' 

I,'.'.  I  .  I  ..  lb  .  ■  1  .  1,1,  r  .1  •  I  i.e  b  ;  :  •  el,  1 1  .n  1  ill.  al  .1  spi  •  i;  ■  il 

i,..''..  |i,.  '■i.ii  i..e  '  1  'i.i.-;  1  't  I'l.  1,1  •  1.-'.  lb,::  |,,.i',i 


; .  sk'iii r.'  '/k  .111*1  f 


f  1^;.  N  •  Klo»  noisi-  li-vel  jn  Itii*  Ci.-irlii'Iil  Tnunia!- 
WrtttT  Timm- 1 


to  h).-  smullt-r  than  1.25  -  10-'  inch.  Such  a  vehicle  will  then  (teni  rate  no  audible 
roughness  noise. 

To  gain  additional  information  alxiut  flow  noise,  measurements  were  performed 
in  the  ixiundary  layer  at  the  Garfield  Thomas  Water  Tunnel.  Four  hydrophones  were 
mounted  flush  with  tlx-  w’alls  of  the  Tunnel  and  two  hydrophones  were  mounted  in  the 
.streamlined  body  in  the  middle  of  the  tunnel,  one  hydrophone  at  its  nose  and  the  other 
at  its  side.  Figure  8  which  shows  the  results  measured  with  the  hydrophone  flush  with 
tlie  wall  of  the  Tunnel  has  already  been  di.scussed  in  connection  with  the  speed  fre¬ 
quency  spectrum  of  flow  noise.  Figure  15  shows  the  measurements  with  the  hydro¬ 
phones  mounted  on  the  streamlined  body.  The  noise  level  receiv»-d  by  the  nose 
hydrophone  at  frequencies  between  500  c|}s  and  20  kc  is  5  to  20  rib  smaller  than  that 
recorded  by  the  side  hydrophone.  But  at  low  fr»'(iuencies  the  picture  reverses.  The 
.aose  hyriropliune  receivt-s  considerably  more  flow  noise  than  the  side  hydrophone. 
This  is  ve  ry  aenare-nt  when  listening  to  tape  ri'cordings.  The  noise  re-ceived  with  the 
stagnating  hyt  ihone  sounds  bubbly  and  seems  to  be  very  rich  in  low  frequencies: 
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tin  lii!;iu  r  li  I  ((ui  lU'icK  :iri'  almost  ('(iiiiplcU'ly  niaski  tl.  'I'lu  iioisi' ivt  cl  by  thi'  sicio 
hydroplumi'  l  i  st  r.ibli's  mort'  a  hissing  sound  with  vi-ry  small  low-fri'quciu  y  conlfiiis. 
This  phi'iioinc  lion  fan  bn  trafid  throiifh  all  ri'fordiiic.s.  This  low-froqui  iicy sound 
I'l  fi  i'.  i'tl  by  till  stannaliiin  hydrophoiu  sfiiiis  to  In  d  n  lo  Ihi  stagnation  prcssurf 
pi'iii  rati'd  by  thf  lari', fi'-scali’  turbuli'iu  i'  that  hits  its  si  nsitivi  ari  a.  Tin'  smalh  r- 
si'ali'  tiirbuli  Mi  l  dm  s  nut  si'i  m  lo  produc  t'  a  similar  i  ffi  i't;  it  bs  vi  ry  likely  that  this 
tiirbiili'iii't  is  tiampi  d  out  t  iifin  ly  by  ilu-  stagnation  ol  thf  flow.  Fiptiri'  10  shows  a 
narrowband  analysis  of  a  stt  ond  st  rifs  of  such  miasiiri'mi'iils. 

Til'  boundary  layi  r  noisf  in  the  Garfit  ld  Thomas  Wali  r  Tiinni  l  is  I'flativfly 
larr.  .  Hut  tin  i  ffn  t  cf  difffri'nt  shapi’s  of  test  v 'hirlis  and  of  tin  position  of  tin 
liydriiphoni'S  l  oukl  sliil  In  invistipiati'd  if  these  objeets  were  densely  eovered  with 
foarse  prit  and  if  tin  speed  of  the  flow  wen  suffieienfly  hiph.  Preliminary  measure¬ 
ments  pi  rforttii'd  on  arit-t  ci'.  ered  surfaces  (prit  IflO)  and  surfaces  covered  with  a 
ri  silieiit  foatiin,  did  imt  yi  I  b  ad  to  new  results  (Fip.  17).  sini'e  the  praiti  si/e  of  the 


t'  fit'M  »  I  :  r*.’ 


i;i  it  and  tin  sjn  i  d  of  tin  flow  (TiO  ft  ki  i')  .still  won  too  low.  But  then'  sooni.s  to  be 
littli'  doubt  that  proper  tn  atnieiit  of  the  surfaces  and  the  use  of  greater  flow  veloeitii'S 
will  make  iiossible  detailed  flow-noise  studii  s  in  such  a  channel. 


RKLIABII-ITY  OF  THi:  .M KASLHFMFNTS 

To  test  the  reliability  of  tin  results,  all  tlu'  nu-n.surenients  were  repeated  five 
months  later.  Identical  results  were  obtained.  Special  tests  have  been  made  to  ensure 
that  cavitation  did  not  interfi  re  with  thi'  nieasui  einents. 

Cavitation  usually  starts  at  a  certain  eoced,  increases  the  tioise  almost  abruptly 
to  a  hittli  value,  and  then  for  a  time  remains  almost  constant:  later,  it  even  decreases 
apain.  The  dashed  curve  in  Fip.  1.3  is  an  e.xample  of  a  case  where  cavitation  was 
produci'd  .:uentionally  by  weldinu  aprojection  shaped  as  a  semi-ellipse  (6  inches  lonp. 
4  inches  hlph,  and  1  4  inch  thick)  to  the  cylinder  surface  at  the  heipht  of  the  hydro¬ 
phone,  Till  moment  cavitation  starts,  the  noise  intensity  jumps  quite  suddenly  by 
almost  tiO  db.  In  spile  ot  tlie  relatively  larpesi/e  i.f  tin  projection, cavitation  is  seen 
to  take  place  only  at  speeds  almve  7  meters  per  second.  Typical  for  the  measurement 
was  a  eontinuous  fluctuation  of  tin-  noisi'  level  around  a  mean  value. 

Another  proof  that  eavit.itioiulidr.ot  interfere  with  tlu'  mi  asurements  is  (liven  by 
a  curve  in  t  ii:.  12  for  which  the  area  of  the  larger  hydrophone  was  covered  with  grit. 
Till  noise  level  is  much  greaii  r  than  that  of  the  painted  surface,  being  almost  exactly 
tin  same  at  the  untreated  hydroiihom  area,  if  it.s  10-db greater  sen.sitivity  to  incoherent 
flow  noise  is  taUi  n  into  account.  Cavitation  would  liavi‘ affected  tlu  response  of  the 
first  hydrophoni  to  a  much  cri.iter  extent  than  that  of  the  .second.  17  inches  distant 
from  the  first  and  in  tin-  souiifl  shadow. 

IHirinc,  tin  measurements  jn  rformed  in  tile  water  tuniul.  cavitation  could  In 
'  a.iilv  id'iitifi'd  by  incfeasin:  'i  '  pressur.  Tin  iiiisleadiness  of  the  noisi  (liiu  a 
SI  rii  s  of  e:<|)losion.s)  nial.i  s  reeoc.nition  of  this  (jhi  nonieiion  very  easy. 

Tile  noi.si  le-.el  owing  to  e.Mraiiious  noi.si  would  In  exju  cted  to  iiu  reasi  continu¬ 
ously  with  a  relatively  l..'W  (lo.ver  of  the  .-.(.i  ed;  and  it  would  be  iiiili  in  iuleiit  of  tin 
I  onditioiis  of  till  surface  of  th  evlinder.  F.xtcaiieous  noise  could  noi  havi  .if'ecti  i! 
tin  rough-surlaci  riieasureno  c.i-  oi  the  cyliiuh  r.  but  very  likelv  it  aNo  had  no  i  ff'  ct 
on  tin  n  .sult.s  for  t!i  smooth  .e..:  the  painl<  I  surfai’es. 
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Curl  V  c’uii  be  I'xnri'sst'd  by  ihi'  iin^oilar  vilwity  curl  v  2  ;  and,  siiKc  wc  arc 
interested  only  in  patches  of  turbulence. 


where  .1  is  tlu'  patch  radius  (or  the  correlation  distance  of  the  velocity  fluctuation). 
To  find  the  acoustic  i  ffect  of  the  noise  of  the  pres.sure  fluctuations,  we  are  interested 
only  in  small-scale  turbulence  distributed  over  a  very  small  re(;ion.  For  a  small  region 
the  flow  may  be  considered  always  to  be  two-dimensional.  For  a  two-dimensional 
(low.  V  is  perpendicular  to  curl  i  and 

>’  •  eons.  -  >,.  /■  ^  ,1s  . 

The  maximum  value  of  the  inte|<;ral  will  result  when  <is  is  equal  to  the  patch  radius  >1; 
tills  maximum  is  therefore  of  the  same  order  of  mattnitude  as 

2h  ^  ■2v'^  2v‘^. 

where  V'  v‘  is  the  fluctuating  velocity  because  of  the  turbulence.  On  the  average, 
therefore, 


and  the  result  reduces  to  the  standardized  Bernoulli  equation  except  that  the  numerical 
factor  is  slifthtly  different 

l>  ■  2v*^  •  roust. 

The  above  estimate  (tives  an  indication  of  the  order  of  magnitude  of  the  maximum 
pressure  fluctuation.  The  averaKe  pressure  fluctuations  will  probably  be  about  ten 
times  smaller.  In  this  estimate  the  effect  of  the  velocity  Kfadient  in  the  boundary 
layer  has  been  nettlected.  Because  of  this  gradient,  the  patches  are  continuously 
deformed  and  the  motion  is  no  longer  stationary.  Additional  forces  are  set  up  that 
produce  considerable  fluctuations  In  pressure.  Kraichnan  (4b, c)  derived  the  theory 
(or  this  case  on  the  assumption  of  a  Gaussian  velocity  correlation.  He  obtained  a 
similar  equation;  but  the  numerical  constant  no  v  Is  of  the  order  of  mapiitude  7: 

p.  7v-^ 
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DISCUSSION 


R.  fi.  Kraichnan  (New  y(jrk  Un."i'isityi 

I  stiiiuld  like  to  a.sk  it  when  vou  potlirouph  the  l.■'all.sitiun  to  which  the  rouphnesses 
(lu.sli  u|)  thniuph  the  laminar  sublayer  you  ob.servt  the  same  proportionality  between 
ilr.ip  .iiid  Moi.se.  Also.  I  should  like  lo  e.xpress  a  doubt  llial  'he  :  '  '  behavior  which 


>:ui  v  i.is  iiiaili  I'lii  lo  iiu-nial  I'.iii.’.i  ii.i .  Ail  ,  llif  ijii-rii.ii 

laiijj"  law  I'  l  I'l  wlih  li  aui;!ii  |■^.•asllna!lly  Im  fX|iiiii'il  on  l!ii  tiasii-  'pf  tlip 

Kill iiiiif;' ir.n'  llit’iii'N  IS  .ipprnxiiiial' ly  .  iif  stp  ci*!'.  M>  '.;U' ss  'auuUI  Ijc  Itial  Uu' 
pi'i'ssun  I'lup'lual lulls  v>tut  !i  ■>  .ii  nhscivi  at  hu’.li  lri  p|Up  iii’Us  ai  isi-  ii'ii  troiii  IIh-  fun 
st laiitun  ip|  liu'  p.iiiti,’!'  pall  )f  till'  liiiuiul.iry  layi'i'  wln'i'i  ai  ini  rliai  raiipf  iiiii’.lit 
pt'fMaiis  III'  I  xpri'ti  ill  hut  li'i.ii,  till'  iiiti'iisi  ly -siH  a  It  il  ill.- Sip.il  1  )'i  l.ivi-r  jiisl  almvi  llu 
l.iiiiiiiar  Mihlayt'i  . 


1- .  Mp  yi  r  I’hysik.il is'.'lu's  li.slilut  iti  r  i'iii\ i  rsitat  tip iitiiH'a'ii i 

III  i'iiiiiit.'i  tiijii  Pa  I'.a  llip.'  n'l  y  lull  rt  stiii^  slati  iiu'iils  ul  Di  .  r  liiiilr/vk  1  wuulil  Uku 
til  rc'iiii;  nil  siini'.' oxpi'niiii  iits  dcalmi;  with  ■iioua' nf  st I'l'amai'a  wait  i  '  which  wcri 
cai'i'lcti  iiut  ill  (lur  iiistituti'  in  Giittiii^cii  liy  Mr.  Diiila  Ic ckcr. 

Tht'  i'harai  tt.'ri.stic  icaturc  ol  the  cxpi  riincnls  is  the  .siii.plu  ity  ni  the  apparatus 
(Kin.  1).  Water  from  tiie  water  niuiii.s  stre.inis  througli  the  test  tube  with  an  udjust- 
ahle  velocity.  The  wall.s  of  the  ti'si  tube  may  consist  of  difiereiit  niaterial.s  lin  Kin. 
D1  a  nbiSH  tuiie  is  shown).  The  inner  .surfact'  of  the  tubes  can  lie  treated  to  nive  dif¬ 
ferent  denrees  of  rounbness.  Havinn  passed  the  test  tubes,  tlie  water  i.s  collected  in 
a  .storane  tank.  The  test  tube  is  connected  to  the  water  iiiaiii.s  liy  iiiean.s  of  a  lonn 
rubber  tube.  This  rubber  tube  works  as  an  acoustic  wave  nwide  below  its  cut-off 
freiiuency,  thus  separating  the  test  tube  from  the  mains  with  respect  to  structure- 
borne  sound.  The  measurements  are  carried  out  with  a  structure-borne  sound 
microphone  attached  to  the  outside  of  the  test  lube.  The  frequeney  response  of  the 
set-up  including  the  test  tube  can  be  determined. 


Kii;.  1*1  -  Ni.:--!'  ip;  st rr.in-.iiin  Mptte r 
it;  .1  t-.i'p*-  ( .1  rr.iiij;eim'nti 


III  Fig.  1)2  till'  siiiitul  level  of  oclavi  liaiids  is  pliiticil  .ip.iiiisi  tin  Irequi  iicy  witli 
Itip  .stream  velociiy  as  a  parameter.  It  i.s  obvious  from  the  diapraiii  ihai  tiie  iii.ixinuin' 
lit  the  sii’.iiid  intensity  sliill.s  lo  liipher  freqaeiicies  with  nsinu  stream  veloi'ily. 

These  relations  are  more  elearlv  visible  in  Fic.  I)«.  wheri  lie  s.iiiie  ci  .sp.ills  arc 
plotip  pl.  but  with  till  slreaiii  lelocilv  as  abscis.sa  .iiipi  l  In- m  l.n  e  i  .mpi  s  .is  ji.ir.iiiieli  r. 
Till  iin.si  1  of  till  iioi.si  is  pivi  II  when,  with  risiniv  sii  i  aiiiiiic.  vi  loi  it\  the  HcmioKIs 
iiiinilii'i  i.s  .ippioxmiali  Iv  l•eaclll  'I.  Inllie  lM■■■,lnlllll!•..  iiiosi  of  tin  innse  i.s  l  uiici  nlratcil 
Pill  till  lo'A'esI  octave  haiid.  For  tin  li'c.her  oelavi  I'ai.d.s  llie  point  pplon.set  sluflstn 
III;, Is  ."  s|  I  p'.in.  Cl  i'll  i!i  's. 


Ul-t 


Tticsf  pri'iiininury  rc.sulls  svi'in  ic>  iiuliiait'  inut  ihr  lurbi’U'iU'i'  paft'ht's  have 
■sniaUc  r  clinioiisifn;:  at  liintu  r  vrltn  ity. 


!■  .  Skjdr/yk 

With  ^(•t^ard  to  ihe  dran-iioise  ratio:  tin-  rxtrapolation  is  very  hy|wt!utiv;\l  hut  is 
•soMiowhat  ill  aitri  inH  ni  with  exiMTinifiuai  icsulis.  As  lonn  as  noihinii  In  tti  r  is 
av.iilahh  we  fi  el  we  sliould  sink  to  that. 

Of  course  III),  spei'truni  iiiierpcil  ition  is  a;Aaiii  hiithly  hy])ulheucal  and  tht  only 
tliinu  1  am  really  .illowid  to  admit  is  that  the  i'xp<’riiiienlal  results  do  not  contradict 
our  IlD’ori'In  al  concept  at  tin  inonn  nt. 


Ili.i 


PRFSSURE  FLUCTUATIONS  ON 
THE  WALL  ADJACENT  TO 
A  TURBULENT  BOUNOARY  LAYER 


\t.trk  llarrisiin 

/><M  I  i  I  “t  Mfi>-  I  li  I N  I  *1 


A  luiiy  <lt\ ttiriyuUMit  !ii»uiu!.iry  1. a  /.vrn  presKun* 
luis  Ihhmi  stu<lu‘(t  hi  .i  stib?>otiu  wHidtuntu*!.  Dut  presHtirt*  flui  • 
<111  tlu'  ^^aII  at  tru'  \Mnci  tuntii*!  v,t  rt*  by  Ktnall  niibii* 

iTiouMtfd  tnu  ra|jii.iiu‘>>«  Data  i.>r  tKf  K{H'Ltral  uf 

llu*  ppffisurf  1  Itu  liiattafis,  IN  t  )  "V,;'  *.  ih  a  fum  lum  of  thr  lriqui*i»ty 

r).irariu*i»‘P  (  ’  1  a rt*  pn-hmlfd;  ivfi.  .  1'  ,.  *,an(l  !  ari»  p«*Kpi*ctJv«*ly 
tlu*  sjM‘<  tp.il  ,  tluid  ilrnsity.  *>«•*  htriMin  v«moi  il> .  layer 

(itspl.il  cMH'ut  I'l.ikiu  ss.  .Hid  tr»'qiu‘ru>.  Data  t«»r  llii*  i  oeft u  lent 


ape  alsti  ppesetitiMi,  llu*  tPatisvePM*  i  pass  i  nppelatian  loP  the  »  •ossUPe 
Htii  tuati'His  Mas  sUidied  1»)  usinu  two  tlush-iiiaunted  tnii mphoties.  Rather 
tij.in  liie  luiij^itufirual  i  r  is**  •  ■  •'p<»IatioM.  the  ioiiL'itudirial  t  poss  -  spec  t ral 
deflMt)  W.IS  sladled.  »  leldltli:  .i  HieaMlPe  .iI  the  tohereliee  of  tht»  pPeSSUPi* 
t  Itii  tualiotis  .it  twi*  p.iiat'i  a.'s  a  liirK'tloii  of  J\  1’^  ,  uiiere  \  is  the  lotiiiilu- 
duial  spai  if;;.'  ■. i:  tl  ♦  v  '  <  p.onl  s  aiifi  t \  h--  t «.<•  eftei  live  i  olive 1 1 ion  %  elm  it^ 
ol  the  s  p.it  la !  p.itle  »*n. 


INTRODUCTION 

Pn'.s.sui'rflui  iuiitiimsiud't'Hsarily  coi'xiKt  with  velocity  fluctuations  in  u  turbulent 
flow.  For  iiiconiprc.sMilile  flow,  the  pressure  and  velm  ity  arc  related  by  the  equation 

'•  h) 

whii'li  (’.ui  )><'  ulituini'ii  hy  tlir  ccnitinuily  uml  tlw'  Nuvii*r-Stukcs  cquatiuiis. 

The  siilulidii  to  lliifs  ('(|iuilioii  i.s  uivon  in  terms  of  mi  inti't;i'atiun  ovor  iill  spai-o  uml 
■shows  tlialfor  thiM  iiso  ol  houmlury-hiyor  flow,  Itic  vunisliini’uf  llu- vi'loi'iiy  fluctuation 
at  the  wall  tlo.-s  not  iiiiply  the  vuiil.sliiiii;  of  tile  pressurt-  fluctuations  at  the  wall. 

It  IS  tlicsi’  pri  ssiirc  thictuiitioiiK  on  the  wall  adj.n  -iit  to  llic  lui'lmlcnt  liounilary 
layer  tli.it  are  the  focais  ol  interest  in  this  study.  Some  m.-.iMiremcnts  of  the  I’harac- 
li  rislit  s  of  tliesi  pressure  lliietuations  ;iri' reported  and  tin- mi-.ininc  ot  tlie  nu-asure- 
nieilts  are  inierineicd. 
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I  111  n  .u'c  I  !' tl  n  .i.-iiii.s  till  I'  .  ,  II '  1  ii.  '  til  '  .n  i'  . . . 

I'lii  lliu  iiKiiiiiiis.  A  ilin  I't  .itiii  I'liiM  li;  I’l  •  '  a  i  <;.  (■  in  ti'.i,!.  'ii  .nMul  nn.M 

I'.li  In  Uli'.lc  .Ills  llnSS.  \V  Ill'll  n  Ulllulll  1.  '  •  .il'i.  i.i.ll  ll'.l'ljl .  .’'.\l!.'ll  ‘‘..M.  ’.M 

.llnlll'li  .i|  (I,.  'A.lll  ssilintl  I'l.sull.s  111'.  '!•  '  I  ,  U' '  I  ll.M  : .  ’  ■  '.ill' 

lii'i.  ■'I  ini  nl  III!  riniM  i  ’  ,i  ri  i  al !  h.i  '  ,  .mil.  ■  ’hm  .1  ■  lui"i  - 1.  .  Ki  an 

1  .J  ii.ii.  r.i' I'll  .1  thi'iin  li.'.ii  il.isi'ii!......  I'  I  "  :ii  .ll''l•lll  ,.M.i  .  ■.  'in  ii;'..  • 

I n'l  I  .it  a  111  1,1  I  'q .!  1  Min'  till  '.im  nl  tiinir.i  i  .1 .  .  .■ .  1  ;  lln'.'.’ . 

1  iii'i'i-  .U'l  .il 'Ml  liiiul.iti.i  in.il  ri'.i.'Mii.-'  ;n!  .  1  n.i.H'-i.  !  :  'la  (nii-.-.ii;.  i.-ul... 

1  ina^.  .issoii.itiil  ss  itli  1  nil  I'lili'iil  iinuini.irs  i.-'i;.  !  ii  1 '  ii-  1  m  >..1-  1  .iliii-  ni.n  1  .  .1;  :.l  . 
.1.''.  In  II  iw  I'lu'i'i'.y  i:  in'iiihK'i'il.  iiins'in  .1  ii;l..-"i.  iiai  '.Iihs.jm  .  n  in  ila  i.iil  ..  i.‘ 

iiniinilars  laynr.  In  iiai  lii'ul.ii'.  ilii  loli  1  i;i..':.ir'  Ihirr.ia!. ‘in'-  n.  bill  '.  aj'.iini;,  in.  n  ' 
.-lunil.  A!ilioti!;li  tlii.M  ss'nrk  il  ms  ini  nii'ii-.i;i  li.  pii'-sii'r  Inn  rant  inn.'-  iiisiili  1..1 
bnuml.iry  layt  r,  A  dons  i  iin.sunilc  a  si.ii'i  m.  ;l  1  ■  .1  .  s  la.ili  npiliq  prublniii  .uul  it  m 
III  ill'S'l'd  that  .1  flli'tlll  !'  (  \tnllSKill  nl  til.-'  .niIK  .Sili  |i;'.'.l  '  .llll.lllll'. 

To  obtain  tlin  data  li  r  this  rcpoit.  tlm  nnniut.ii;.  l.isi  i'nn  thn  ss'all  of  a  .subsoiiin 
wind  liiiimd  ssa.s  Htudiod.  I’ln.-.siiri  t:  aiisd.n  .  r-.  wiiiia  ii  y  small  antivi' ai'nii  ss'ern 
nini Idl'd  Hush  with  tlu'  '.sail.  Usiiiu  lon.'i  nti./.i.n  mhiiuI  .11  .liysis  nciiiipninid  lun.slstiiip 
nl  a  ii.in'im'  fanabln  I'iltnr  and  .in  niis  iik  li  r  it  '.s.is  iin.s.siiiln  to  obtain  tim  spi'i'tral 
dnii.sity  it'  tin  pi'i  .ssiirn  [Ini  tuations  .1  i.ioiid  1 11  ilii  'A  ail. 

liv  innasiiriny,  tlm  pri'ssurt  Hufiu.iiinns  in  tlii  tuia!  in  i|i.i  ni  y  I'lUtp.c.  it  was  pns- 
.sililn  to  nltt.im  till  mt  an-sfiuan  saliin  I'.n  tin  pn  ssiin  Ihi.  uiations.  This  vaUii‘  was 
also  chi'cK'nd  !)>  iid<  di'atiiii;  ovnr  tlm  Si«  l  ira'  d'-nsiiy. 

Iiy  usiiin  two  pi'i  ssui'n  transilunt  i  -  .iisi  suidyiii;:  tia  nurri'latioii  and  tlm  rross- 
spnntrai  density  lietweeii  tlie  pre.ssui'i  iini'titatinns  a'  tlin  two  points,  it  was  possible 
to  study  tlm  spatial  pattern  ut  the  pmsstitn  I'iu'  iiiaiioiiu  luid  how  rapidly  it  evolves  us 
it  is  I'OiiVeeted  downstream.  Uy  meahuj  inn  ilu  tirm  delay  nniessary  to  nnwimizc  the 
eorrnlation  between  the  two  |)oint.s.  it  was  possitil<  t  j  m.  a.sure  the  velocity  at  whieh 
the  pattern  was  eonveeted. 


KXPEUIMENTAL  Al'PAHATUS 


I  lU'  W  ind  Tunnel 


The  wind  tunnel  was  a  elosed-<  ii  nuii  sulisonie  tunm).  The  veloeity  ranpe  ol  the 
tunnel  was  from  50  to  200  It  .see.  Tin-  iiansverse  dirnensions  of  the  working  seetion 
were  20  by  15  inehes.  The  measurrnn  nts  wen  performed  on  the  Wiill  of  the  working 
seetion,  5  feet  downstream  from  th»  entr.men  no/,/.li'.  At  this  point  the  displaeement 
tliickne.ss  of  tiu'  lioundary  layer  was  0.105  im  h  .it  a  veloeity  of  100  ft  sec.  By  com- 
parint'  tlm  meaji  velocity  im-files  willi  tliose  .nvnii  Iiy  Klebanuff  lUid  Diehl  (3)  it  was 
judtted  that  the  boundary  layer  was  111  .irly  well  niioudli  develojii’d  lo  show  similarity. 
Unfortunately,  tlm  working  .‘^ei  tion  was  not  loim  nmiuuli  10  permit  wurkiiip  further 
downstream  so  .is  lo  prove  tl  at  the  Is.nndurv  l.ivnr  was  n,\|)ibitinp  similarity. 


Tile  Pressure  Triui.sdueer 

The  pressure  tr.insdueer  was  .111  ad'.iji'.iliini  ol  tin  .-Ml i  n  21-l'l{-18()  ii|)en-l.u'ed 
mil  rophone  (4).  Tliis  mierophom  ■.»a'^  modiliid  .is  -.liown  in  Kip.  1  to  prodm  e  Hie 
t.'-ansdiiei  r  used  lor  the  spectral  dei  sif.  ouMsiiri  an  ids.  different  iiuidif  ination  was 
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I  . 
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required  for  the  correlation  measurements.  In  both  cases  the  upper  frequency  limit 
is  determined  by  a  resonance  between  the  mass  of  the  air  in  the  orifice  and  the  stiff¬ 
ness  of  the  air  in  the  chamber  adjacent  to  the  diaphragm.  Well  above  this  resonance 
frequency  the  sensitivity  is  inversely  pro])ortional  to  the  frequency  range.  The 
resonant  response  wasdamped  by  a  cottonpiug  in  the  orifice  so  that  some  of  this  fre¬ 
quency  range  was  salvaged. 

For  the  correlatton  measurements  it  was  necessary  to  measure  at  two  iwints 
separated  by  a  small  distance.  This  necessitated  the  use  of  the  transducer  in  the 
form  shown  in  Fig.  2.  Unfortunately,  this  arrangement  resulted  in  a  much  lower 
resonant  frequency  due  to  increased  mass  in  the  tube.  Using  this  transducer,  arrange¬ 
ments  were  made  to  have  a  series  of  holes  spaced  at  0.12Sinch  apart  in  the  transverse 
and  longitu..Jial  directions  which  permitted  correlation  measurements  to  be  made  up 
to  1.5  inches  in  0.12S-inch  steps. 

The  sensitivity  of  the  transducer  was  -61  db  below  1  volt  fur  1  dyne/cm"’.  For 
the  spectral  density  measurements  the  usable  frequency  range  was  up  toSSOOeps  and 
for  the  correlation  measurementsthe  usable  frequency  range  was  up  to2000  cps.  The 
lower  limit  on  the  frequency  range  was  imposed  by  wind-tunnel  noise  ijid  not  the 
transducer. 

In  order  to  prove  that  the  active  area  of  the  transducer  was  sufficiently  small  to 
insure  that  the  pressure  was  coherent  over  its  entire  luce,  various  size  orifices  were 
used.  It  was  found  that  orifices  up  to  0.125  inch  in  diameter  were  satisfactory  for 
obtaining  the  data  on  spectral  densities.  Smaller  orifices  were  used  for  the  correla¬ 
tion  measurements  in  order  to  improve  the  accuracy  in  the  measurement  of  the 
separation  distance  between  the  trwsducers. 


L'loctricul  Equipment 

The  spectral  density  of  the  pressure  fluctuations  was  obtained  by  the  use  of  the 
Muirhead-Pametrada  wave  analyzer.  A  frequency  bund  of  a  nominal  10  percent  was 
used  in  the  analysis.  Tlie  levels  were  read  on  tlu'  Bulluntine  True-rms  voltmeter. 
In  the  section  giving  the  results  of  the  measurements,  the  details  of  how  to  obtain  the 
.spectral  density  from  tlie  oliserved  data  are  given. 

The  correlation  iH-tween  tin.’  pressure  fluctuations  at  two  points  was  measured 
using  rather  simple  apparatus.  Tlie  basis  for  the  methiHl  used  is  contained  in  the 
algebraic  identity 


wheif  !lM'  term  on  the  left  is  the  corn  latioii  lietveeii  ■  i  .uul  •  ...  The  bars  indic.ili 
time  averages.  ■  |  and  ■  .are  here  regarded  as  voltages  lliat  .ire  proportioiii'd  to  the 
fluctuating  pressures  '  aiKl  e  ,i  i  .  re.speclivi  ly.  wliere  Ihi'  sulisi  ripts  denote  tile 
two  points  at  whicli  tlie  measurements  are  performed.  Willi  relerence  to  Fig.  3,  tlie 
addition  and  sulilraciion  of  Hie  vidtages  were  aci  omplished  liy  Hie  li'iuisformer.  Tlie 
time  avi'rageswi  re  accompli.slii'dliy  tlie  llalltuitime  Triie-riiis  voltnieler.  wliosi'  time 
const  ant  had  been  increased  to  2. seconds.  TtiispnKluced  s.itislaclor.\  snioolliinj'.  ol  tlie 
llm  tiiatioiis.  Mi  a.-.urint'.  tlie  correl.ilions  is  tlieiia  m.itler  of  iiiakiiii, lour  meter  rc.ul- 
iiu's,  ■  I  '  '  .  .  '1  '  .  •  ■  i‘  •  'Old  .  ind  doiiu'.  tile  comput.itions 

indic.iled  by  the  al'ove  ali'.elti  .iic  ideiilil'.  . 
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riUKlomiu'ss  of  the  proi’ons.  This  intcrmitU'ni  y  i;avt'  prossufo  versus  time  records 
not  unlike  tliosc  observed  by  Klebunoff  (7)for  the  velocity  fluctuations  in  the  boundary 
layer.  This  type  of  twhavior  diminished  with  increasing:  frequency  and  was  not 
noticeable  for  values  of  I  '  I',  exceeding  4  10  Further  support  for  the  possi¬ 
bility  that  intermittency  plays  a  role  at  the  lower  frequencies  can  lie  found  in  the 
fact  that  at  these  frequencies,  the  measurements  of  the  convection  velocity  yielded  a 
value  of  about  ii.s  r  .  That  jiart  of  the  boundary  layer  that  moves  with  a  mean 
veloi'ity  of  o.s  c  i.s  .strongly  intermittent. 

The  v:Uidity  of  the  above  conjectures  could  bcestablisheii  by  reiieatint;  this  study 
usinn  fully  developed  pipe  flow. 

In  view  of  the  precedini’.  it  would  have  been  desirable  to  have  procured  data  at 
lower  frequencies.  Unfortunately,  this  was  not  possible  due  to  the  tunnel  noise  which 
limited  the  lowest  usable  frequencies  to  iMdweenlOO  and  200  cps.  The  sipial-to-noisc 
ratio  above  this  range  was  always  in  excess  of  20  db.  This  figure  was  obtained  by 
placing  the  pressure  pickup  in  the  middle  of  the  working  section  of  the  tunnel  where 
the  flow  was  essentially  laminar.  Actually,  some  noise  was  undoubtedly  induced  by 
the  flow  around  the  microphone,  so  that  abetter  signal-to-noise  ratio  might  actually 
have  existed  at  the  wail. 

Vibration  pickup  by  the  transducer  was  not  a  problem.  By  simply  plugging  up  the 
hole  in  the  trimsducer,  the  vil)ration  e.xcitatlon  could  be  measured,  which  in  this  case 
was  too  low  to  even  consider. 


Longiludinal  Cross-S|tectnd  Density 

In  this  work  it  was  decided  to  study  the  longitudinal  cross-spectral  density  rather 
thiui  the  longitudinal  correlation.  Since  this  is  a  novel  approach,  a  few  words  of 
explanation  are  needed  in  order  to  explain  the  measurement  procedure. 

The  cross-spectral  density  of  the  pressure  fluctuations  is  defined  as 
,  I  u-  I  a;  t '  u,  t 


where  the  asterisk  denotes  the  i'(/mplex  conjugate,  and  when- 
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with  the  suliscripts  1  and  2  denoting  the  two  observation  (xiints. 

Using  the  arguments  of  Kef,  5  which  show  that  thi'  specti.d  ilcnsity  and  the  auto- 
ciwrelaiion  .lie  Fourier  transiorms.  it  can  Ix' shown  that  the  cross  correlation  .uid 
the  c loss -spectral  density  aie  also  Fourier  transforms: 
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Sim  I  I’l  ,  I  IS  1  ipm|>li  \,  ai  ran  wrili 

I  I  .  I  I'l  •  I  pV,  ,  I 

whcrr  it  iolltiwsiniin  thi'ilrliMitii>li  <>1  i',_,  i  <  llial  llir  rral  functioius  ,  l  aiul  V,^  i 
arr  even  and  odd.  rcsiiort  ivclv.  Arrordiiutl;. ,  we  ran  write 


K'  j  ,  I  t  I  I  t  '  1 1  I  V j  t  I  s  1 11  ‘li  . 

This  last  eijuatnm  pi  ovules  the  liasis  for  an  expi'riinentul  nit'iliod  ol  measurinit 
file  real  and  iinapinai.%  parts  of  the  rross-.s|Mirti"il  densitv.  If  fhe  cross  correlation 
is  measured  with  zero  lime  dcla>  ,  then 


If  the  cross  correlafion  is  ineasuied  in  a  narrow  iiand  of  frepjuencies  i  as  shown  in 
Kii;.  3.  then 


where  •  denotes  the  cross  cut  relation  measured  in  the  narrow  f.eiiuencv  band. 

The  real  part  of  the  normalized  cross-s|)t‘ctral  density  i,_,  i  >  is  then 


Similarly,  v,  r  t  i  is  obtained  by  usinit  a  time  delay 


4i 

wltere  t.,  is  here  the  midband  freiiurncy  of  the  narrow  filter.  TIh*  Imaginary  part  of 
the  normalized  cross -spectral  density  v,  r  1 1  is 


It  is  noted  that  tlif  measurement  of  u,  a  i  i  and  v, ,  t  i  yields  more  information 
than  till'  moil'  commonly  measured  normalized  cross  correlation  since  tlu'  normal¬ 
ized  ('ross  correlation  may  be  olitained  by  intettraliun. 

For  this  work  I'li  1 1  l’,<  t  ,  since  the  two  measuir'menl  (leints  are  sufficiently 

close  toi'elher  that  the  Isiundary  layer  has  nut  ehantted  in  character. 

Till-  real  imd  imaitinary  parts  of  tiu'  «-ro.ss-s|jeclral  density  as  a  function  of 
i„x  o.si',,  are  shown  in  Fii;.5.  TIk'  di.sliuice  lieiween  the  two  measurement  points  has 
lH?eii  desittnated  as  x,  and  tlie  midbiuid  frequency  of  the  narrow  filter  has  iH'en  desip- 
iiiiti'd  as  I  .  The  factor  of  w'll  now  Is'  accounted  for. 

liy  iiieasuriii);  the  cross  correlation  in  a  narrow  Inuid  of  frequencies,  luid  by 
determiiiiiU’,  the  time  delay  T  that  m.i-Nimized  this  correlation,  lui  effective  convection 

tlf) 
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i '  r  -t  r  I’  I't  iii  I  ii  r  iriil  Houixi.iry 

VI  ii)i  it\  I  \  :  of  llu'  siiii'tral  patti'rn  was  dotormiiu’cl.  For  all  frcquencit'S  up  to 
2ti0(i  ( |)s  (llic  uppor  limit  of  Iho  triuisduror  for  (11^:  cirrunistaiico),  11  was  found  that 
Itii'  I’onvi'i  iion  voloi  ily  was  about  "  ''  i  It  was  cxpcctc-d  that  tho ronvoction  volocity 
wjiild  (li  i.'ri'asij  with  iiu.roasinp  vaiaos  of  froquenry  as  aionsoquenroof  thoquudrupole 
iiatiiri'  of  the  riflit -liand  torni  in  ^:q.  (1).  The  nieasuromont  prorcduro  was  not  suffi- 
rii'iilly  iiroi  inc  loi  o'  cal  surh  a  relationship  eventhoui'li  tin  re  is  reasonable  eertainty 
of  its  l•xlsll  nri . 

It  eaji  be  seen  tliat  lliespatitd  patternof  the  pressure fliietuatlons  is  not  eonveeted 
downstream  as  tliou^li  it  is  fro/a-n.  If  this  were  so,  the  real  part  of  the  normalized 
t  russ-speetr;il  density  t  aji  tie  shown  by  a  t.imple  eomputalion,  for  the  ease  of  a  filter 
witli  a  rei  laainilar  fnnuenty  ."e.-ponse.  to  lie 
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where  tlie  first  factor  on  tlie  riplit  is  an  i  I'l  i  t  due  to  t*i<  fm  n-  li.otUv,  idtli  i.  Sinee, 
in  tliese  measureiiii'ilts,  a  eonstiuit  10  pt  rt  eei  ‘laiidwnlll'.  ■  'ist  d.  lliis  laetor  is 
nenlidi'ily  different  frotii  unity. 

The  departure,  for  tlie  real  part  of  the  data  of  Kii;.  u.  i vii  ^  i  >•  i  is  a 

measure  of  tliedeVi  lopiiient  of  tm  un<  on  elated  eoinpomni  in  toe  pn  s'.aie  .''1  iiia.it  ions 
durinp  its  travid  from  ilie  ujistream  to  the  downstream  me.i."  ni-mt  .a  i.oini, 

A  na  asun  for  tlie  uiu.  orrelaled  eomponeni  ean  be  to:  aiui.iii  d  m.it’a  i;..i' icaJly, 
The  downstream  iiressure  fluctuation  pj  t  can  lie  resolve..  .,iio  iioi  < ■•.lo.oon.'nts 
W'liose  cross-speetrai  den.siiies  with  the  upstream  pressiirt'  tl,  .  iiiai'i  ,•  a  <  ii  spec- 
lively,  ri  al,  imaginary,  and  zero.  Tlial  is. 

.  I  1  I  t  ‘ 

w  liere  r,  '  1  ..  I'l  iV|  ,.  r,  '  .  The  v;uii.-liint;  ol  the  spenial  dens.i ,  i  (n,r - 
.dent  to  s.iyinu  that  the  corn  lation  for  t-i"  and  is  zero.  ’1111.“  resolati.  '  in  In 
elfi  rtt  d  asinp  the  'lefinition  lot  i  ross-spevir.ii  density.  Tlie  siieetral  deiisiM  -  f.i; 

•  ,  .L'ld  I  are 
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a;'i  ■.mill  oinpuled  mil  lies  III  till  nu.isiireii  li.ii.i  :  .  •  .  I  ii"  l  i  v,  , 

i'‘  1  ii.ip.'  ol  '.re.ilei  iiiteii  SI  IS  the  iiualitit. 
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Tlu'i'i'  art'  scviTiU  ini|)()r(.uil  iiniitutiuiis  in  tlif  data  j)res(^nt«'d  in  Kit?.  5.  _Oiu' 
ticiul  in  the  data  that  isd«'.siral)lc  to  invostittatc  is  tlu’fffi'i't  of  tiio  parameter  t  '  t'„. 
Unfurtuiiatc'ly,  the  tr:uindueer  used  f<»r  tht  cross-spei'tral  density  measurements  had 
a  usable  trequeney  rani?e  up  to  only  2000  eps.  Consequently,  only  the  flat  part  of  the 
spectral  density,  as  shown  in  Kit?.  4,  could  be  investittated.  The  iqiper  limit  of  2000 
c|)s  .set  ;ui  upper  limit  on  i  ‘  i  .  between  0.083  and  0.33.  As  ciui  be  seen  in  Fit;,  4, 
this  does  not  permit  investittation  of  the  cross-spectral  density  of  the  pressure  fluc¬ 
tuations  in  the  rantte  where  the  s|H'(lr.il  density  is  rapidly  dec  reaslnt;  with  frequency. 
With  reference  to  the  velocity  fluctuations  in  the  boundary  layer,  the  rei;ion  invcstl- 
t;atcd  corresponded  to  the  rettion  wlH>re  the  velocity  spectral  density  is  described  by 
the  -5  3  law  where  inertia  forces  dominate.  It  would  be  interestint;  to  procure  data 
tor  the  cross-spectral  density  in  the  ranc.e  wluTe  fiscous  forces  dominate. 


lllK  TRANSVKftSK  COHHFLATION 


The  transverse  correlation  was  measured  usint;  the  equipment  of  Fli;.  3  with  the 
wave  analyzer  omitted  The  data  are  pre.sented  in  Fit;,  7.  Unfortunately,  these  data 
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have  not  been  checked  carefully  since  thc-y  wi-re  taken  on  the  last  Jay  the  wind  tunnel 
was  available  for  this  work.  Since  we  are  not  concerned  here  with  the  convection  of 
a  nearly  frozen  pattern,  the  cro.ss-spectral  densities  were  not  investlRated.  For  tht' 
puriiose  oi  a  i  ross  check,  liowever,  it  would  have  Ix-en  valuable  to  have  obtained 
these  data.  Another  limitation  of  the  data  is  that  their  variation  of  speed  was  not 
checked  bei'ause  of  limitations  on  e.xperimental  time. 
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DISCUSSION 


W.  Willmarlli  (Uiiivor.sity  of  Mtrhiuan) 

I  think  Dr.  Harrison's  work  is  a  viluultli'  rontriljulion  to  tlir  (  Xistiiii;  meusure- 
nu.nt.H  of  tilt  wall  pr<  sstirc  flurtuations  in  a  turtiulont  ••ountlary  layrr.  1  would  like  to 
state  tliat.  in  t't'iu'ral,  liis  r.Nperimt  nts  ai;rrr  witli  tliu.sr  that  1  liid  at  thr  CaUfornia 
Iiistituti  of  Tertinolo^ry  wliirh  will  soon  l»r  availaldi  as  an  NACA  Irrluiiral  notr. 


ilowi'Vir.  1  would  like  to  point  out  liial  Dr.  Il.irrison’is  value  lor  ilie  root  mean 
squal  l'  iiressure 


-1 

is  i'on.siderably  higher  (9.5  •  10  )  th.iii  the  value  1  lound  (6  '  10  )  and  hiitlu  r  than 

the  value  found  by  otliers  {•  4.5  10  '  >  m  unpul>li.shed  NACA  terliniral  notes.  1  don't 

know  wliv  tlii.s  di.srrepanry  r.xi.sis. 

•M;.  iiu  asuremer.ts  of  tile  nondimensiunal  .spei  tra  are,  ol  rourse,  lower  than 
Dr.  Harrison's,  liut  sliow  qualitalivi  ly  ilie  same  lieliavior  al  low  valuesof  the  Strouhal 
numl'i  r  (  '  e  ).  1  was  aliU'  to  measuri  the  spe«  tra  al  various  stream  velix-ities  and 

bouiula.'v  layer  tliirknesses.  Tin  data  .ire  shown  in  Fii;.  Dl.  It  ran  lu'  .seen  that  the 
Ii4’li-irequenry  n  .s|Kinse  is  afferled  b>.  tin  size  of  the  Iransdiirer.  1  have  attempted 
10  na  rert  these  sjierl r.i  iisinr,  llu  melhodof  Uberoi  and  Kovasz.nay*  with  the  assiimp- 
lioa.-'  that  the  entire  pressure  paiteri.  is  "Iro/.en'  .mil  passi  s  by  ihe  Ir.uisdurrr  .it 
O,.'!!  .  andth.it  the  statist;  il  propi  iiics  of  the  pressur.  have  r.idi.il  symmetry  in 

till-  ronidinale  sislem  movie.',  .i!  0  H.'t  '  .  'I'lir  reMiils  .ire  sliowi.  o.  1  i".  D2. 
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Fiii.  DJ  -  C  iirrt'i  l*  <i  niirtlini^'n^U'iiai 
t»l  Tm«'  a. ill 


The  nundtmensionul  spectra  uiid  spatial  correlation  in  Fit;.  2  are  defined  by  the 
relations 


'  ,  l'  K  r 

»  1-  . 
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llL'r(3  iii  till'  two  dimensiunul  six-ctruiii  in  witvi'-iiumlM-r  .spai'i'  and  i-:  is  tiu'  prt'ssurt' 
Lorrclation  with  ri-spnct  to  distaiu’f  ulonc  the  wall.  It  I'an  lie  .sci'ii  in  Fi^;.  2  that  tIU' 
"c-orri'i  tt  U"  s|M't;tra  an-  not  in  aKri-i'iiu-nt  for  llii'  various  ratios  of  iransdio-cr  radius 
to  displac'cnu'nt  thickness,  >, 

I  Iwlievc  this  is  caused  by  the  lower  eotiveclion  velocity  of  the  small-scale  pres- 
suri'  lluctualions.  The  reasoiiinp  is  as  follows;  if  eviTvihiiu;  is  moviii)'.  at  0.83  f 


2 


Prr^sur*'  l-'hu'tUt»tj<>iiH  in  Inrbuii-nl  !ii»uniJ.tr>  I^.ivi-r 


Ihpn  the  wave  number  is  t;ivcn  by  k  'i.k.iiJ  ii  ,.  The  correction  factor  for  the 
spectra,  which  takes  into  account  the  transducer  size,  turned  out  to  be  quite  small 
even  for  the  hi|;hest  frequencies  or  wave  numbers.  The  corrected  data,  however, 
obviously  still  depend  on  the  transducer  size.  Thus,  the  wave  number  at  high  fre¬ 
quency  must  be  much  smaller  and  that  means  that  the  convection  velocity  must  lx; 
considerably  lower  than  0.83  i;,  for  the  high  frequencies. 

Finally,  I  think  that  we  have  found  out  something  about  the  turbulent  bourn  iry 
layer  when  we  see  that  the  cross-spectral  density  of  the  pressure  is  a  function  of  the 
parameter  .>  (i.n.i  r..  Both  Dr.  Harrison  and  1  are  in  agreement  on  this  point.  My 
measurements  of  the  cross  correlation  of  the  pressure,'  see  Fig,  D3,  taken  at 


F'Ai.  •'  (’rtt.ss  t*i»  r  Trial  UMi  *it  lia-  iirr^suri' 


tw.  W.  Willinarlh,  "S|i«ur-'I  nii»*  ( a»r  n  Uitnais  t»l  thr  I*  luiltiatinc  'Afill  I  *t»  w  in  .i 
Tiirlmlriil  |i(aiii<ifiry  l..tyrr,''  J.  A'-rfit-i'!*,  Si  i  Vi>I.  Nf.  Mav.  i**"'*'. 


12:1 


i\! .  I  Lir  nstiii 


velocities  between  three  and  seven  times  that  of  Dr.  Harrison's  slreani  velocity,  can 
be  written  as  the  f'lnction  K  n.s.i  r  i  \  .  which  means,  in  my  case,  that  the  cross- 
spectral  density  (i.e.,  the  transform  of  the  cross  correlation)  can  be  expressed  as 
the  function  ( x  h.m  r  ,  m,  ,  ;x  \  n.h.i  r,),  1  do  not  understand  why  Dr.  Harrison's 
results  do  not  show  this  additional  dcpendance  on  x .  1  believe  this  is  aii  important 
result.  It  means  that  the  low  frequency  or  larger  scale  motion  dies  out  much  more 
slowly  than  the  small  scale  motion,  and  that  the  rate  of  decay  of  a  disturbance  of  any 
given  scale  is  related  to  the  distance  it  travels  downstream. 


M.  Harrison 

As  Dr.  Willmai'th  pointed  out,  in  the  flat  pai  t  of  the  speidrum  you  might  expect 
the  convection  velocity  to  travel  because  of  the  scale  over  which  the  velocity  is 
fluctuating.  The  very  high  frequency  components  on  the  part  of  the  curve  that  is 
falling  might  be  related  to  a  region  approaching  the  inner  part  of  the  boundary  layer, 
but  not  really  there,  so  you  might  expect  the  convection  velocity  for  the  spatial  pat¬ 
tern,  which  is  made  up  of  higher  frequency  components,  to  travel  at  a  higher  velocity. 
1  tried  to  measure  that  but,  unfortunately,  from  the  way  my  pressure  components 
were  constructed  when  1  used  them  for  making  the  wind  tunnel  measurement,  I  had  a 
much  lower  frequency  range  t/x  work  in.  So,  1  may  add,  all  my  measurements  on  the 
cross-spectral  densities  were  really  over  the  flat  part  of  the  spectrum.  Conr'xquently 
I  wasn't  able  to  measure  the  convection  velocity  very  far  down,  where  the  spectrum 
is  falling ano  1  got  essentially  a  constant  convection  velocity  with  a  isllght  tendency  to 
fall  for  the  higher  frequencies,  or  higher  wave  numbers.  This  was  rather  marginal 
so  !  didn't  report  it  because  I  wasn't  sure  whether  it  was  real  or  Just  an  experimental 
error. 


H.  S.  Ribner  (University  of  Toronto) 

Given  two  tiiicruplioiies  at  a  specified  separation,  Willmarth  measures  the  product 
signal  us  a  function  of  time  delay.  Hiirrison,  on  the  other  hand,  puts  the  product 
signal  through  a  tuned  filter  and  measures  a  spectral  density,  with  and  without 
selected  time  delays.  Harrison  is  to  lie  commended  for  developing  this  cross- 
spectral  density  technique.  He  has  given  a  very  nice  demonstration  that  his  cross- 
spectral  density  and  Willmarth's  space-time  correlation  must  he  Fourier  transforms 
of  each  other. 

Harrison's  experimental  cross-s|icctral  'density  functions,  as  plotted,  look  like 
damped  cosine  and  sine  functions.  The  paireu  curves  exhibit  a  damping  factor  that 
varies  as  the  product  i  ,x.  The  Fourier  transform  of  a  function  that  simulates 
Willmarth's  measurements,  on  the  other  liand,  shows  a  damping  depending  on  t„  and 
X  separately.  Moreover,  the  inverse  Fourier  transform  of  Harrison's  curvesappears 
to  become  infinite  at  the  origin,  which  is  inadn 'tsiblc.  One  wonders  if  Harrison's 
two  curves  should  not  really  be  two  families.  With  damping  depending  separately  on 
I  and  X  in  each  family.  More  combinations  of  i  and  x  in  the  ^ta  points  are  needed. 


O.  M.  Phillips  (.lohns  Hopkins  University) 

This  paper  provides  a  clear  verification  of  thi'  concept  of  convection  velocity  of 
the  surface  turbulent  pressure  fluctuations.  This  is  central  in  Lighthill's  theory  of 
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aerodynamic  sound  and  in  recent  attacks  on  the  problem  of  wave  t;eneration  by  tur¬ 
bulent  wind  blowing  over  a  water  surface. 

Tliere  are  two  remarks  that  I  should  like  to  offer.  The  first  concerns  the  theo¬ 
retical  prediction  of  the  instantaneous  pressure  covariance  on  a  fixed  surface  when 
one  point  is  held  fixed  and  the  other  is  integrated  over  the  entire  plane.  This  pre¬ 
diction  has  been  made,  under  conditions  of  increasing  generality,  by  Phillips,^ 
Kraichnant  and  Phillips,  and  expresses  the  fact,  required  by  the  incompressibility 
and  boundary  conditions,  that  the  inean-square-llnear  momentum,  per  unit  area  of 
the  boundary  layer,  normal  to  the  surface  vanishes.  It  requires  that  the  surface 
pressure  covariance  should  be  somewhere  negative  to  balance  the  positive  contribu¬ 
tions  to  the  integral.  Figure  7  of  this  paper  gives  little  indication  that  the  transverse 
correlation  will  be  negative;  it  is  still  about  0.2  for  x  .  *  =  10.  Perhaps  the  longitu¬ 
dinal  instantaneous  correlation  has  negative  regions.  Unfortunately,  Dr.  Harrison's 
data  do  not  appear  to  bear  on  this  question.  The  theoretical  result  appears  to  be 
sound,  but  we  would  be  happier  with  experimental  confirmation  (or  denial!)  of  it. 

The  second  remark  concerns  the  spectral  densities  shown  in  Fig.  4.  The  pres¬ 
sure  fluctuations  arc  associated  with  the  turbulent  velocity  fluctuations,  whose  mean- 
square-magnitude  is  prc^ortional  tothe  square  of  the  friction  velocity  I''.  One  would 
e.xpect.  therefore,  that  this,  rather  thani’„,  would  be  the  relevant  velocity  scale  to  be 
used  in  making  I’  1 1  dimensionless.  If  this  minor  modification  is  ma  le,  it  is  found 
that  the  points  for  i'  i.Sfui  .  m  s. .  arc  raised  by  about  30  percent  relative  to  those 
for  r  fii'iifi  ,  •  s, .  ,  and  those  for  f  .vmii  ,.,i  « .  by  about  15  percent,  bringing  the 
three  sets  of  results  into  very  close  coincidence  over  the  flat,  low  frequency  range 
and  removing  the  apparent  Kcynolds  number  effect  indicated  by  Fig.  4. 
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THE  FLUCTUATING  SURFACE  PRESSURE 
CREATED  BY  TURBULENT  BOUNDARY  LAYERS 
ON  HYPERSONIC  VEHICLES 


Kfinaind  K*  C'.iU.ighati 
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Tlu’re  arc  a  great  number  of  specialized  prublenis  which  result  from  flight  at 
extremely  high  speeds.  Some  of  these  problems  are  new,  others  are  merely  magni¬ 
fied  liy  the  higher  speed:  .  The  fluctuating  surface  pressures  generated  by  subsonic 
turbulent  boundary  layt\  >  is  received  considerable  attention  In  recent  years.  These 
fluctuating  surface  pressures  arc  transmitted  through  the  vehicle  skin  and  result  in 
high  internal  noise  levels.  The  current  crop  of  Jet  transports  has  required  consider¬ 
able  insulation  to  minimize  tills  effect  and  achieve  reasonable  passenger  comfort. 
The  question  arises  then  as  to  what  levels  might  lie  expected  by  flight  at  hypersonic 
speeds.  It  is  the  purpose  of  this  paper  to  make  some  estimates  of  the  order  of  mag¬ 
nitude  of  the  levels  which  might  be  expected  for  several  cases  of  current  interest. 

The  fluctuating  surface  pressures  created  b>'  a  turbulent  boundary  layer  are,  of 
course,  dependent  upon  the  physical  characteristics  of  the  boundary  layer,  A  con¬ 
siderable  body  of  data  now  exists,  which  relates  these  surface  pressures  tu  the  local 
flow  conditions  for  the  case  of  subsonic  turbulent  flow  over  a  flat  plate.  In  general, 
these  results  show  that  the  root  mean  square  of  the  fluctuating  pressures  on  the  sur¬ 
face  are  directly  proportional  to  the  local  dynamic  pressure  of  the  flow  and  are 
largely  independent  of  both  Keynolds  and  Mach  numbers.  This  general  result  stems 
from  the  fact  that  turbulent  boundary  characteristics  over  flat  plates  change  only 
slowly  with  both  Tlcynolds  and  Mach  numbers.  If.  fur  example,  we  take  the  skin 
friction  coefficient  as  a  measure  of  boundary -layer  characteristics  we  can  see  that 
only  small  changes  occur  over  wide  ranges  of  Reynolds  and  Mach  numbers.  Indeed, 
if  we  look  at  dimensionless  veloelty  profiles,  either  mean  or  turbulent,  we  see  that 
such  relationships  are  quite  generai  in  nature.  Hence,  the  fact  that  the  dimensionless 
ratio  of  root-mcan-square  'liictuating  surface  pressure  to  stream  dynamic  pressure 
is  essentially  constant  for  the  ease  of  subsonic  turbulent  boundary  layers  on  flat 
plates  or  slightly  curved  surfaces  is  not  surprising  and,  in  fact,  provides  a  clue  that 
subsonic  results  may  In'  extrapolated  to  hypersonic  .speeds  for  cases  where  the 
boundary -layer  characteristics  are  not  greatly  altered  by  effects  of  cooling,  pressure 
gradient,  or  gas  dis.sociation. 

The  data  to  date  are  ,summari/.ed  in  Table  1.  The  agreement  is  excellent  even 
though  the  tests  were  made  in  widely  varying  environments.  The  data  of 
Wiilmarth  was  obtained  in  a  small  4-inch-diameter  pipe.  The  data  of  Serafini  was 
obtained  in  a  specially  designed  rectangular  acoustic  channel,  8  ■  18  inches.  In  these 
tests  the  prf  ssuri'  gradient  was  controllable.  Thi  flight  data  of  Mull  was  obtained  on 
the  wing  and  fuselage  of  a  jet  aircraft. 
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Table  I 


Ratio  of  Rout -Mr  an -Square  Flurtuatinq  Surlate  Pressusr  p  to 
Stream  Dynamic  Pressure  i|  from  Various  Soui'tcs 


1  p 

n 

Mach 

number 

Reynolds 

number 

Pressure 

Gradient 

Type  of 
Test 

Author  ' 

'  3.5  10  - \ 

0.3  to  0.8 

1  to  20  lO'- 

Favorable 

Channel 

Willmarth  - 
NACA  TN  4139 

5.0  10-' 

0.65 

10  to  100  iO'' 

None 

Channel 

Serafini  -  i 

NACA  unpublished 

'5.0  10' 

0.3  to  0.8 

2  to  20  10' 

Fdvorablr  or 

nonp 

Flight 

Mull  - 

NACA  unpublished  ; 

6.0  10  ' 

0.3  to  0.7 

2  to  20  10'’ 

Favorable 

Channel 

Willmarth  - 
NACA  unpublished  j 

It  would  appear  that  a  mean  value  of  about  4.5  10  '  could  be  chosen  to  repre¬ 

sent  all  these  data;  especially  when  It  Is  remembered  that  all  these  data  were 
measured  usint'  micrpiihones  and  the  results  measured  in  decibels. 

If  we  choose  the  ratio  of  p  f|  -  4.5  10  '  and  assume  that  this  ratio  holds  even 

at  hypersonic  speeds,  then  it  is  obvious  that  the  hiithest  values  of  p  will  be  obtaiited 
when  n  is  a  maximum.  With  this  in  mind,  let  us  consider  what  cases  might  currently 
be  of  most  interest.  Two  Immediately  come  to  mind;  the  high-speed  nose-cone 
reentry  and  the  take-off  of  a  powered  rocket.  At  the  present  time  we  can  probably 
ignore  the  problems  which  might  arise  from  sustained  flights  at  hypersonic  speeds. 
In  this  instance  a  great  number  of  other  problems  must  be  solved  toforc  continuous 
flignt  at  Mach  numbers  greater  than  S  will  be  achieved. 

We  will,  therefore,  limit  the  discussion  to  the  reentry  of  manned  or  unmanned 
vehicles  and  to  the  take-off  and  climb-out  phase  in  powered  flight.  First  let  us  con¬ 
sider  the  unmanned  vehicle,  l.e..thc  ballistic  missile,  since  this  represents  a  some¬ 
what  different  problem  than  the  manned  vehicle.  The  principal  difference  is  in  the 
deceleration  rates  which  arc  permissible.  This  aspect  is  not  too  Important  fur  the 
unmanned  vehicle;  but  it  is  extremely  Important  in  the  case  of  a  manned  vehicle, 
particularly  ifwe  expect  the  occupant  to  perform  a  useful  function.  Even  if  the  occu¬ 
pant  is  a  passenger  only,  he  would  probably  object  strenuously  to  being  both  squashed 
and  fried. 

Let  us  therefore  look  at  the  nose -cone  reentry  problem  and  see  what  is  involved 
and  whether  it  appears  likely  that  we  can  make  such  a  calculation  with  some  hope  that 
the  results  arc  correct.  Considerations  other  than  noise  have  determined  nose-cone 
shape,  that  is.  heat  transfer.  In  order  to  keep  the  heat  transfer  rates  to  the  vehicle 
surfaces  to  acceptable  values,  current  considerations  dictate  a  blunt-nosed,  high-drag 
body  such  as  shown  In  Fig.  1 .  Such  a  shape  has  a  very  strung  shuck  wave  ahead  of 
it  and  even  though  the  stream  Mach  number  is  of  the  order  of  2U,  the  flow  field  between 
the  body  and  the  shuck  wave  is  subsonic  or  slightly  supersonic.  As  a  result,  it  shtxild 
be  possible  to  use  the  results  presented  in  Table  1  with  an  excellent  ex|)ectation  of 
obtaining  the  correct  result,  FurtJicrmure,  the  pressure  gradient  around  the  b<Niy  Is 
favorable  and  it  wculd  be  expected  that  the  boundary -layer  characteristics  winild  no) 
be  greatly  different  Irum  subsonic  results.  Considering  then  the  case  of  such  a  body 
reentering  the  earth's  atmo.sphere,  we  will  use  the  following  notation  to  describe'  tlm 
quantities  of  intere.st. 
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SHOCK 
51  »E  AMlINE 
BOUNDAPV  LAVEP 


NOSED  BODV 


p  s  4  5  I  ‘0  ^  q, 


t'ii:.  I  -  I'll ufit -fwi 


li  (xmIv 


I  yjx- rMmu 


The  subscript  I  refers  to  conditions  immediately  behind  the  shock  at  the  nose. 
The  subscript  relates  to  local  (conditions  between  the  shock  wave  and  the  boundary 
layer,  aft  of  the  nose.  Slnc'  the  root-mean-square  pressure  p  is  linearly  related  to 
'1,  the  point  on  the  body  of  most  Interest  is  where  the  value  q.  is  a  maximum. 

At  high  Mach  numbers  an  extremely  stronc  bow  wave  precedes  the  body  and  the 
value  of  M,  is  about  0.4  for  a  range  of  stream  Mach  numbers  from  4  to  20. 

If  we  follow  the  path  of  a  streamline  through  the  shock  and  around  the  body,  we 
get  the  following  picture;  Streamlines  which  go  through  the  shockwave  near  the  nose 
are  bent  and  flow  around  the  body  between  the  shock  wave  and  the  boundary  layer.  As 
a  streamline  moves  around  the  body,  the  flow  speeds  up  but  the  total  pressure  along 
the  streamline  is  essentially  constant.  If  we  take  a  stieamline  which  lies  close  to  the 
boundary  layer,  we  see  that  such  a  streamline  crosses  the  shock  wave  very  near  the 
stagnation  streamline  and  hence  we  can  assume  ti.;>^  the  total  pressure  M.  along  this 
streamline  behind  the  shuck  Is  essentially  equal  to  the  total  pressure  of  the  stagna* 
tion  streamline  behind  the  shuck  li,.  With  this  assumption,  the  total  pressure  of  this 
streamline  behind  the  shcKk  can  U>  calculated  quite  simply  from  the  normal  .shuck 
relations.  The  compressible  flow  relations  tell  us  that  the  maximum  value  of  'i  for 
a  given  total  pressure  H.  or  M|  in  this  case,  occurs  at  a  Mach  number  of  1,415.  This 
then  determines  our  point  of  interest  and  is  iiKiependcnt  of  the  geometry,  l.e.,  we  don't 
need  toknow  the  exact  shape  of  the  nuse;  we  will  pick  the  particular  polntwhere  maxi¬ 
mum  >1,  is  obtained.  This  value  is  uniquely  related  to  ll,  at  a  value  of  M.  =  1,415  and 
the  ratio  ri,  il,  =  0.4312.  It  should  bi;  noted  that  the  calculation  procedures  used  here 
do  not  account  for  any  effects  associated  with  extremely  hi(rh  temperatures,  such  as 
dissociation  or  variable  ratio  of  specific  heut.s.  It  Is  felt  that  all  such  effects  would  be 
small  in  terms  of  the  final  answer,  which  N  c  rjulred  only  toperhaps  the  nearest  *3  db. 


If  we  concern  our.selves  only  with  the  maximum  value  of  i|.  and,  hence,  the  max¬ 
imum  root-mean-squarc  pressure  at  the  surface  i<  It  is  possible  to  calculate  p  during 
reentry  using  the  normal  shook  relationships  and  the  reentry  calculation  procedure 
described  by  Allen  and  Fggers  in  NACA  TN  4047. 
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Allen  and  E^gers  derived  an  equation  which  yields  the  velocity  at  any  point  along 
the  trajectory  from  reentry  into  the  atmosphere  until  Impact.  The  velocity  at  any 
point  was  found  to  be  dependent  on  the  initial  velocity  at  reentrance  V,..  and  a  param¬ 
eter  herein  designated  as  .  The  parameter  describes  the  characteristics  of  the 
vehicle,  l.e.,  Its  drat;  coefficient  c^,  its  mass  m,  its  area  A,  and  its  reentrance  angle 
into  the  atmosjjhere  ^  .  It  can  be  assumed  that  over  the  trajectory  range  of  interest, 
i.e.,  where  the  Mach  numbers  and  q,  values  are  high,  that  '  Is  essentially  constant. 
That  is,  fur  a  given  missile  does  not  vary  along  the  trajectory.  Knowing  the  rela¬ 
tionship  between  vehicle  velocity  and  altitude,  an  equation  relating  local  dynamic  pres¬ 
sure  and  altitude  can  be  derived  in  terms  of  parameter  .  and  reentrance  velocity  v,... 

Figure  2  shows  the  variation  of  <1.  withaltltudc  fora  reentrance  velocity  of  20,000 
feet  per  second  and  fur  several  values  of  parameter  . .  The  vehicle  reeni  .*s  the 
atmosphere  at  approximately  200,000  feet  and  plummets  toward  the  earth.  The  values 
of  '  increase  to  a  maximum  and  then  decrease.  The  peak  or  maximum  value  of  i|, 
along  the  trajectory  is  dependent  on  .  High  .  values  give  low  maximum  values  which 
occur  at  relatively  high  altitudes,  whereas  low  values  give  large  maximum  values  of 
q  which  occur  at  relatively  low  altitudes.  High  values  give  rapid  vehicle  decelera¬ 
tions  at  high  altitudes  where  heat  can  be  radiated  rapidly  away  from  the  body,  which 
is  desirable  from  heat  transfer  considerations.  The  high  vehicle  deceleration  at  high 
altitude  results  in  lou’  velocities  at  low  altitude,  which  may  nut  be  dcsiiablc. 

In  any  case,  the  maximum  values  of  i  shown  here  are  much  higher  than  anything 
heretofore  experienced.  Even  with  a  value  of  7000,  the  peak  <i.  is  over  4000 
puund.s  per  square  foot,  which  is  five  to  ten  times  the  values  to  which  we  are  normally 
accustomed.  The  sound  pressure  levels  associated  with  values  of  i.  using  p  -  4.5  - 
10  '  '  are  shown  on  Fig.  3  where  sound  pressure  level  Is  plotted  as  a  functio  of 
altitude.  The  reentrant  velocity  for  these  curves  is  20,000  feet  per  second.  Curves 
ai  (  .shown  for  values  of  7000.  4000.  and  1000. 

It  can  lx-  seen  from  this  figure  that  one  result  of  achieving  low  .  values  will  be 
iMcr<'aslng  values  of  surface  sound  pressure  level.  For  example.  If  a  value  of  1000 
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is  achieved,  the  maximum  soundpres- 
iiure  level  will  be  170  db.  This  is 
extremely  hiffh  and  might  well  result 
in  structural  deterioration  of  the 
vehicle .  This  is  particuiarly  true  since 
other  forces  and  temperatures  are 
also  .i  near  maximum  values  at  this 
same  stage. 

One  important  lactur  which  must 
be  considered  is  the  exposure  time. 

For  a  value  'f  of  7000  the  time  for 
the  vehicle  to  fall  from  say  140,000 
feet  to  50,000  feet  is  perhaps  30  sec¬ 
onds,  For  a  value  of  1000,  the  time  fur 
the  vehicle  to  travel  from  140,000  to 
40,000  feet  Is  of  the  order  of  IS 
seconds. 

Figure  4  shows  the  variation  of 
the  maximum  sound  pressure  level 
encountered  during  reentry;  i.e.,  this 
corresponds  to  the  peak  or  maximum 
of  the  curves  shown  on  Fig.  3.  The 
sound  pressure  levels  corresponding 
to  this  condition  have  been  platted  as  s 
reentrance  velocities.  It  is  evident  from 
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function  of  the  parameter  for  various 
this  future  that  quite  high  values  of  sound 


pressure  level  will  be  encountered  for  nearly  all  unmanned  missiles  under  current 


consideration. 


It  is  obvious  that  the  high  external  Icv’els  may  well  create  a  structures 
problem  or  result  in  high  internal  levels  which  could  affect  the  operation  of  the 
vehicle. 
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Lot  us  now  L'lmsiclt  r  bncily  ihc  fliuhl  uf  a  manned  sjjace  vehicle.  Fir.st  let  u.s 
lijok  at  the  powered  or  take-ol'l  phase  and  then  the  remit  ry  phu.se.  Again,  as  in  the 
previous  example,  we  will  consider  only  what  is  happening  on  the  nose  cone,  which  in 
this  ease  contains  tlie  oei'upant  and  related  equipment.  Figure  5a  gives  the  velwity, 
acceleration,  and  altitude  as  a  function  u(  time  from  take-off  to  first-stage  burnout. 
The  weight  of  the  payload  chosen  is  .1 000 pounds  and  the  orbital  altitude  approximately 
200  miles.  As  can  be  seen  from  the  figure,  the  maximum  acceleration  is  about  130 
ft  see  *  or  4  g's.  The  velocity  at  the  end  of  burnout  Is  8600  ft/sec  and  the  altitude, 
about  164,000  feet.  The  sound  pressure  levels  which  would  be  expected  on  the  nose- 
cone  region  using  these  results  are  shown  In  Fig.  5b.  The  shape  of  the  nose  cone  has 
been  assumed  to  be  similar  to  that  for  the  unmanned  vehicle  except  that  it  will  prob¬ 
ably  be  even  more  blunt  in  sha|x?.  The  results  shown  represent  the  maximum  value 
achieved  at  a  single  point  on  the  nose-cone  surface.  The  solid  curve  is  the  noise 
which  results  from  boundary-layer  turbulence.  The  dotted  curve  shows  the  levels 
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which  n\inht  he  expected  from  the  rockel  itself.  Rf)ekot  noise  predominates  for  the 
first  40  seconds  and  then  the  boundary-layer  noise  takes  over.  The  principal  reason 
for  the  decrease  in  rocket  noise  is  that  after  a  flight  Mach  number  of  1  is  achieved, 
the  rocket  noise  is  directed  predomtnantly  rearward  and  only  a  very  small  amount 
can  be  propagated  forward.  It  is  apparent  from  the  figure  that  the  levels  are  low  and 
in  fact  no  higher  than  we  currently  experience  subsonically.  This  results  from  the 
fact  that  high  dynamic  pressures  arc  never  achieved  since  the  high  velocities  only 
occur  at  high  altitudes. 

Itw'ould  appear  that  no  serious  noise  problem  should  occur  around  the  nose  region 
of  sucli  a  rocket  during  the  initial  powered  phase  of  the  flight. 

Let  us  now  look  at  the  reentry  portion  of  the  flight.  The  velocities,  deceleration, 
and  altitudes  as  a  function  of  time  fur  the  assumed  vehicle  are  shown  in  Fig.  6a.  The 
deceleration  is  a  maximum  of  approximately  200  feet/sccond  ^  or  a  little  over  6  g's. 
Notice  that  high  deceleration  rates,  over  5  g's,  exist  for  about  20  seconds.  It  migh^ 
be  possible  that  higher  deceleration  rates  (10  g's)  can  be  used  but  it  would  seriously 
Impair  the  occupant's  ability  to  perform  useful  functions.  If  It  is  noted  that  the 
velocity  decreases  from  26,500  feet  'second  to4000  feet  ^second  between  200,000-  and 
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about  120,000-foot  altitude,  then  the  low  values  of  sound  pressure  level  experienced 
during  reentry  (Fig.  6b)  arc  not  surprising.  Figure  61)  shows  a  maximum  value  of 
sound  pressure  level  of  about  135  db,  which  Is  quite  low  and  should  not  create  any 
serious  problems. 

In  conclusion  It  can  be  said  that  the  noise  levels  In  the  nose -cone  region  for 
manned  vehicles  will  proliably  he  low,  largely  as  a  result  of  human  limitations  to  g 
forces. 

The  unmanned  vehicle,  l.e.,thc  ballistic  missile,  may  well  have  extremely  severe 
noise  problems  which  could  result  In  structural  failures  or  Instrument  malfunctions. 
The  absolute  levels  arc  quite  high,  perhaps  155  dh,  for  cases  of  current  Interest  and 
will  probably  Increase  as  heat  transfer  problems  are  solved. 


*  *  •  *  * 


DISCUSSION 


L,  S.  G.  Kovasznay  (Jotms  Hopkins  University) 

All  the  data  which  shows  this  rather  spectacular  constancy  of  sound  pressure 
level  compared  to  dynamic  pressure  is  based  solely  on  data  available  up  to  Mach 
number  0.8,  yet  we  know  that  the  general  nature  of  supersonic  boundary  layers  is 
somewhat  different.  This  disturbs  me,  because  Mr.  Callaghan  has  shown  that  the 
maximum  dynamic  pressure  "(i”  will  be  experienced  at  a  Mach  number  of  1.415,  and 
we  do  not  yet  have  boundary-layer  noise  data  for  this  Mach  number. 

Now,  when  looking  at,  say,  shadow  pictures  of  shells,  one  sees  another  kind  of 
interesting  sound  wave  pattern  and  we  know  from  the  little  information  we  have 
obtained,  mostly  by  hot-wire  measurements  in  supersonic  tunnels  just  outside  the 
boundary  layer,  that  the  boundary  layers  don’t  seem  to  emit  anything  spectacular  as 
long  as  the  wall  is  smooth,  uninterrupted  and  there  is  only  a  little  sound.  But  if  there 
is  any  edge  of  roughness,  then  the  amount  of  sound  increases  tremendously.  This 
may  especially  true  for  ablation  cooling,  or  any  kind  of  pitting  on  the  nose  cone, 
and  I  expect  strong  effects  of  this  nature. 

There  is  another  question,  and  it  might  be  possible  to  treat  it  theoretically.  If 
one  has  a  hypersonic,  blunt  body,  where  the  shock  wave  is  hugging  the  contour,  there 
is  an  interesting  space  of  subsonic  flow  between  the  shock  wave  and  the  boundary 
layer;  any  disturbance  present  there  will  affect  the  location  of  the  shockwave  causing 
the  shock  wave  to  move  or  "Jiggle."  There  will  be  an  interactive  zone  which  might 
give  reinforcement  of  fluctuations. 

My  only  caution  is  that  even  these  aspects  of  the  problem  have  to  be  considered 
in  great  detail  before  we  accept  this  type  of  treatment  as  even  a|)proximate. 


1.  Dyer  (Bolt,  Deranck,  and  Newman,  Massachusetts) 

Here  is  a  short  list  of  the  sources  of  pressure  fluctuations  that  may  also  bi>  of 
importance!  in  missilt!  flights. 

i;<4 


Surface  Pressures 


Wc  can  certainly  have  rocket  engine  noise,  as  Mr.  Callaghan  has  mentioned; 
rocket  engine  vibration,  which  is  directly  transmitted  from  the  rocket  engine  to  the 
missile  itself;  boundary-layer  pressure  fluctuations,  cs  Mr.  Callaghan  has  also 
mentioned;  and  another  phenomenon  that  hasn't  been  m'  i.  .oned  which  we  call  wake 
noise.  Wake  noise  i.s  associated  with  the  field  downstream  of  the  missile  or 
re-entering  body.  Also,  we  have  what  we  might  call  base-pressure  fluctuations  for 
supersonic  conditions,  and  these  fluctuations  arc  going  to  be  particularly  important 
for  re-entry;  oscillating  shocks,  mentioned  by  Mollo-Christensen,  which  depend  on 
the  particular  design  of  the  missile  or  re-entry  body;  the  possibility  of  transmission 
or  convection  of  vorticity  througli  shucks,  a  problem  which  was  discussed  by  Ribncr 
not  too  long  ago.  Finally  wc  have  the  convection  of  a  missile  through  a  turbulent 
atmosphere. 

While  many  of  these  sources  of  pressure  fluctuations  arc  probably  nut  tooimpoi 
tant,  I  think  in  re-entry  wc  are  probably  going  to  have  to  worry  about  base-pressure 
fluctuations  probably  to  the  same  extent  that  we  might  worry  about  the  boundary- 
layer  pressure  fluctuations.  This  is  what  preliminary  measurements  and  calculations 
Si  em  to  indicate. 

One  final  comment  is  this:  that  (he  base -pressure  fluctuations  would  likely 
maximize  at  the  maximum  dynamic  pressure  of  the  missile,  just  as  in  the  case  of 
boundary -layer  fluctuations. 

It  may  bt  difficult,  on  an  experimental  basis,  to  look  at  pressure  fluctuations  as 
a  function  of  time  and  decide  whether  it  is  one  or  another  mechanism.  An  important 
feature  is  the  scale  of  the  pressure  fluctuations.  The  base-pressure  fluctuations  are 
apt  to  be  of  a  much  larger  scale  and  hence  more  im|)ortant  in  exciting  vibrations  of 
the  missile,  even  though  they  may  only  be  ‘.he  same  order  of  matotitude  in  pressure 
as  the  boundary-layer  field. 


G.  M.  Corcos  (University  of  California.  Horkeh'y) 

There  is  very  little  reason  to  e.xiH'ct  that  the  pressure  fluctuation  level  at  the 
wall  of  the  boundary  layer  ought  to  bt'  independent  of  pressure  gradient.  This  is  a 
general  coimnent,  not  restricted  to  this  paper,  since  other  participatUs  have  pointed 
out  possibly  mure  serious  other  sources  of  noise.  Since  shear  force  at  tiie  wall  and 
terlnilence  level  depend  on  the  pre.s.sure  gradient.  I  think  it’s  a  fairly  safe  guess  that 
ilie  pressure  fluctuation  would  also  depend  on  llii'  pressure  gradient  and  generally 
inirease  in  positive  pressure  gradients. 


11.  .S’.  Itibni  r  (University  of  Toroiiini 

.M.'-.  C  allaghaii  make.s  in  (lueiii  ii  lereiice  to  the  fliictuatiiigpressures  in  terms  of 
.ssui'i  levels":  I  hi  .si  "li',  (irodyiiamic"  or  iiu'oii’.pressibiy  geni'f.iled  pre.s- 
stiri  s  .ire  not  sininil  in  tin  .sti  n  t  .miisi  .  and  I  would  preler  niokliiiitsev'.s  'erm 
"jl.SI  l|llo-S|)ll|ul." 
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in  extrapolating  subsonic  results  to  low  supersonic  speeds.  A  recently  declussitied 
paper  '  shows  no  Mach  number  effect  on  I’ m  for  a  range  of  flight  Machnumbers  from 
0.8  to  1.4. 

It  is  certainly  agreed  that  the  ty|)e  of  lalculations  performed  in  this  paper  can 
merely  predict  order  of  magnitude.  It  would  be  expected  that  strong  favorable  pres¬ 
sure  gradients  would  lower  the  ratio  of  r  i  whereas  adverse  gradients  would  raise  it. 

In  regard  to  jiggling  the  bow  wave,  it  would  be  expected  that  as  long  as  the 
stream  Mach  numbers  are  3  or  larger  the  bow  wave  is  exceedingly  stable.  It  would 
only  be  at  the  lower  Mach  numbers,  say  2  or  less,  that  sliock  wave  instability  would 
give  rise  to  targe  surface  pressure  fluctuations. 

It  is  impossible  to  assess  what  effect  ablation  type  nose  cones  will  hat.  on 
internal  noise.  Undoubtedly,  the  rough  surface  resulting  from  ablation  will  greatly 
increase  the  surface  pressure  fluctuations.  On  the  other  hand,  the  ablating  materiid 
would  be  expected  to  have  a  very  high  transmission  loss,  so  that  one  effect  may 
balance  the  other. 

I  agree  completely  with  Dr.  Curcos.  The  case  discussed  here  assumes  that  the 
pressure  gradient  is  favorable  but  not  strong.  Strong  gradients  should  greatly  alter 
the  results.  We  do  have  some  unpublished  flight  data  which  show  that  strong  favorable 
gradients  reduce  the  ratio  of  r  >i  considerably.  We  also  have  data  in  the  presence  of 
a  strong  adverse  gradient,  and  for  such  a  case  the  levels  are  very  high.  In  one  case, 
separated  flow  on  a  wing  resulted  in  a  sudden  increase  of  25  decibels. 

For  tlie  most  part,  I  must  agree  with  the  comments  by  Dr.  Dyer.  We  have  looked 
at  the  possibility  of  noise  generation  of  the  type  discussed  by  Rlbner^  and  even  if  we 
assume  very  severe  atmospheric  turbulence  the  noise  levels  generated  are  very  low. 
Mostly  because  severe  atmospheric  turbulence  is  not  really  very  turbulent  at  all  in 
comparison  to  boundary  layers  or  Jet  mixing,  etc. 

The  question  of  fluctuating  base  pressures  may  well  be  a  very  severe  problem. 
It  looks  very  much  like  the  kind  of  a  problem  which  must  be  studied  in  either  wind 
tunnels  or  rocket-powered  models. 
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INTRODUCTION 

The  study  of  excitation  of  cavities  by  wind  or  Jets  of  air  has  a  long  history.  All 
wind  instruments  and  their  antecedents  consist  of  cavities  excited  by  a  Jet  or  a  larger 
flow  uf  air  whicii  is  biown  through  them  or  across  their  openings.  The  effects  on  the 
frequency  and  quality  of  the  tone,  which  arc  produced  by  varying  the  dimensions  of 
the  cavity  or  the  strength  of  the  air  stream,  have  lieen  studied  fur  centuries. 

Helmholtz  (1)  in  1868  published  what  apiiears  to  be  the  first  significant  paper  on 
the  actual  mechanism  of  excitation.  He  describes  the  boundary  between  two  layers 
of  fluid  movingwith  different  velocities  as  being  composed  of  |>arallel  vortex  threads. 
If  these  threads  initially  lie  in  one  plane  -  so  that  the  boundary  between  the  two 
regions  uf  fluid  is  flat  —  they  will  remain  so  in  unstable  equilibrium.  However,  If 
one  is  disturbed  from  its  ixisition,  it  will  continue  to  move  out  of  line  so  as  to  cause 
the  dividing  surface  of  hump  and  eventually  curl  over.  Helmholtz  concludes  that  the 
"vis  viva "  of  the  oscillations  which  is  lost  by  radiation  is  replaced  by  energy  from 
the  blast  of  air  blowing  across  nr  through  the  mouth.  This  blast  is  directed  slightly 
into  or  out  of  the  pipe  in  proper  phase  for  reinforcement  by  movement  of  the  vortex 
threads  at  the  boundaries. 

The  understanding  of  the  mechanism  of  excitation  has  advanced  only  slightly 
since  this  early  paper  by  Helmholt ..  P.  M.  Morse  (2)  in  1948  indicates  that  there  Is 
a  nonlinear  coupling  between  the  driver,  or  air  jet.  ;uid  the  pipe.  He  also  points  out 
that  the  presence  of  a  pressure  node  at  the  opening  of  the  pipe  identifies  the  excitation 
as  a  pressure  fluv  lation  because  the  system  aligns  itself  sn  as  to  extract  a  maxi¬ 
mum  of  energy  from  the  Jet.  His  concluding  remark  ■  ■  "A  great  deal  of  experimental 
and  theoretical  work  is  needed  before  we  can  say  we  understand  thoroughly  the  behav¬ 
ior  of  any  of  the  wind  instrumfmts"  —  |N>ints  not  only  to  the  lark  of  a  good  theoretical 
model  for  the  mechanism  of  excitation,  but  also  to  the  general  lack  of  experimental 
evidence.  This  report  dqscribes  some  studies  of  the  excitation  of  a  pi|)e  by  flow  past 
the  0|)en  end  of  the  pipe.  These  studies  are  restricted  to  one  particular  pipe  geom¬ 
etry.  but  most  other  parameters  are  considered,  including  the  internal  damping  of 
the  pipe  rc.sonator. 
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It  appears  liiaioni-  can  ilistii)|rtiish  two  diffcn'iit  regions  or  niechanisnis  ofoscil- 
lalion  ol  the  pipe,  a  linear  and  a  nonlinear  ri‘t;iun.  The  linear  region  corresiKinds  to 
low  flow  speeds  in  which  the  acoustic  oscillations  in  the  resonator  do  not  affect  the 
liow  about  it.  The  pressure  fluctuations  about  the  resonator  are  then  determined 
soleiy  by  the  geometry  of  the  pipe  at  the  mouth  and  the  nature  of  the  incident  stream, 
ami  lliey  are  independent  of.  for  example.  Ihelenglli  of  the  pipe.  The  acoustic  oscilla¬ 
tions  in  the  pipe  are  then  linearly  related  to  the  pressure  fluctuations  in  the  flow 
which  are  already  present  In  the  incident  stream  '-r  which  are  caused  by  the  turbu¬ 
lence  generated  when  the  sti  e.mi  strikes  the  pipe.  As  the  flow  speed  increases,  there 
is  a  transition  to  mure  violent  nonlinear  oscillatii  ns  in  which  the  sound  field  in  the 
pijie  indeed  reacts  back  on  the  flow. 

The  sound  generated  in  the  linear  region  is  gene  ‘ally  very  weak  and  can  be  con¬ 
sidered  as  background  noise  for  the  purim.ses  of  tin.'-  report,  which  is  con  •’rned 
mainly  with  the  nonlinear  oscillations. 

Dlokhlnt/.ev  (3)  has  investigated  the  behavior  of  a  plin.-  "csonator  in  the  linear 
region  and  finds  on  the  basis  of  dimensional  arguments  that  the  sound  pressure  in  the 
resonator  Is  proportional  to  the  square  of  the  flow  spi'cd.  His  theory  does  not  explain 
any  of  the  features  of  the  nonlinear  oscillations.  There  are  several  discrete  modes 
of  nonlinear  oscillations,  o'  which  only  the  fundamental  is  considered  in  thin  re|iort. 

This  study  starts  with  an  investigation  of  the  flow  altout  the  mouth  of  the  reso¬ 
nator  involvingboth  schlieren  photography  and  hot-wire  measurements.  The  acoustic 
response  of  the  resonator  is  then  studied  us  a  function  of  flow  speed  and  the  angle  ol 
attack  of  the  flow.  Finally,  a  study  is  made  of  the  effect  of  internal  damping  of  the 
re.sonator  on  its  acoustic  outiwt.  with  particular  emphasis  on  a  determination  of  the 
critical  damping  beyond  which  the  nonlinear  u.sclllutions  no  longer  can  be  sustained. 


STLDltS  OF  THE  FLOW  PATTEKN  ABOUT  THE  KEtiONATOR 
AND  THE  MECHANISM  OF  OSCFI.I  ATION 

Schlieren  Studies 

Till  pipe.  2  cm  in  diameter  and  30  cm  long,  was  placed  in  an  air  flow  the  speed  of 
wliich  c  luld  be  varied  from  0  to  about  4000  cm  sec.  The  air  stream  was  uniform  over 
an  .inaof  aliout  3  •  3  cm.  The  mouth  of  th.' resonator  was  introduced  into  this  region. 

To  obt.iin  sonic  over-all  ideas  concerning  this  o.scillation  nii'chanism  of  the  flow, 
e.xploratorv  experiments  were  made  which  were  designed  to  study  the  ftow  pattern 
.ibout  the  opening  of  the  re.sonator.  After  .several  attempts  involving  hot-wire  ineas- 
urenieiils,  a  schlieren  .system  was  arranged  which  made  possilile  direct  visual 
obsi  rvation  ol  the  flow  field  (Fig.  1).  It  utilizes  two  optical  systems.  One.  consisting 
ol  the  light  source,  coiidi'ii.si  r.  Hat  mirror,  concavi'  mirror,  and  knife  edge,  is 
.ii  r.inged  .so  i.hat  the  liglii  source  is  imaged  in  the  plane  of  the  knife  edge.  The  other, 
consisting  of  tlie  caiin  r.i.  i.s  .irranged  so  that  the  field  of  view,  located  directly  in 
Iront  of  the  mirrer.  is  focuscil  onto  a  screen  or  photographic  plate.  Each  |Miint  in 
the  licl'l  receives  light  irom  every  |M>inl  o|  the  .source.  Therefore,  the  fiidd,  as  .si'eii 
ir  nil  the  c.niici  a.  darken.s  tniilormly  wtn'ii  the  knile  edge  cuts  off  part  of  the  image 
ii!  Hu  .source,  l.iical  ileiisiiv  gradients  iii  the  field  bend  tin  light  rays,  causing  a 

I. 11  'I  I  Ilf  sni.iller  numlicr  ot  Hu  in  to  be  intercepted  b>  the  knife  edge  with  the  result 
ili.it  tin  to  ld  .ippears  In  ally  liglib-r  or  d.iiker.  In  pr.ielice,  the  knife  edge  is  iiioved 
:  id.  .Ill  I  Inrtli  Uiilii  Hie  lield  is  iniiloriiilv  i llinnin.ited. 
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thn)U);h  the  field  twice.  Second,  the  .si/.e  of  the  field  is  limited  to  the  size  of  tin  lens 
or  mirror;  lartre  mirrors  are  easier  to  make.  Third,  schlieren  systems  are 
e.xtremely  sensitive  to  chromatic  dispersion,  which  is  avoided  by  use  of  a  mirror. 


In  order  to  increase  the  contrast,  the  air  flow  was  heated  by  loops  of  a  heated 
wire  placed  in  the  air  stream.  In  the  direct  visual  observations,  stroboscopic  illumi* 
nation  wa.s  used  —  obtained  by  means  of  a  .steady  litflit  source  followed  by  a  rotatint; 
disc  chopper.  The  photO(;raph  of  the  flow  pattern  shown  in  Fiyt.  2  was  obtained  usinc 
a  hiyth-intensity  flash  source.  This  picture  does  not  show  the  field  as  clearly  as 
direct  observation  under  stroboscopic  illumination.  Howevei.  it  Joi,.'>  indicate  the 
ireneral  fiatuies  of  flie  Ilow  field. 


Mechanism  of  Oscillation 

The  How  field  about  ll’.c  mouth  ol  the  resonator  apiH'urs  fo  be  similar  to  the  flow 
aiiout  a  knife-edue  oscill.iior.  When  the  flow  strikes  the  downstream  «;d(;e  of  the 
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rpsunatur,  cddirs  ^  re  shed  at  a  rate  currcspondini;  to  the  resonance  frequency  of  the 
resonator.  There  Is  a  class  of  hydrodynamic  oscillations  in  which  a  disturbance 
produced  at  an  edge  travels  downstream.  On  meeting  a  second  edge,  a  sound  signal 
is  sent  back  which  triggers  a  second  disturbance.  This  causes  reinforcement  at  a 
particular  frequency,  Ihc  period  of  which  is  approximately  il  t'  •  I  < ,  where  i'  Is  the 
velocity  of  the  flow,  c  the  speed  of  sound,  and  .1  the  distance  between  the  edges. 
Ordinarily,  I'  is  much  greater  than  <-  sothat  the  frequency  of  oscillation  is  of  the 
order  of  i'  .1.  The  jet-edge  oscillator  is  a  striking  example  of  such  a  system  (4,5). 
In  addition  to  this  hydrodynamic  “feedback,'*  there  may  also  be  an  acoustic  coupling 
resulting  from  a  reflection  of  the  sound  wave  from  a  boundary  in  the  neighborhood  of 
the  edge  system.  If  the  reflector  is  a  distance  1.  away,  the  sound  signal  will  return 
a'‘"r  a  time  31.  c . 

In  general,  one  might  expect  that  both  of  the  feedback  mechanisms  described 
above  might  be  of  Importance  in  hydrodynamic  nonlinear  oscillators.  Furthermore, 
it  is  expected  that  in  the  case  of  such  a  dual  feedback  the  oscillations  should  be  par¬ 
ticularly  strong  if  I  t'  and  3t.  <  arc  the  same. 

In  the  present  pipe- resonator  oscillator,  the  major  feedback  mechanism  seems 
to  be  acoustic,  as  indicated  by  the  acoustic  characteristics  discussed  in  the  next  sec¬ 
tion.  The  two  edges  referred  to  aliove  are  represented  by  the  edges  of  the  pipe  open¬ 
ing.  The  acoustic  reflector  is  the  rigid  termination  at  the  end  of  the  pipe.  The  fre¬ 
quency  of  oscillations  is  found  to  be  approximately  equal  to  <-  31.  for  a  relatively  large 
range  of  flow  velocities,  where  t.  is  the  length  of  the  pipe.  The  characteristic  time 
!  I'  corresponding  to  the  hydrodynamic  coupling  between  the  two  edges  seems  to  be 
of  less  importance  in  the  pipe-resonator.  Similar  acousto-hydrodynamic  oscillators 
have  been  discussed  by  Anderson  (6)  and  von  Gierke  (7). 


Hot-Wire  Measurements  of  the  Flow  Gradient  in  the  Mouth  of  the  Resonator 

In  addition  to  the  schlieren  studies  mentioned  above,  some  measurements  were 
made  of  the  flow  in  the  opening  of  the  resonator  by  means  of  a  hot  wire.  The  varia¬ 
tion  in  the  flow  speed  as  one  goes  from  the  outside  into  the  pipe  is  shown  in  Fig.  3. 
The  velocity  profile  has  a  strong  gradient,  which  can  be  shown  to  promote  transfer 
of  energy  from  steady  to  oscillatory  flow  (8).  This  is  further  evidence  to  support  the 
picture  of  a  nonlinear  mechanism  producing  oscillations  at  the  mouth  of  the  resonator. 

ACOUSTIC  MEASUREMENTS 

The  sound  field  generated  by  the  flow  as  if  |iasses  the  pipe  was  measured  at  a 
distance  of  IS  cm  from  the  mouth  of  the  resonator.  Some  measurements  were  also 
made  when  the  microphone  was  inserted  at  the  bottom  of  the  resonator.  However, 
the  .sound- pressure  U  vels  inside  the  pipe  often  exceeded  140  db.  the  upper  limit  of 
the  dynamic  range  of  the  microphone  without  special  acoustic  attenuating  devices. 
Therefore,  most  of  the  measurements  wer«‘  taken  initside  the  resonator,  as  indicated 
in  Fig.  4.  Doth  the  sound- pressure  aniplitudt'  and  the  friquency  were  measured  on  a 
General  Radio  Wave  Analyr.er  with  a  4-eps  Ixindwidth. 

The  air  su|>ply  consisted  of  a  compressor  and  regulator  set  to  deliver  air  at  a 
eonstant  pressure  of  30  psi  gauge.  The  volume  flow  was  measured  on  a  Flowrater. 
The  air  then  passed  through  a  settling  tank,  and  issued  from  the  tank  into  the  room 
through  a  pipe  3  cm  in  diameter  and  alxtut  10  cm  long.  The  air  velocity  was  meas¬ 
ured  t>y  a  hot-wire  aiiemoiiu  ter  and  was  found  to  be  uniform  over  an  area  of  about 
3  '  3  em  in  front  of  the  pipe.  It  was  in  this  region  that  the  mouth  of  the  resonator 
was  placid. 
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Sound  Pressure  as  a  Function  of  Flow  Speed  and  the 
Ant;le  of  Attack 

Measurements  of  the  sound  pressure  were  made  for  flow  speeds  up  to  about  3500 
cm  sec  and  angles  of  attack  from  0  to  50  decrees,  as  defined  in  Fit;.  5. 


Flu-  “i  -  Ki'sniiali.r  pipf  (wilti  •lainpi'ift  si  rt-en) 


In  Fig.  6  are  shown  results  of  such  measurements.  There  is  a  critical  angle  of 
about  15  degrees  and  a  critical  air  specdof  about  1000  cm  sec  below  which  no  oscil¬ 
lations  are  observed.  Nut  only  is  there  a  lower  limit  of  the  flow  speed  but  also  an 
upper  one  at  which  oscillations  cease.  This  uppe.  limit  increases  with  the  angle  of 
attack.  With  the  flow  equipment  available  in  the  present  experiment,  the  highest  flow 
speed  was  about  3500  cm  sec.  Tlie  largest  angle  of  attack  at  which  oscillations  could 
be  sustained  at  this  speed  was  alxiut  50  degrees. 

The  envelope  of  the  press  ire  versus  flow-speed  curves  f(jr  the  various  angles  of 
attack  indicates  a  .sound  pressure  which  is  approximately  a  linear  function  of  the 
flow  sp<‘ed.  At  the  lowest  measured  s<iund  pressures  shown  in  Fig.  6.  it  is  difficult 
to  decide  whether  the  u.scillations  are  nonlinear  with  an  oscillating  flow  pattern 
described  above  or  if  they  result  from  the  lurinilence  already  present  in  the  incident 
air  .stream. 

One  interesting  asjiect  of  the  problem  is  that  the  air  How  must  b**  directed  into 
the  resonator  fur  oscillations  to  occur.  In  fact,  the  more  the  air  stream  is  directed 
into  the  resonator,  the  stronger  the  oscillatioas  liecome.  It  may  lie  that  the  disturb¬ 
ances  produced  at  the  mouth  of  the  resonator  l>y  the  sound  field  direct  the  main  flow 
into  and  out  of  the  tube.  The  oscillations  would  then  lx>  driven  by  a  switching  of  the 
air  flow  rather  than  by  vorti-xes  whicli  weuid  1k“  generated  regardless  of  the  angle  of 
attack.  This  aspect  of  the  problem  could  be  clarified  by  more  detailed  observations 
of  the  flow  field  in  the  vicinity  of  the  niouiii  oi  Uie  resonator. 


Frequency  oi  (isciliation  vs  Flow  Speed 

As  already  mentioned,  the  irequency  of  ot  i  illation  ol  the  tube  stays  almost  con- 
.slaiit.  independent  of  Hie  flow  sjieed.  .-'.oine  iiieasuieiiieiil.s  of  ttie  sliglil  frequeiii'v 
variation  tliat  does  occur  are  stiown  in  Fq,.  V.  This  result  is  for  an  angle  of  attni'k 
of  the  How  ol  30  degrees.  It  i.s  seen  liow  closely  Hie  oscillations  aro  tield  to  a  single 
Iri'qiiency  loi  a  wide  range  of  the  flow  speeds  This  rcsiill  supports  the  otiservnlion 
that  in  most  of  the  flow  railc.etlie  coiipliiit.  lielweeii  the  How  and  Ha  •■.ounil  wave  .seems 
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6  •  Measured  sound  pressurt*  at  a  distance  15  cm 
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to  be  dominant  in  the  mechanism  of  osciliation.  On  the  other  hand,  in  a  iwrely  hydro- 
dynamic  sclf-osciiiator,  such  as  the  jet-edge  system,  the  hydrodynamic  boundary 
conditions  determine  the  characteristic  frequencies  of  osciiiatlons  which  are  of  the 
order  of  t'  u,  where  i'  is  the  flow  speed  and  o  is  a  characteristic  length  of  the  system. 


The  Effect  of  Damping  in  the  Resonator 

A  factor  which  affects  the  oscillations  of  the  resonator  to  a  considerable  degree 
is  dam|)ing.  The  damping  in  the  pipe  system  consists  of  radiation  damping  ard  the 
viscous  and  heat  conduction  losses  at  the  walls  of  the  resonator.  The  damping  in  a 
system  is  often  described  in  terms  of  the  i;  value  which  for  i.i  I  equals  .where 
is  the  resonance  frequency  and  is  the  half-power  b  Iwidth  of  the  resonator. 
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ri)>.  7  •  Variation  of  the  frequency  of  uecilla- 
tion  with  flow-  ipveii 


The  largest  value  which  ordinarily  can  be  obtained  with  acoustic  resonators  In  air 
under  standard  conditions  is  of  the  order  of  90.  The  resonator  tuls  used  In  the 
experiments  described  above  wan  about  42. 

Variation  of  the  q  of  (he  Resonator  •  It  is  of  considerable  practical  importance 
to  investigate  the  effect  of  the  damping  on  the  flow-excited  oscillations.  In  order  to 
vary  the  damping  in  the  resonator,  a  dampiiiiL  element  in  the  form  of  a  fine  screen 
was  introduced  Into  the  tube,  as  indicated  in  Fig.  5.  The  particle  velocity  is  zero  at 
the  rigid  termination  of  the  tube.  If  the  screen  is  placed  close  to  the  wall,  the  damp¬ 
ing  effect  of  the  screen  is  clearly  negligible.  The  damping  effect  increases  as  it  is 
moved  toward  the  mouth  of  the  tube.  In  fact,  if  the  screen  does  not  change  the  orig¬ 
inal  flow  distribution  <  <isl  x  21.)  appreciably,  it  follows  that  the  p  value  will  vary 
with  the  position  of  the  screen  as 


P 


I 


P,. 


(R, 


Ki 


(1) 


where  x  is  measured  from  the  open  end  of  the  tube,  K,  is  the  screen  resistance,  and 
K  is  the  resistance  caused  by  the  radiation,  viscous,  and  lieat- conduct  ion  losses. 


Using  a  finc-mesh  screen  (open  area  29  |K>rccn(,  306  holc.s  cm-,  diameter  of 
strands  0.101  mm),  the  p  value  of  the  resonator  may  lie  varied  from  the  maximum 
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valut'  of  42  down  to  a  vniuc'  of  about  19  by  moving'  the  screen  from  the  bottom  to  the 
mouth  of  the  tube.  Tbi.s  is  shown  by  the  top  curve  In  Fig.  8.  The  second  curve  in  the 
figure  shows  tlio  measured  value  in  the  ca.se  when  three  screens  are  introduced 
into  the  tube.  In  that  case,  the  b  value  was  brought  down  to  a  value  of  about  8.  The 
curves  obtained  in  this  way  are  in  quite  good  agreement  with  Eq.  (1). 

It  is  interesting  to  note  in  passing  that  this  method  of  introducing  damping  into 
the  tube  may  readily  be  used  fur  the  measurement  of  small  flow  resistances. 

In  the  measurements  of  the  (.'  value  as  given  in  Fig.  8,  the  microphone  itself 
formed  the  rigid  termination  of  the  tube.  The  frequency  response  of  the  pipe  to  an 
incident  soundwave  was  determined  and  the  o  value  was  evaluated  as  the  ratio  .„  . 

Here  is  the  "width"  of  the  pressure-frequency  curve  at  the  points  wliere  the  pres¬ 
sure  is  6  db  below  the  nuLximum  pressure. 

The  Effect  of  Q  on  the  Flow-Excited  Oscillations  -  Varying  the  Q  value  of  the 
resonator  as  described  above,  a  series  of  measurements  was  made  of  the  strength 
of  the  flow-excited  oscillations  of  the  resonator  pipe  as  a  function  of  the  c  value. 
The  angle  of  attack  of  the  flow  was  kept  constant  at  35  degrees.  The  sound  pressure 
was  measured  at  the  bottom  of  the  reson.af  .r,but  the  experimental  setup  was  otherwise 


Fig.  M  -  Variation  of  the  Q  of  the  reson.ator 
with  the  position  of  the  arrecn  (see  F'ig.  5). 
0)  corresponds  to  one  screen,  n,  to  a  com- 
bmalion  of  three  .screens. 
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idcntiral  to  that  dcscrihod  above.  The  (low  speed  was  varied  as  before.  The  results 
of  these  measurements  are  shown  in  Kit?.  9-  li'  this  fitfurc'.  the  value  100  on  the 
veb.eify  scale  corresponds  to  a  speed  of  1150  cm  sec.  At  the  lower  wind  speeds, 
the  sound  |)ressure  increases  quite  rapidly  at  first  and  then  levels  off  so  that  it  is 
aijpro.'cimately  in  oportional  to  i,i  for  lart;e  values  of  At  the  hii'her  wind  speeds, 
oscillations  were  obtained  only  for  larpe  values  of  q.  For  e.'caniple,  with  a  wind  spei-d 
correspoiidint?  te  120  in  the  fii?ure,  a  decrease  of  the  e  to  about  34  stopped  the  oscil¬ 
lations  comtili  tely.  At  lower  wind  speeds  the  liniitini; value,  below  which  no  oscil¬ 
lations  can  be  sustained,  is  not  defined  as  sharply. 

As  indicated  already  in  Fit;.  9,  the  resonator  can  be  kept  in  oscillation  only  in  a 
certain  flow  speed  ran};e.  This  rantte  depends  on  the  r;  value  of  the  resonator  as 
illustrated  in  Fin.  10.  where  the  upper  and  lower  flow  speeds,  which  define  the  oscil¬ 
lation  ranpe,  arc  plotted  us  a  function  of  (.>.  The  curve  refers  to  an  ancle  of  attack  of 
about  35  decrees,  and  the  sound  pressure  was  measured  with  the  microphone  ft  'mlng 
the  termination  of  the  resonator. 

As  far  as  the  lower  speed  limit  is  concerned,  it  is  often  difficult  to  decide  when 
the  oscillations  are  of  the  nonlinear  type  and  when  they  are  excited  (linearly)  by 
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turbulonci'  in  thc'  incident  flow.  Althouuh  presumably  there  is  a  .smooth  transition 
between  these  two  kinds  of  oscillations,  it  seems  reasonable  in  the  present  rase  to 
use  a  sound  pressure  of  0.02  dynes  cm-  as  representing  the  dividing  line  between 
thc  two  regions.  Above  this  pressure  the  o.scillations  were  definitely  of  the  non¬ 
linear  type. 

As  the  0  decreases,  the  range  of  oscillations  clearly  decreases  until  it  narrows 
to  a  point  at  a  0  value  of  about  11.  H>-iow  this  o  value,  only  the  weak  "background" 
oscillations  will  remain,  but  the  seif-sustained  nonlinear  oscillations  can  be  consid¬ 
ered  to  be  completely  stopped  at  the  iiurticular  angle  of  Incidence  of  35  degrees. 
The  existence  of  a  limiting  »  value,  below  which  the  resoiuitor  cannot  be  brought 
into  (jscillallons  liy  flow,  should  lie  of  iKirticular  interi'st  in  connection  with  noise 
control  in  case:'  -."here  some  of  the  noise  is  produced  l)y  air  rushing  past  cavltii<s  of 
various  kinds. 


The  .sliape  of  tile  curve  in  Kig.  HI  i.s  also  interesting  inasmuch  as  it  indicates  a 
rapid  increase  of  the  range  of  oscillation  in  the  region  of  high  values.  A  small 
increase  of  a  in  tiiis  r<‘gion  would  produce  a  relatively  largi'  increase  in  tlie  oscilla¬ 
tion  range.  This  sano'  eharacb  ristie  feature  is  proluilily  typical  for  all  acousto- 
liydrodynaniii  oscillators. 
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DISCUSSION 


M.  Strasberg  (DavicK  Taylor  Model  Basin) 

It  might  be  worth  describing  a  possible  phenomenological  explanation  (or  the 
excitation.  It  is  based  on  certain  observed  facts,  namely,  the  sound  only  occurs  when 
the  speed  is  in  certain  ranges;  there  are  Jumps  in  these  ranges  of  speed;  and,  another 
fact  which  was  not  mentioned,  but  which  I  believe  Prof.  Ingard  has  observed,  that  the 
radiatinr.  Impedance  seen  by  the  mouth  of  a  resonator  is  a  function  of  the  air  velocity 
past  the  mouth.  This  means  that  the  flow  past  the  mouth  of  the  resonator  provides  a 
possible  mechanism  for  varying  the  acoustic  impedance  seen  by  the  resonator. 

Now  one  can  assume  that  there  is  some  instability  in  the  flow,  causing  a  varia¬ 
tion  in  velocity  of  flow  past  the  mouth.  This  instability  is  inherent  in  the  flow  a.id 
has  nothing  to  do  with  the  resonator;  it  would  occur  even  for  a  hole  without  a  reso¬ 
nator.  The  flow  instability  results  in  a  periodic  fluctuation  in  the  mass  reactance 
seen  by  the  resonator.  Now,  for  a  mechanical  or  acoustic  system  which  is  linear,  if 
there  is  a  periodic  variation  in  one  of  the  parameters  of  the  system,  and  if  the  varia¬ 
tion  rx:curs  at  the  right  frequency  and  amplitude,  it  is  known  that  an  instability  of  (he 
system  can  cause  self-maintained  oscillations. 

More  specifically,  su|)pose  one  has  a  simple  meclianical  system,  whose  differen¬ 
tial  equation  can  be  represented  by: 

S  '  l-'i  ll^l  •  «  ■  I  •  :i  < '!'  V  II. 
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This  is  culled  a  Muthieu  linear  differential  equation  and  is  discussed  by  T.  Brooke 
Benjamin  in  his  comment  on  Prof.  Meyer's  paper  in  this  Proceedings. 

In  the  present  situation  it  may  be  possible  that  these  fluctuations  of  the  flow  past 
the  mouth  of  the  resonator,  which  occur  even  if  the  resonator  were  not  there,  cause 
such  a  periodic  variation  in  the  frequency,  and  if  the  amplitude  a  of  this  fluctuation 
is  large  enough,  instability  can  occur  and  the  system  will  oscillate  naturally. 

If  the  instability  inherent  in  the  flow  past  the  neck  is  at  twice  the  frequency  of 
the  resonator,  i.e.,  if  w,  2*„ ,  oscillations  will  occur  at  small  amplitude  n.  If  there 
were  no  damping,  zero  amplitude  would  do  it,  but  with  damping  a  certainfinite  ampli¬ 
tude  is  needed  if  instability  iK'curs  at  twice  the  frequency  of  the  resonator.  If  it 
occurs  at  a  frequency  that  is  equal  to  that  of  the  resonator,  oscillations  will  also 
occur  at  relatively  small  amplitude;  in  fact,  oscillations  will  occur  at  small  valui  ' 
of  the  amplitude  whenever  is  an  integral  or  half-integral  number  of  times 

This  doesn't  explain  the  details,  but  it  is  a  possible  way  of  looking  at  what  hap¬ 
pens.  There  is  one  way  that  we  could  ascertain  whether  this  is  a  reasonable  expla¬ 
nation,  and  that  is  to  actually  observe  the  flow  past  the  hole  in  a  plate  in  the  absence 
of  the  resonator  and  sec  if  it  is  essentially  the  same  as  with  the  resonator. 


M.  C.  Harrington  (David  Taylor  Model  Basin) 

Some  experiments  which  have  been  done  in  the  David  Taylor  Model  Basin  arc 
related  to  those  mentioned  above.  ''  In  this  case,  the  flow  passed  over  a  plate  in  which 
the  aperture  was  located.  The  resonant  cavity  was  situated  behind  this  plate.  It  has 
been  mentioned  in  some  of  the  previous  papers  that  the  increase  in  the  frequency  of 
resonance  with  increase  in  the  speed  of  airflow  was  relatively  small.  In  our  experi¬ 
ments,  however,  we  found  that  the  frequency  increased  considerably,  in  some  cases 
by  30  or  40 percent  of  the  initial  frequency  with  which  the  resonator  started  to  oscil¬ 
late.  The  frequency  approached  a  final  value  asymptotically  and  as  the  air  speed 
was  further  increased  the  oscillation  died  out  abruptly.  This  increase  in  frequency 
of  resonance  may  be  explained  by  a  decrease  in  the  equivalent  acoustic  mass  react¬ 
ance  of  the  air  in  the  opening  with  increasing  turbulence  as  the  air  speed  increases. 
Thir  interpretation  is  consistent  with  the  results  reported  by  McAuliffc^  and  Ingardt 
in  which  the  resonators  were  driven  by  an  independent  source  at  sound  of  known  fre¬ 
quency  and  intensity.  There  it  was  found  that  the  resonant  frequency  increased 
(within  limits)  with  increasing  air  flow  throu^  or  past  the  opening. 

In  the  Model  Basin  experiments  when  the  air  speed  was  doubled,  provided  that 
this  was  within  the  range  of  speeds  available,  the  oscillator  began  again  to  resonate 
at  the  same  frequency  and  the  regime  was  repeated.  If  the  actuation  of  resonance 
can  be  explained  in  terms  of  vortices,  there  would  appear  to  be  a  double  set  of  vor¬ 
tices  in  the  second  case.  Occasionally  resonance  was  actuated  again  at  triple  the 
initial  speed. 


'’M.C;.  ' Excitation  ii(  (J.'ivily  l<c.soii.in<  i'  by  Air  Alistract  .M.  .Iimr. 

Ac'fiust,  .Soc,  Am,  (I'fi?). 

tfl.i-;,  M<  Anliffi',  "  I  ill'  Inf liit'tiri'  «if  lligli  .S|ii'i'tl  Air  Klnw  nn  llir  Itrli.tvinr  of  Aioiislii- 
1 , IfiMi  til s M..S.  I'ti/'sis,  M.I.T.  1'i‘iO. 

tK.L'.  In^.'iril,  "On  tin*  'riinory  anil  I)i'sii;ii  of  Aiinistit'  KrsonatorM."  .lour.  Aioiist. 
.Sim  .  Am  ,  lOf.l  (I'iSl). 
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E.  E.  Covert  (Massachusetts  Institute  of  Technology) 

At  MIT,  we  have  been  conducting  a  scries  of  tests  on  cavities  that  are  similar 
in  nature  to  those  that  Dr.  Harrington  just  reported  on.  They  are  essentially  holes 
in  the  bottom  of  a  wind  tunnel  with  a  solid  wall.  There  arc  several  shapes:  trian¬ 
gular,  circular  and  rectangular,  and  we  have  been  running  them  from  Mach  number 
of  1.5  up  to  3.  These  cavities  seem  to  vibrate  at  the  Helmholtz  room  frequencies. 
If  they  are  deep  and  long  they  seem  to  vibrate  in  the  up  and  down  mode.  If  they  are 
shallow  they  seem  to  slosh  back  and  forth,  much  in  the  same  manner  as  reported  by 
Krishnamurty  of  the  California  Institute  of  Technology. 

We  have  observed  that  for  the  must  part,  for  the  rectangular  boxes,  the  behavior 
is  independent  of  the  cross-wide  characteristic  length.  In  other  words,  the  behavior 
is  two-dimensional,  as  you  would  expect.  However,  at  the  higher  Mach  number  J  a 
narrow  bc«  seems  always  to  sing  out  fairly  loud  and  clear  at  about  165  decibels.  The 
wider  boxes  are  not  easy  to  excite  and  we  don't  know  why  at  the  moment. 

Another  point  of  interest  is  that  these  can  be  correlated  in  terms  of  a  Strouhal 
number  if  one  uses  the  correct  velocity  of  sound  within  the  box  and  the  Mach  number 
of  the  free  stream.  They  exhibit  also  the  same  edge-tone  type  behavior  that  every- 
ont;  els<!  has  remarked  on,  where  it  will  take  off  at  a  certain  frequency  and  at  some 
speed  will  Jump  to  a  higher  frequency.  We  have  taken  some  observations  with  rec¬ 
tangular  boxes  that  had  glass  walls,  and  it  seems  that  the  sound  is  radiated  from  the 
upstream  edge  of  tlic  box.  We  get  nice  circular  waves  moving  down  into  Uie  box.  Of 
course,  this  gives  us  a  shockwave  at  the  leading  edge  and  we  get  nice  waves  going  out. 


•  *  *  • 


* 
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SOUND  RADIATION  INTO  A  CLOSED  SPACE 
FROM  BOUNDARY  LAYER  TURBULENCE 


Ira  Dyi-r 

Hull  iinii  hit  . 


*  ♦  lOt  Ht 

A  thi'iiry  of  iioisi-  ^oiif  ration  by  tlie  action  of  boundary  layer  turbu¬ 
lence  on  an  ela»lic  systenihas  been  developed,  with  p.irticular  refen-nce 
to  untlerw'ate r  application.  The  elastic  Mvatem  conaitlered  ina  rectangu¬ 
lar  plate  closed  off  by  .c  rectaiiftular  liquid-filled  volume,  A  simple  yet 
physically  nieaiiiUKful  forii:  is  assumed  for  the  bouiida ry  laye r  pressure 
correlation.  I'he  resulting  plate  vibration  and  sound  radiation  are 
derived,  takin):  into  account  couplinf:  between  the  plate  motion  and  the 
sound  field  in  the  liquid.  In  the  thi-ory,  coupling!  is  manifesteil  by 
rad.iation*induced  masses  and  viscous  dampini:  wnich,  in  effect,  may  be 
added  to  the  mass  and  dampinu  of  the  plate  considered  to  be  vibrating 
in  vacuo.  It  is  shown  that  tlie  noise  in  the  closed  sp,tce  decreases  with 
decreasing  free-streani  speed  and  boundary  layer  thickness.  Also  the 
noise  decreases  with  increasinp  mass  and  dampini’ of  the  plate,  and  with 
increasing  distance  from  the  plate.  The  use  of  plate  dampini>  as  a  means 
of  noise  reduction  is  predicted  to  be  limited  on  the  one  hand  by  radia¬ 
tion  danipinp,  and  on  the  other  hanil  by  correlation  decay  in  the  assumed 
turbulence  pressure  field. 

*  tr  *  *  * 


INTRODUCTION 

Noise  caused  by  boundary  layer  turbulence  Islmpurtant  In  several  fields  of  appli¬ 
cation.  Boundary  layer  turbulence  is  believed  to  be  an  important  factor  in  the  gener¬ 
ation  of  noise  ondenvater  devices,  and  is  the  prime  motivation  for  the  present 
study.  In  addition,  the  noise  in  aircraft  cabins  at  high  speeds  and  at  high  frequencier 
is  determined  mainly  by  boundary  layer  turbulence.  Also  the  vibration  caused  by 
boundary  layer  turbulence  may  have  an  Important  bearing  on  problems  of  equipment 
damage  and  structural  fatigue  in  missiles  and  aircraft. 

There  are  two  mechanisms  of  noise  generation  by  boundary  layer  turbulence. 
First,  the  turbulence  pressure  field  may  excite  the  plate  adjacent  to  it;  the  plate 
vibrations  then  radiate  noise  to  the  surrounding  medium.  Second,  the  boundary  layer 
turbulence  may  radiate  noise  directly  by  virtue  of  the  fluctuations  in  the  fluid  prop¬ 
erties.  Fur  nunrigld  plates  such  as  met  in  practice  the  first  mechanism  is  more 
important,  and  consequentiy  we  exclude  consideration  of  the  second  mechanism  in 
the  present  investigation. 
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Wc  wish  to  study  the  mechanics  of  excitation  of  plates  exposed  to  boundary  layer 
turbulence  and  the  consequent  transmission  and  radiation  of  the  vibrations.  In  par¬ 
ticular,  we  wish  to  treat  the  case  in  which  the  excited  plate  forms  one  of  the  surfaces 
of  a  closed  space.  Figure  1  show  s  the  Idealized  geometry  we  have  chosen  for  study. 
The  boundary  layer  is  assumed  to  be  in  contact  with  a  large  flat  plate,  the  other  side 
of  which  is  In  part  a  closed  volume. 

The  problem  may  be  thought  to  consist  of  three  elements:  determination  of  the 
boundary  layer  pressure  field,  calculation  of  the  vibration  in  the  plate  adjacent  to  the 
boundary  layer,  and  calculation  of  the  sound  field  radiated  by  the  plate  vibrations.  It 
is  tempting  to  assume  that  these  elements  can  be  investigated  Independently,  but  only 
in  the  case  of  a  plate  Immersed  in  a  gas  is  this  assumption  likely  to  be  acceptable. 
Fur  a  plate  in  contact  with  a  liquid,  it  is  well  known  that  the  sound  radiation  will 
greatly  influence  the  vibrations.  On  the  other  hand,  it  is  probably  acceptable  to 
assume,  that  the  boundary  layer  pressure  field  can  be  investigated  independe  ^ly  ol 
the  plate  vibrations,  provided  that  the  resulting  plate  displacement  is  small  compared 
with  the  boundary  layer  displacement  Uiickness.  In  what  follows  wc  shall  assume  that 
the  boundary  layer  pressure  field  can  be  specified  independently,  while  the  plate 
vibrations  and  consequent  radiation  arc  coupled  phenomena. 

In  the  present  investigation  wc  are  not  primarily  concerned  with  the  basic  prop¬ 
erties  of  the  boundary  layer  pressure  field  but  rather  with  the  mechanics  of  excita¬ 
tion  and  consequent  transmission  and  radiation.  We  are  primarily  concerned  with  the 
understanding  of  the  structural  and  acoustical  elements  jf  the  problem,  with  the 
ultim.ate  objective  of  devising  geometries  and  treatments  that  may  lead  to  boundary 
layer  noise  control. 

Several  recent  works  have  direct  bearing  on  the  present  investigation.  Kraichnan 
(1).  Rlbner  (2),  and  Corcos  and  Liepmann  (3)  computed  the  noise  radiated  from  plates 
excited  by’ boundary  layer  turbulence.  Because  theirwork  concerned  plates  immersed 
in  air,  no  account  was  made  of  possible  plate  vibration  and  sound  radiation  coupling, 
such  as  may  be  Important  in  liquids.  Kraichnan  considered  the  radiation  from  finite 
square  plates  while  Ribner  aitd  Cnrros  and  Liepmann  considered  radiation  from  large 
plates. 

Lynn  (4)  made  theoretical  and  experimental  studies  on  the  excitation  of  strings 
by  a  random  pressure  field  resembling  that  of  boundary  layer  turbulence.  Eringen 
(5)  studied  the  excitation  of  beams  and  plates  to  a  purely  random  pressure  field, 
without  particular  reference  to  boundary  layer  excitation.  Strasberg(6)  used  boundary 
layer  pressure  measurements  by  Harrlt.on  (7)  to  compute  the  excitation  of  both  finite 
membranes  and  finite  plates. 

In  addition  to  Harrison,  Wlllmarth  (8)  has  made  spectral  and  correlation  meas¬ 
urements  on  boundary  layers  in  wind  tunnels.  Kraichnan  (9)  studied  the  boundary 
layer  pressure  field  theoretically  as  a  preliminary  to  his  later  work  on  plate  excita¬ 
tion  (1).  Kraichnan's  (10)  must  recent  wurkon  turbulence  holds  promise  of  providing 
additional  information  on  boundary  layer  turbulence.  In  addition  to  the  foregoing, 
there  is  a  very  ricli  literature  on  turbulent  Ixxindary  layers  and  their  more  general 
a.spects. 

Boundary  layer  pressure  fields  have  also  been  measured  on  airplane  wings  by’ 
Mull  and  Algranti  (11).  Their  results  are  subject  to  some  uncertainty,  however, 
Ix'cause  Hm!  microphone  used  was  not  small  compared  with  the  boundary  layer  dls- 
|ilac:cment  thickness.  F.arlier.  Rogers  and  Cook  (12)  made  measurements  relevant  to 
the  lK)un(lary  layer  noise  problem  in  aircraft  spaces.  Also  Dyer  (13)  has  reported 
Ixjuiulary  layer  pres.sures  as  determined  indirectly  from  noise  measurements  within 
aircraft  cabins.  The.se  lattiT  two  .studies  are  largely  heuri.stic  in  nature. 
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CiKNEHAL  EQUATIONS  FOH  PLATE  EXCITATION 

Thr  vibration  on  a  plate  expohed  to  an  extiTiial  pressure  Held  1 1  > .  ^ ,  t  i  is  assumed 
to  olx'v  the  elassieal  thtn-i)late  equation; 

\ 

II  ■  M  '  '  I  '  i>,  |i  , )  I'l  X .  V .  I  I  (1) 

1  -  I  ‘  '  I-, 

where  Mx.v.t  t  is  the  displaeenient  of  the  neutral  plane  of  the  plate,  n  the  bending 
stiffness,  M  the  mass  per  unit  area  of  the  plate,  tlR>  damping  coefficient,  and  i>  ^  the 
sound  pressures  on  either  side  of  the  plate  (at  /  I.,).  Figure  1  shows  the  geometry 

relevant  to  the  problem.  The  liending  stiffness  Is  given  by 


where  K  is  Young's  modulus,  n  the  plate  thickness,  and  Poisson's  ratio.  The 
damping  em-ffieient  is  assumed  to  include  lx>th  viscous  and  hystcretic  damping,  a 
step  that  is  possible  only  If  we  make  a  special  assumption  on  the  time  dependence  In 
Eq.  (1).  as  we  shall  do  later. 

Boundary  conditions  (assumed  time -independent)  and  Initial  conditions  for  Eq.  (1) 
are  .specified  In  a  later  section. 

The  sound  field  on  either  side  of  the  plate  is  assumed  to  obey  the  non-dlsslpatlve 
linear  wave  equation  of  acoustic.s 


I'L'.  1  -  <  »ii.*  t  r\  i  niirtliri.itf  t«»» 

!m  i*M  it.ition 
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where  .  is  the  velocity  potential  and  <•  the  sound  speed.  We  have  assumed  that  the 
fluid  is  the  same  on  both  sides  of  the  plate,  but  it  will  prove  simple  to  consider  the 
more  general  case  should  the  need  arise.  The  velocity  potential  Is  related  to  the 
sound  pressure  and  sound  particle  velocity  v  by 


(4) 


v 

I 

where  •  is  the  fluid  density.  The  space  i  l  is  taken  to  be  free  from  boundaries, 
except  at  2  r,.  The  space  i  2  is  a  closed  space  with  reflective  boundaries.  More 

precise  boundary  and  initial  conditions  must  also  be  specified  with  Eq.  (3)  but  we  shall 
leave  this  also  to  a  later  section. 


Equation  (3)  is  coupled  to  Eq.  (1)  by  virtue  of  the  continuity  condition  on  velocity: 


(6)  . 


We  may  associate  with  Eq.  (1)  the  corresponding  equation  for  the  Impulse  u Is. 
response  x  .y,, .t., i  of  the  plate;  Is 


2 

„  fy-y,)  (6)  (>',) 

where  s  is  the  Di.ac  delta  function.  Then  I  an  integral  equation  for  w  may  be  Ix' 
written  (14);  ') 


j  .Ith  I  ilS„u(r.t  m  (7) 

•  T  ♦  ^ 

where  we  have  abbreviated  r  fw  x.y  andas  ,  for  iMy,.*  We  note  that  Eq.  f7)i  is  a<-> 
sum  of  all  responses  of  the  plate  for  every  time  t.,  before  time  it;  For  theiuoc^led  pU  ci 
case  in  which  F  is  independent  of  «,  Eq.  (7)  is  a  solutlnl  for  w.  For  both  Uie’coiupM  la.  ^ 
and  uncoupled  cases,  however,  we  require  a  representation  of  the  impulse  response  si  - 


We  may  obtain  a  formal  representation  of  the  Impulse  response  in  terms  of  the'  ii' 
eigenfunction  or  normal  modes  of  oscillation  of  the  plate,  l  The  normal  mode  for  r.n 
a  mixle  designated  by  the  two  order  numbers  m  and  n;  IS  of  the  form  irn. 

*m, /*•>•■«  ’  -  i  „„l  (8) 

where  n^„  is  the  modal  damping  and  the  damped  resonance  frequency.  Both  .i„„ 
and  '  are  positive  and  real.  The  normal  mode  satisfies  the  equation 


Rf  1  -  i  ) 


(9) 


where  we  have  made  explicit  division  of  the  damping  into  hysteretlc  damping  (deter¬ 
mined  by  the  loss  factor  )  and  viscous  damping  (determined  by  the  resistance 
coefficient  ■„). 
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Substitution  of  Kq,  (8)  into  Eq.  (9)  l  ix.'s  tho  I'quution  for  the  eigenfunctions 

'  . .  '  "  (10) 

where  the  eigenvalues  , ,,  are  taken  !••  be  real,  it  is  convenient  to  have  the  eigen¬ 
functions  normalized  sucli  llial 


IS 


(11) 


where  is  tlie  Ki ni  i  eker  delta.  Solutions  of  Eq.  (10)  are  to  obey  the  same  boundary 
conditions  a:,  tin  .a  of  Eq.  (1).  The  eigenvalues  are  then  determined  by  the  par¬ 
ticular  boundar.  eanditions  of  interest. 

The  nnd.ii  damping  and  damped  resonance  frequency  are  determined  by  the 
damping  eoi  tfieicnts  and  eigenvalues  as  follows:  We  assume  that  the  damping  meets 
the  Inequalities 


I 

I- 


(12) 


These  restrictions  Insure  that  the  damping  is  not  too  large,  but  they  do  not 
exclude  cases  of  practical  interest.  Then  the  modal  damping  is  given  by 


2M 


fru 

■ 


(13) 


which  foliows  as  a  consequence  of  Eqs.  (8),  (9),  and  (10).  Important  limiting  values 
of  ,,  are 


(14) 

(15) 

2  21^1  '  '  I*®} 

The  damped  resonance  frequency  is  also  determined  from  Eqs.  (8).  (9),  and  (10), 


2  •  B  1  . 

ft»»  ff.fl 


(17) 


and  require.s  simultaneous  solution  with  Eq.  (13).  However,  for  must  cases  of  prac¬ 
tical  interest  .  „  may  be  closely  approximated  by 


(»]' ' 

\«/ 


i 


(18) 


and  is  indi  pendent  of  dampin':. 
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We  now  turn  to  the  representation  for  the  impulse  response.  We  Introduce  the 
Green's  function  T,  which  is  the  Fourier  transform  of 


v.(  r  .  I  1 ,, .  I  ,  > 


I  .  I ,  .  1  t'sy  •  i  M  t  „  ) ,  (I  •  . 


(19) 


substitute  into  Fq.  (6),  and  obtain 

■«  .  4  . 

where 


(■  X  X  )  ‘  V  >  '  ,  ) 


(20) 


4  ‘M  ■  • 

II  I  I  I 


(21) 


The  Green's  function  (;  can  Ix'  expanded  in  terms  of  the  cif'enfunctions 


f.'  r.r  .  '  A.,,/r  .  ) 


(22) 


We  evaluate  the  coefficients  A.,„  by  piacinc  Eq,  (22)  in  Eq.  (20).  uainK  Eq.  (10), 
multiplying  by  ,  .  and  IntcKratlnt;  over  s.  The  result  is 


(i  r  .  t  I  \  •  4  4 


(23) 


We  then  use  Eq.  (19).  which  is  evaluated  by  the  calculus  of  residues  at  the  poles 
!  I. ,.  to  obtain  (14) 


1  I 


(24) 


when  I  t  •  is  the  unit  step  function. 

Equations  (7)  and  (24)  complete  the  formal  representation  fur  the  plate  dls* 
placement  a. 


THE  ROUNDAnY  LAYEH  PRESSUHE  FIELD 


Althoupli  it  is  not  our  purposi  to  inve.stiqate  the  liasic  stricture  of  a  turimlent 
boundary  layer,  we  must  olitaiii  an  appropriate  description  of  the  field  to  understand 
satisfactorily  the  mechanics  of  ).xcitation  and  the  possibilities  fur  noise  control.  We 
assume  that  tlie  boundarv  layer  pressure  field  has  the  followinp  characteri.stics; 

I.  'I'lie  pi'cssure  field  is  a  stationary  random  pnH'css. 

The  pressure  correlation  decays  v.  ith  time. 

I'he  pressure  correlation  (la.-:  a  -.(  .ili.il  I’Xtent  small  compared  witli  tlie  plate 
si/e  of  interest. 

•1.  Tlie  pressure  corn  lation  is  convc  lfd  aloM;;  Hu  surface  of  llie  pl.itc.  in  the 
dill  ction  if  Hu  Irei  -stream  velncily. 


lliii 
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5.  The  spatial  correlation  is  homogeneous,  depending  upon  the  difference  in  the 
spatial  coordinates  In  a  frame  of  reference  moving  with  the  mean  convection 
speed. 

Accordingly,  we  adopt  the  form  given  In  Eq.  (25)  as  a  possible  phenomenological 
description  of  the  boundary  layer  pressure  field; 


f  f  v .  y .  t  U  *  f  X ' ,  V ' .  I  '  >  I  *'  '‘xp 


/rT-77-  -r. 


t  ^Rr ,  ,  ) 


(25) 


where 


...  symbolizes  the  time  average  operation 
*  denotes  the  complex  conjugate 
K  s  the  normalized  pressure  correlation 
f-  is  the  mean-square  boundary  layer  pressure 

=  X  -  X  ' 

”  >  y 

=  t  -  f ' 

\  is  the  mean  convection  speed,  taken  to  be  in  the  |>u.sitlvr  x  direction 
is  a  measure  of  the  inverse  radius  of  the  turbulence  "eddy*’ 
is  the  mean  statistical  lifetime  of  the  turbulent  state. 

The  correlation  area  A  is  obtained  by  Integration  of  Eq.  (25)  over  and  ; 

2 

'  (26) 

Recent  measurements  by  Willniarth  (8)  .show  that  the  root-mean-square  boundary 
layer  pressure  is  given  !)>• 


where  r  is  the  free-stream  velocity.  Harrison  (7j  ulitained  a  numerical  coefficient 
somewhat  greater  than  that  given  in  Kq.  (27).  namely  9.5  10  '.  (Earlier  results  1)>- 

Dyer  (13)  from  aircraft  cabin  noise  measurements  yielded  a  value  very  close  to  that 
of  Eq.  (27).)  We  shall  use  the  value  given  in  Eq.  (27)  bi  examples  later  in  the  report. 


The  normalized  pressuri'  coi'ri'laljini  of  Eq.  (25)  is  shown  in  Fig.  2  for  an  arbi¬ 
trary  value  of  (he  product  .  V.c  see  that  the  corielation  decreases  as  thi'  time 
delay  increases,  and  that  the  corn  lation  peaks  for  iiartieular  values  of  ’ .  Mcasure- 
mentson  pressure  (uirrelatlon  geiu'i  allve.xhibitthe: .  l•'.,ll•aefe••isti^•s  (as  do  measure¬ 
ments  011  velocity  eoi'l'clalion  (15)).  Howevi'r.  the  r.w  .euremetds  also  show  that  the 
(  orrf'lation  is  soni.’wliat  less  peaky  than  that  .‘  (lown.  anil  tend.';  !(>  Ik  e.imt  .'diglitly 

l.v7 
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Fic.  -  -  Niirniali/.fcl  boundary  layor  proKKuri’  corn  lution  for 
an  arbitrary  value-  of  -v  ' 


negative  and  oscillatory  beyond  the  major  peak.  Thus,  Eq.  (25)  is  an  idealization  of 
the  pressure  field,  although  It  contains  all  the  elements  assumed  to  be  of  importance. 
The  added  complexity  required  to  obtain  a  more  exact  fit  with  measurements  does  not 
appear  to  be  warranted  for  the  present  Investigation. 


The  spectral  density  Si  i  may  be  determined  from  the  pressure  correlation  by 
the  Fourier  inversion 


Si  1  2  I  fi  r.  t  >f  *i  r .  t  '  >  •  i-Kp  i  ■  d  •  . 


(28) 


With  the  use  of  Eq.  (25),  thr.  spectral  density  is  found  to  be 


where 


(29) 


(30) 


is  a  characteristic  frequency  detcrmint>d  by  the  sum  of  the  "eddy"  convection 
frequency  and  the  inverse  time  constant  of  the  decay.  Si  >  is  plotted  in  Fig.  3  as  a 
function  of  .  .  Measurements  by  Harrison  (7)  and  Willmarth  (8)  are  in  general 

accord  with  Fig.  3,  except  that  the  data  fall  off  more  rapidly  with  frequency  above 
equal  to  about  3. 


C'onipari.son  of  F.qs.  (25)  and  (28)  with  measurements  (7,8)  lead  to  the  following 
s«  ll -consistent  estimates  for  the  parametersdescribing  the  boundarv  layer  pressure 
field: 
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Fik.  i  -  SiH’Ctrum  of  the  boundary  layer 
jiressure  field  correapondinf;  to  the 
Assumed  pressure  correlation 


•  30 

V  ■  OH  \  , 


(31) 


where  i  Is  the  displacement  bounda/y  layer  thickneas.  We  seethat  the  characteristic 
frequency  „  appears  to  he  determined  mainly  by  the  eddy  passage  frequency,  a  result 
obtained  theoretically  by  Kraichnan  (1).  Thus,  the  spectrum  S(  >  for  boundary  layer 
turbulence  Is  nearly  independent  of  the  lifetime  ,  although  the  correlation  R  (  .  .  n 
is  strongly  depen^nt. 

The  correlation  area  A  Is  of  the  order  of  <1^,  as  may  be  seen  from  Eqs,  (26)  and 
(31).  If  wr  make  the  relatively  unrestrictive  assumption  that  A  is  much  smaller  than 
the  plate  area  we  may  KlmplUy  Eq.  (25)  to  the  form 

.  .  ,  .  2  f  • 

(fr.t)l  t  r  .*  >  Af  '(’-v'l(.)  i‘xp  '  (32) 

In  essence,  Eq.  (32)  Is  a  valid  simplification  of  Eq.  (25)  for  .L  i ,  where  I.  Is 
the  smaller  plate  dimension.  Equation  (32)  gives  analytical  simplicity  to  the  boundary 
layer  pressure  field,  while  at  the  same  time  retaining  the  essential  properties  of  a 
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dl'cayliit;  and  c-oiivcctiMn  fic'ltl  of  sniail  scale.  Lyon  (4)  used  a  correlation  of  the 
form  of  Fq.  (32)  to  compute  the  response  of  strinns  in  a  convcctlnt;  turbulent  field. 

It  Is  of  Interest  to  note  that,  in  the  limit  of  very  .short  lifetime.  Eq.  (32) 
approaches 

tf  I  .  I  It  *(  r  .  I  '  •  JA  I  *  t  !•  I  (  1  (  1  (33) 

Also,  for  e  small  compared  with  .  the  correlation  approaches  that  of  a  purely 
random  field,  sometimes  described  as  "rain  on  the  roof,"  for  which  EriiiRcn  (5)  has 
computed  the  excitation  of  finite  plates.  On  the  other  hand,  in  the  limit  of  very  long 
lifetime,  the  exponential  factor  in  Eq.  (32)  is  unity  for  nearly  all  ,  corresponding  to 
the  case  of  coiivectiuii  of  a  frozen  pattern  In  the  turbulent  field. 

In  what  follows  we  shall  use  the  form  of  Eq.  (32)  and  the  estimates  of  the  field 
parameters  given  b\’  Eq.  (31)  as  a  description  of  the  boundary  layer  pressure  field. 
It  is  important  to  emphasize  that  this  description  is  not  precise,  but  is  intended  to 
disjilay  in  a  simple  way  the  essential  features  of  boundary  layer  excitation. 


RESPONSE  OF  A  FINITE  UNLOADED  DAMPED  PLATE 

We  consider  here  the  case  oi  a  plate  immersed  in  a  low -density  fluid*  such  that 
the  radiation  reaction  on  the  plate  may  be  neglected  (l.e.,  p,  -  p  ,  0-  Then  the 
sound  field  external  to  the  plate  and  the  vibration  field  on  the  plate  can  be  considered 
Independently.  Actually  we  shall  find  that  the  effect  of  fluid  coupling  does  not  change 
the  form  of  the  results,  so  that  much  of  what  is  done  here  can  be  carried  over  with 
appropriate  modification  to  the  more  general  case.  Thus,  we  proceed  to  the  limit  of 
zero  fluid  load,  and  the  plate  displacement  becomes 


»(r.ti  j  .It,  I  ilScir.t.  r  .1,,'. 


Also,  Lyon  (16)  has  shown  that  the  correlation  may  be  obtained  from  an  ensemble 
average,  and  may  be  written  as 


»(  r  .  t  !w’l  r  .  t  ’  )  ■ 


I  t 

I  'It,  I  .It,',  j  .IS  j  .IS',p,(  r.t  r  .t  ,  ' 


(35) 


•  p*(r'.t'  r'.t,')  |(  r  , .  t ,,  i| ’(  r I ', 

The  source  correlation  required  in  Eq.  (35)  is  given  by  Eq.  (32);  we  now  proceed 
to  the  explicit  form  fur  the  eigenfunctions  required  in  the  impulse  response  u. 

For  simplicity,  let  us  assume  simply  supported  boundaries  at  the  plate  edges; 

^2  *  "■  ,  "  y  I',  1.^  .  (36) 


These  boundary  conditions  are  not  apt  to  be  met  precisely  in  practice,  liut  they 
lead  to  relatively  simple  eigenfunctions.  Furthermore,  the  use  of  Fq.  (36)  is  likely 


I'h*  fjii. ml  it.it  J  v«*  rt'fpn  mi.i'iit  mi  liic  ({i-i.sitv  ^^ill  In*  «’viii«‘nt  trt»ir  tl.r  rts  ills  ui  th« 

lifXt  Sfl  t  I'Jll  . 
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ti)  loud  to  i'jTor  only  for  tho  vory  lowost  modes;  the  cit;enfunctluns  and  eigenvalues 
are  not  too  sensitive  to  the  lx)undary  eondltlons  for  higher  modes.  Normalized  solu¬ 
tions  of  Eq.  (10)  that  olx'y  Eq.  (36)  are 


with 


(37) 


(38) 


Equation  (35)  involves  the  product  of  two  doubly  infinite  sums,  a  typical  term  uf  which 
is  the  eross-product  of  two  modes  (~.n)  and  (p.■l); 


. .  ''!■ 


h  cit  ' 


'S..  I  'IS-  f  '  -  M>  I  ,  >  -  '  -  t  '  I 


(39) 


•  •'111  t  -  f  1  s in  j  t  I  '  »  /  'V  *  '  .  ‘  . 

The  s  integration  is  simple  because  of  the  delta  function  v  Thus  the  >■' 

integration  follows  reu'.''ily  and  yields  ,i.^  2.  The  \  integration  is  equally  simple  if 
we  assume  ' 

'  ' ,  (40) 

The  quantity  v  is  essentially  the  greatest  distance  over  which  the  source  is  cor¬ 
related.  From  Eq.  (31)  we  estimate  v  to  be  about  24  I.  Consequently  we  require  the 
plate  length  to  lx?  much  greater  tlian  alxiut  24  displacement  thicknesses,  or  about  3 
boundary  layer  thicknesses,*  a  condition  that  includes  all  but  the  very  thick  boundary 
layers  or  very  small  plates. 

With  the  use  of  Eq.  (40)  the  «  and  \  ’  integrations  yield 


where 


(41) 


may  be  termed  the  convection  frequency,  and  is  interpreted  as  the  frequency  at 
which  the  turixilent  field  is  convi  cted  past  a  length  of  plate  equal  to  the  •  -nuxlal 
wavelength.  We  see  that  by  virtui  of  the  Kronceker  deltas,  and  the  plate 
niodc'S  are  statistically  indej)endent.  Physically  this  resull  is  due  in  es.sence  to  the 
liirgem  ss  of  the  plate  compared  with  the  correlation  size  of  the  source. 


:  (I 
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We  now  turn  to  the  time  liitcf'rals  of  Eq.  (39).  To  facilitate  InteRration  we  intro¬ 
duce  the  variables 


{ 1 ' 

•  1 '  ) 

M  - 1„  > 

■'  It 

(t  ’ 

r‘,  > 

(42) 


The  new  coordinate  .system  ,  .  is  shown  in  Fig.  4  in  relation  to  the  coordinates  t ,,, 
t  ,‘,.  By  use  of  the  Jacobian,  the  differentials  become 


and  the  limits  arc,  as  can  be  seen  from  Fig.  4, 


(43) 


“  .  to  ...  lor 
0  to  ,  for 


Then  Eq.  (39)  becomes 


aC  r .  t  H  ( f  ’  .  I  ' 
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where  the  time  correlation  Integral  i„,„i  - 1  is  given  liy 


'.rn'  ■  ’  )  I  (  ••XI>  j-‘V 


(44) 


(45) 
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Kquation  (45)  is  similar  lo  an  integral  used  tiy  Lyon  (4)  in  the  strinn  response  prob¬ 
lem,  except  that  he  specialized  to  the  case  n.  ltecau.se  of  the  absolute  value  sIrii 
ill  the  inteiiraiid  we  must  integrate  Eq.  (45)  in  .separate  reRions,  dependinR  in  part 
upim  whether  ■  is  Rrealer  than  or  less  than  (i.e..  o  or  e).  FiRure  4 
shows  the  rcRiuns  within  which  the  inteRi-al  must  he  evaluated.  Thus.  Eq.  (45)  becomes 


'■■I,' 

'  i/' 

j  1  ■  .xp 
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The  intCRral  fur  o  is  Identical  to  Eq.  (46)  except  that  is  replaced  In’  - 
throughout.  Although  the  integrals  of  Eq.  (46)  involve  elementary  functions,  they  are 
exceedingly  laborious  to  evaluate  in  generality.  Rather  it  is  more  convenient  to  give 
the  results  for  special  cases,  in  order  to  avoid  horrendously  long  expressions  and  to 
maintain  physical  clarity. 

It  is  of  interest  to  note  that  the  results  expressed  by  Er  (44)  and  (46)  ran  be 
obtained  ina  somewhat  different  Init  equivalent  way,  using  the  formalism  of  Powell  (17), 


Mean-Square  Response  at  Coincidence 

We  consider  first  the  case  of  great  importance  in  aircraft  and  missile  applica¬ 
tions.  where  the  mean  convection  speed  v  ol  the  boundary  layer  pressure  field  can  be 
the  same  order  as  the  free  flexural  phase  velocity  1 1,  in  the  plate.* 

Integration  of  Eq.  (46)  shows  that  fur  l  maximum  response  occurs  when  the 
convection  frequency  equals  the  resonance  frequency  (i.e..  ^,, ).  The  foregoing 

condition  ^  1  (or  I )  corresponds  to  the  requirement  that  the  Itoundary  layer 

pressure  field  lx>  correlated  over  a  distance  greater  th’»n  the  r  -modal  wavelength. 
Inasmuch  as  the  correlation  distance  is  also  taken  to  be  smaller  than  the  plate  length 
.see  Eq.  (40).  we  find  that  for  maximum  response  at  :  the  mode  numlwni  Is 

restricted  by 


(47) 


With  the  u.se  of  Eqs.  (18).  (38),  and  (41).  we  can  see  that  :  is  equal  to  „  for  u  par¬ 
ticular  .speed  V  given  by 


'  II 


(48) 


The  speed  v .  is  lermed  the  hydrodynamic  coincidence  speed.  We  see  tliat  tor  modes 
M  •• .  V  is  approximately  equal  lo  r,,,  corresponding  to  the  situation  expected  in 
lino  dimension  (2.13).  For  n  the  same  ord«-r  or  gr»-ater  than  .  the  coincidence  speed 
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isilUTcasrd  byliu’  rcquiromnit  that  matching;  occur  with  the  component  of  v  projected 
on  t!ic  direction  of  tlie  standint;  wave.  This  result  is  similar  to  the  result  of  Rlbner 
(2)  for  infinite  plate  excitation. 


The  time  correlation  integral  I.,,;  )  is  now  specialized  to  "  as  well  as 
„  (i.e..  ■,  V  .).  We  find 


I, 


:in 


■  ll 
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(49) 


Equation  (49)  plus  Eq.(44)  gives  us  the  mean-.square  displacement  at  hydrodynamic 
coincidence  (v  v  ). 


We  may  .specialize  Eq.  (49)  further.  Consider  the  case  of  low  damping.  Then 


I 


n 

•  It 


I  . 


(50) 


As  expected,  the  mean-square  response  in  this  case  increases  with  increasing  life¬ 
time  and  decreasing  damping. 


Next  consider  the  ca  -■  of  very  high  frequencies.  Then  we  get 


t  (51) 

Note  that  the  mean-square  response  may  be  proportional  to  n,„„  ’  if  i,,,.  is  much 
greater  than  unity,  corresponding  to  the  situation  in  which  damping  decreases  the 
displacement  at  resonance  without  ai^reciably  liroadening  the  bandwidth  of  the 
resonance. 


Mean-Square  Res|)unse  Below  Coincidence 


In  underwater  applications  the  mean  convection  speed  Is  much  smaller  than  the 
coincidence  speed  (i.e.,  v  v .),  Consequently,  we  Investigate  Eq.  (46)  fur  : 

Alsu  we  specialize  to  the  case  »  in  order  to  obtain  the  mean-square  response. 
The  result  is 
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For  ease  in  interpretatioii,  we  consider  two  .special  cases  of  Kq.  (52),  fur  low  damping 
and  for  high  frequencies,  re.spcctlvely: 
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and 
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(54) 


Noto  that  for  imdorwiitor  probli'tns  wo  cannot  apply  thc‘sc  results  directly  because  we 
have  assumed  the  plate  to  be  lnim''rsed  In  a  low-density  fluid.  However,  we  may 
anticipate  a  result  of  the  next  section  that  shows  the  correct  result  to  be  of  the  same 
form.  Consequently,  we  may  proceed  with  a  discussion  In  the  frame  of  underwater 
appllration. 


Fur  definiteness,  let  us  make  ,  small,  so  that  :i„„  '  The  resulting  value 

of  is  plotted  in  Fig.  3  for  various  values  of  -.  Several  important  conclusions 

and  comments  may  be  made  from  Fig.  S  and  the  foregoing: 


1.  Fur  usual  underwater  conditions  the  plot  Is  estimated  to  cover  the  frequency 
range  from  about  10  to  10,000  cps,  with  some  extension  below  10  and  10,000  cps  pos¬ 
sible.  depending  on 


2,  I..,/"  I  is  proportional  to  the  mean-square  modal  velocity.  This  quantity  has 
a  varyingslupe  asa  functionof  At  low  frequencies  the  slo|)e  isabout  -Sdb  octave, 

at  intermediate  frequencies  about  -10  dl)  octave,  and  at  high  frequencies  about  -6 
db  octave. 
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3.  With  thu  use  of  information  presented  previously  in  the  Section  on  Boundary 
Layer  Pressure  Field  It  is  found  that  !„„(">  varies  with  ahuut  the  3rd  power  of  I',  at 
low  frequencies  and  about  the  5th  power  of  r,  at  high  frequencies.  Alsothe  dependence 
on  boundary  layer  thickness  is  the  3rd  power  at  low  frequencies  and  the  1st  power  at 
high  frequencies. 

4.  Hysteretic  damping  is  an  important  means  of  noise  reduction.  Above  a  certain 
frequency,  however,  damping  is  seen  to  have  a  decreasing  influence  on  the  rc-sponse. 

We  wish  to  expand  upon  the  last  comment.  Damping  appears  to  be  an  important 
mechanism  for  boundary  layer  noise  reduction.  Recent  researches  on  the  mechanisms 
of  damping  by  applied  treatments  (18-21)  arctherefore  of  major  interest  inthepresent 
problem.  As  Implied  above,  however,  there  is  a  transition  frequency  ‘  ,  above  which 
increased  hysteretic  damping  brings  diminishing  returns.  This  frequency  is  given  by 
the  condition  .i,,,,,  1  from  Eq.  (54),  and  is 

,  ‘  ■  (55) 

Equation  (55)  is  charted  in  Fig.  6.  Atypical  small  value  of  for  underwater 
applications  is  estimated  to  be  about  3  10  '  sec  (corresponding  to  i',  20  fps  12 
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kniils  and  i  0.02  H).  Wi'src.loi  t'.xampU-,  that  il  is  lO'-*  (a  quality  factor  0  of  10-) 
tlu'i'o  would  1)0  diiiiinishini;  roturns  in  incroasin)'  above  1000  cps,  ulthoutth  Kroal 
benefit  would  be  derived  below  1000  cps.  Qualitatively,  we  may  conclude  that  damping 
of  a  plate  and  decay  of  turbulenc('  play  analogous  roles  in  the  plate  response  below 
coincides and  that  usually,  but  not  always,  damping  is  the  dominant  factor. 

We  may  understand  the  foregoing  result  on  damping  effectiveness  by  appeal  to  the 
following  physical  arguments.  In  gtneral.  the  response  of  a  plate  to  an  arbitrary 
spatially  e.xtended  driving  force  is  a  combination  of  the  "forced  motion"  (which  would 
result  if  the  plate  were  unbounded)  and  the  "free  motion"  (which  takes  Into  account 
boundary  conditions  and  is  manifested  by  resonances).  For  short  lifetimes  (  small) 
the  plate  re.sponse  is  largely  that  of  the  "free  n.otion"  of  the  plate,  and  is  therefore 
damping  controlled.  For  longer  lifetimes  (  larger)the  plate  response  contains  more 
of  the  "forced  motion."  and  is  therefore  controlled  less  by  damping.  Thus,  for  fre¬ 
quencies  less  than  the  transition  frequ,  .icy,  the  plate  response  Is  largely  that  of  "free 
motion,"  and  the  |)late  vibration  is  controlled  by  hysteretic  damping.  Above  the 
transition  frequency,  the  reverse  situation  is  obtained. 


Displacement  Correlation  Below  Coincidence 

With  reference  again  to  underwater  applications,  we  consider  >  tlK* 

ferent  from  zero.  For  thi*  case  of  low  damping,  integration  of  Fq.  (4C)  yields 
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from  which,  of  course,  we  could  have  obtained  Fq.  (53).  Then  from  Fq.  (44)  we  get 
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In  general,  the  plate  correlation  is  required  for  the  computation  of  the  radiated 
sound  field,  Kq.  (57)  reduces  to  the  result  oirtained  by  Krlngen  (5)  for  the  case  of  zero 
lifetime. 


SOUND  RADIATION  INTO  A  CLOSFI)  SRACF 

We  shall  investigate  the  radiation  of  boundary  layer  noise  into  a  closed  space 
with  reference  to  the  geometry  ol  Fig.  1,  and  in  particular  to  the  underwater  case. 
Our  major  concern  is  the  sound  within  the  closed  space.  But  we  shall  see  that  the 
radiation  into  free  .sjMce  influei"  -  s  tne  resulting  sound  flidd  in  the  closed  space  as 
well,  and  hence  must  be  considered. 


Influence  of  tile  Closed  Spaci-  on  Fl.ite  Vibrations 

Consider  first  the  closed  .sjiace  ( ,  _>).  The  Fourier  translorm  'i'_,  of  the  velocity 

potenti  il  j  satisfies  the  Helmholt/.  equation 
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where  k  I-.  Assume  all  the  interior  surfaces  with  the  exception  of  the  exposed 
plate  are  pressure  release  surfaces,  i.e.. 
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These  boundary  conditions  correspond  approximately  to  an  interior  lining  of,  say, 
air-filled  rubber,  or  adjacent  air-filled  compartments,  when  the  closed  space  is 
liquid  filled. 

A  general  solution  of  Eq.  (5 '1)  that  obeys  Eq.  (59)  is 
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and  wh  Me  and  are  the  eigenfunctions  and  eigenvalues  given  by  Eqs.  (37)  and 
(38).  Because  of  the  coupling  condition  given  in  Eq.  (5), 
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where  n,  „  „„i8  the  modal  plate  velocity.  Consequently,  the  modal  coefficients  arc 
related  by 
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The  pressure  transform  is  equal  to  i  We  form  the  ratio  of  the  coefficients 
of  the  modal  pressure  to  the  negative  of  the  modal  velocity;  at  /  I.,  this  ratio  is  the 

impedance  7^^  felt  by  the  plate  as  a  result  of  radiation  into  the  closed  space.  Thus 
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where  M,,  is  the  effective  mass  per  unit  area  associated  with  coupling  to  sound  waves 
in  the  closed  space.  We  sec  that  M ^  may  be  positive  or  negative,  corresponding  to 
the  situation  where  the  radiation  load  is  truly  a  mass,  or  a  stiffness,  respectively. 

Equation  (64)  tells  us  tha;  we  can  include  the  influence  of  the  closed  space  on  the 
plate  response  by  adding  to  the  mass  Mappearing  in  Eq.  (44).  It  is  important  to 
note  that  for  liquids,  M  ,  may  be  the  order  of  or  appreciably  greater  than  \!. 

Let  us  define  a  sound  coincidence  frequency,  , ,  such  that  c  •  „.  Then  from 
Eq.  (61),  k,.„  is  imaginary  for  .,  and  real  fur  ,,  ,,  .  Thus 
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A  1-ineh  steel  plate  in  water,  for  example,  will  have  a  coincidence  frequency 
^  ,2  '  10,000  cps.  For  thinner  plates  the  coincidence  frequency  will  be  cor- 

respondinf?ly  higher  inasmuch  as  ,  is  proportional  to  h  For  the  frequency  range 
of  interest  in  most  practical  applications.  „„  will  be  less  than  , ,  corresponding  to 
Mj  positive  (i.e.,  massive). '■ 


It  is  of  interest  to  add  that  Derry  and  Reissner  (22)  have  computed  the  analogous 
case  of  radiation  into  a  cylindrical  enclosure  by  vibration  of  the  cylinder  surfa  e. 
Dyer  (23)  has  applied  this  work  to  the  case  of  missile  vibration. 


Influence  of  the  Free  Space  on  Plate  Vibration 

The  situation  for  radiation  into  free  space  is  not  as  clear  cut.  A  rigorous  treat¬ 
ment  of  radiation  from  two-dimensional  standing  waves  on  a  plate  is  not  yet  available. 
However,  Morse  (24),  Goesele  (25),  and  Westphal  (26)  have  studied  the  case  of  one- 
dimensional  standint'  waves.  Their  results  show  that  for  frequencies  higher  than  . , 
the  radiation  reaction  on  the  plate  is  purely  resistive,  corresporiding  to  the  propaga¬ 
tion  of  energy  away  from  the  plate.  On  physical  grounds  we  may  take  this  to  be  the 
case  for  two-dimensional  standing  waves  also. 

For  frequencies  less  than  it  was  found  that  the  resistive  reaction  became 
small,  corresponding  to  very  little  radiation  of  energy  away  from  the  plate.  Also, 
Morse  found  that  the  reaction  was  primarily  massive  such  that  a  fraction  of  the  plate 
length 
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behaved  as  if  it  were  an  infinite  plate  having  a  mass  impedance  determined  (in 
present  notation)  by 


••  (66) 

Inasmuch  as  we  are  primarily  concerned  with  frequencies  below  the  sound  coin¬ 
cidence  frequency,  Eq.  (66)  ma;.  be  used  as  an  approximation  to  the  present  case, 
provided  that  the  mode  number  is  not  too  tow. 

Correspondinglv,  when  the  mode  number  is  low.  we  must  e.xpect  that  radiation  of 
energy  away  from  the  plate  is  the  important  phenomenon,  giving  rise  to  a  resistive 
impedance  (viscous  damping); 


,  ■  •  (67) 

where  ^  IS  the  radiation  efficiency,  lor  ,  .ind  tor  infinite  pKites.  ^  is  zero 

becausi.'  of  comjiletr'  destructive  wave  inteiteri'nce  in  the  fluid.  For  finite  plates,  s 
may  lx-  greater  than  zero  liecause  ol  incomplete  destructive  wave  interference.  Thi’ 
higher  the  mode  number  for  a  givi  n  plati'  size,  tin  lower  s  becomes  bi-cause  ot 
increased  desirtielive  interference. 
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As  a  routih  approximation  formula  for  the  radiation  efficiency  we  may  take 


where 


The  f*  It  term  in  Eq.  (68)  is  suggested  by  the  aforementioned  work  on  one¬ 
dimensional  standing  waves:  the  second  term,  by  the  classical  radiation  efficiency 
of  a  piston  in  a  flat  plane. 

For  frequencies  less  than  ,  the  influence  of  radiation  to  free  space  is  thus  that 
of  viscous  damping  (  |)  at  low  mode  numbers  aitd  mass  reaction  (M,)  at  high  mode 
numbers.  Unfortunately,  these  quantities  have  not  as  yet  beendetermined  tigorously. 
but  the  rough  approximations  presented  above  will  be  of  use  in  estimating  boundary 
layer  excitation. 
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Plate  Excitation 

Equation  (44)  gives  the  modal  displacement  correlation  for  a  plate  in  a  low-density 
medium.  We  have  seen  that  the  effect  of  radiation  into  a  medium  of  arbitrary  density 
is  to  add  to  the  mass  per  unit  area  and  to  the  viscous  damping.  Thus,  Eq.  (44)  may 
be  applied  directly  to  the  case  of  liquid  coupling  with  the  use  of  a  new  mass  M'  and 
damping  i,,,,,  such  that 
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Liquid  coupling  below  sound  coincidence  thus  influences  the  modal  plate  response 
in  three  ways;  It  tends  to  increase  the  effective  mass  of  the  plate,  thus  reducing  the 
motion.  Because  of  the  increased  mass,  coupling  tends  to  reduce  the  resonance  fre¬ 
quencies,  as  may  be  seen  from  Eq.  (17).  And  it  changes  the  damping,  coupling  adds 
t.heterm  in  ,,  but  reduces  the  original  terms  because  of  the  increased  mass.  On  the 
other  hand,  the  forms  of  the  plate  response  solutions  discussed  previously  are 
unchanged. 

For  most  cases  we  can  set  theplate  viscous  damping  cot-fficient  „  equal  tozero. 
Then  we  see  Irom  Eqs.  (16)  and  (70)  that  hyst*  retie  dumping  is  an  important  noise- 
reduction  mechanism  if 


The  equaliiy  sign  in  Eq.  (71)  delines  a  set  ol  conditions  on  i-ilher  or  for 
wliicli  iioisi-  reduction  liy  hysii'relic  damping  is  not  efficient.  Thesi-  conditiori.',  c.in 
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!«■  ('stimati'd  fui'  a  particular  case  with  the  use  of  Kq.  (68y.  However,  noise  reduction 
by  hysteretic  clanipinp  can  be  achieved  efficiently  for  hinh  enough  mode  numbers, 
inasmuch  as  ,  tends  to  ^ero  in  this  range.  Hence  we  see  that  there  are  two  factors 
limiting  the  use  of  hysteretic  damping  for  noise  reduction;  one  the  limit  of  energy 
radiation  givenby  Kq,  (71,1,  and  the  othtr  the  limit  of  turbulence  decay  given  by  Eq.  (55), 


Sound  in  the  Closed  Space 

In  general,  we  desire  the  sound  pressure  correlation  to  describe  the  sound  field 
within  the  closed  space.  The  pressure  correlation  is  determined  by  the  plate  displace¬ 
ment  cor  relation,  as  in  Kq,  (57),  plus  the  velocity  potential  field,  as  inEq,  (60).  Dyer 
(27)  has  recently  worked  out  an  analogous  problem,  that  of  noise  propagation  in  a 
circular  space,  the  methods  of  which  apply  to  the  present  case.  We  shall  therefore 
pass  onto  a  simpler  problem,  that  of  determining  the  mean-square  pressure  adjacent 
to  the  excited  plate. 

The  modal  mean-square  pressure  p'*  at  the  plate  is  simply  determined  by  Eqs. 
(44)  and  (64); 
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and  the  spatial  average  of  pf ,  is  simply 


!’■  t 


•  A  i  ,  ,, 


)  . 


(72) 


(73) 


As  an  example,  consider  the  following  case  of  a  steel  structure  in  water: 
h  -  1  2  in. 

I.,  -  I.,  5  ft 

I.,  -  1  ft 

I  -  20  fps  1  12  knots 
.1  -  0.02  ft 
'  3  •  10  •’  sec 
=  10-  (Q  100)' 

III  this  case  the  .sound  coincidence  frequency  is  about  20,000  cps.  lo't  us  restrict 
attention  to  the  case  ,.  Then  for  frequencies  less  than  10,000  cps  we  may 

approximate  i:  ,,  by  Furthermore,  fur  simplicity,  let  ur.  restrict  attention  also 
to  frequencies  greater  than  about  200  cps.  in  which  case  M’  'M-  1-  ’  \i.  and 

^  as  can  be  calculated  from  Kqs.  (69)  and  (67).  Under  these  conditions. 
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and  is  the  uncoupled  resonance  frequency  civcn  approximately  by  Eq.  (18).*  r,  is 
the  longitudinal  bar  velocity  in  steel  ( '  17,000  fps). 

Equation  (73)  canbe  evaluated  with  the  u.sc  of  Eq.  (52)  (or  Fig.  5)  and  the  informa¬ 
tion  given  above.  It  is  customary,  however,  to  measure  noise  in  frequency  bands  of 
width  .  The  average  number  of  modes  N  in  a  band  :  may  be  determined  from  Eq. 
(18),  and  is  approximately 


.,h  (75) 

Thus,  the  mean-square  pressure  as  measured  by  frequency  analysis  in  bands  of  width 
:  will  be  on  the  average 
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where  we  now  consider  to  be  a  continuous  frequency  variable,  and  where  .  is  the 
density  of  the  plate.  Note  that  the  plate  area  does  not  appear  in  the  e)q>res8ion  for 
p-'.  Equation  (76)  is  plotted  in  Fig.  7  tor  the  conditions  given  above,  in  terms  of  the 
Spectrum  Level  (SI.)  defined  by 
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where  the  reference  pressure  p„  is  1  microbar  (1  dyne,  cm^). 

Of  course,  measured  spectra  would  tend  to  appear  less  regular  than  that  shown 
in  Fig.  7,  particularly  at  the  lower  frequencies  where  the  measurement  bandwidth  may 
be  small  compared  with  the  frequency  spacing  of  the  resonances.  Also  a  hydrophone 
spaced  out  somewhat  from  the  excited  plate  would  be  expected  to  record  considerably 
less  than  that  predicted  in  Eq.  (76).  From  Eq.  (60)  we  see  that  the  mean-square 
pressure  for  a  location  away  from  the  excited  plate  would  bt>  reduced  by  the  factor 
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As  an  example,  if  /  ii.<i  I.,,  the  above  factor  is  about  -2  db  at  100  cps  and  -17  d'  it 
1000  cps.  Even  larger  reductions  are  predicted  at  frequencies  larger  than  1000  cps, 
but  these  are  not  lllcelyto  be  realized  in  practice  because  of  the  presence  of  non-ideal 
boundaries,  dissipation  in  the  water,  and  other  noise  sources. 


On  the  basis  of  Eqs.  (76)  and  (78)  we  may  reach  the  following  tentative  conclusions 
on  possibilities  for  the  reduction  of  boundary  layer  noise  associated  with  underwater 
devices: 


1.  The  slower  the  speed  and  the  thinner  the  boundary  layer,  the  less  the  noise. 

2.  The  greater  the  mass  per  unit  urea  of  the  excited  plate,  the  less  the  noise. 
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SPECTRUM  level.  OB  PE  I  WiCROBAP 


Sound  from  Ifomulary  l.iiyi  r  I'urIjiiU-iiii' 


Kij;.  7  -  Cnlculatcd  avvr.i(;i-  nuuui- square  prtuisure  at  the  exrilitl  plate.  l.eveU  .ire 
I'oiliued  eonsirterahly  at  locations  removed  (roin  th.'  plate  (see  text  for  condition*). 


3.  I'hc  t;reatcr  the  plate  damping,  the  less  the  noise  (within  the  limits  noted  in 
the  foreftolnt;). 

4.  I  he  greater  the  distance  from  the  excited  plate,  the  less  the  noise. 
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DISCUSSION 


H.  S.  Ribner  (University  of  Toronto) 

Dyer's  formulation  in  his  Eq.  25  is.  I  thiidc,  a  plausible  space-time  correlation 
function  fur  the  turbulence  jiressures.  With  his  numbers,  it  is  almost  a  frozen,  con- 
vected  pattern;  cuiive:  tiun  contributes  about  50  times  us  much  an  fluctuation  to  the 
observed  microphone  frequencies.  A  different  view  is  that  an  eddy  is  convected  about 
50  times  its  length  Indore  it  has  been  destroyed  by  fluctuation.  The  ratio  of  50,  fur 
i:onveelion-to-fluctuatiun,  can  be  uppro.\im;ued  as  infinity  in  two  ways:  the  time 
scale  can  ill'  made  infinite  (frozen  pattern,  treated  by  Ribner  mid  by  Kraichnan).  or 
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ilii'  lenuth  scalo  can  be  set  equal  to  zero.  Dyer  does  the  latter— he  effectively  reduces 
the  eddy  size  to  zero—by  insertin);  delta-functions  in  his  correlation.  The  entiri! 
later  analysis  utilizes  this  modified  correlation,  Eq.  32. 

The  assumption  of  zeroeddy  size  appears  to  be  related  to  Dyer's  findingthat  the 
lilate  modes  are  statistically  independent.  It  seems  unlikely  that  such  an  independence 
can  hold  in  reality  for  modes  of  wavelength  less  than  the  eddy  size  (the  high  frequency 
modes). 

Further,  zeroeddy  size  Implies  that  the  cutoff  frequency  (.„)  goes  to  infinity: 
the  analysis  implies  excitation  of  the  plate  by  "white”  noise.  For  a  given  mean- 
square  pressure,  the  "white"  noise  spectrum  robs  from  the  low  frequencies  to  add  to 
the  high  frequencies.  The  analysis,  therefore,  presumably  leads  to  i.  ierexcitation 
of  the  low  modet  and  overexcitation  (failure  to  show  a  cutoff)  of  the  high  modes.  In 
this  matter  of  'Iw  correlation  function  I  cannot  resist  the  conclusion  that  the  frozen 
convected  pattern  would  give  more  realistic  results,  since  it  preserves  the  eddy  size 
and  exhibits  a  realistic  frequency  spectrum. 

Dyer  discusses  the  role  of  "coincidence"  of  moving  pressure  waves  with  possible 
free-running,  sinusoidal,  flexural  waves  in  the  plate.  The  speed  of  these  free  waves 
is  a  function  of  the  wavelength.  Thus  only  certain  Fourier  components  of  a  moving, 
fluctuating  pressure  pattern  will  have  the  correct  wave  length  and  speed  for  coinci¬ 
dence.  The  assumption  of  what  amounts  to  zero  "eddy”  size  in  the  pattern  will 
grossly  change  the  Fourier  components  and  therefore  the  degree  of  coincidence. 


I.  Dyer 

In  comment  to  Dr.  Ribner's  statement  1  wish  to  note  that  the  eddy  size,  in  my 
estimation,  has  not  been  taken  out  of  the  problem.  While  the  delta  function  appears, 
the  eddy  size  is  still  retained  in  the  quantity  ».  Of  course  the  delta  function  was  used 
as  a  matter  of  analytical  simplicity.  Th  onsequence  of  this  is  that  the  modes  one 
obtains  are  statistically  independent.  I  ..unk  that  in  practice  this  is  probably  a  very 
good  approximation.  While  there  are  probably  some  modes  that  would  be  poorly 
approximated,  they  world  have  to  be  fairly  close  together  in  frequency  space  In  order 
for  any  kind  of  correlation. 


G.  M.  Corcos  (University  of  California.  Berkeley) 

I  wish  to  compliment  Dr.  Dyer  for  the  clarity  of  his  presentation.  I  would  like 
him  to  comment  or.  three  points. 

First,  I  fail  to  see  the  origin  of  the  "viscous  damping"  term  in  the  differential 
equation.  It  was  assumed  that  the  boundary  layer  was  undisturbed  by  the  plate,  and  I 
don't  sec  how  a  plate  oscillating  normally  to  itself  will  dissipate  energy  if  it  doesn't 
modify  the  boundary  layer. 

Second,  there  have  been  at  least  two  detailed  attempts  at  solution  of  essentially 
the  same  problem  by  normal  mode  methods,  one  by  Dr.  Kralchnan  and  the  other  by 
Dr.  Powell,  and  there  have  been  other  attempts  using  slightly  different  methods. 
Since  the  analysis  is  on  the  heavy  side,  it  would  be  Informative  to  indicate  what  new 
information,  oeyond  that  already  available,  has  arisen  out  of  the  work  presented 
here. 
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My  third  point  is  in  l•^’^;.lrd  to  tho  use  o{  normal  modus.  Is  it  possible  to  offer  a 
simpler  solution  of  the  differential  equation  by  using  a  fundamental  solution  which,  in 
effect,  ignores  the  ctfect  of  the  boundaries?  An  answer  is  provided,  in  my  opinion, 
by  some  work,  to  be  published  soon,  by  Dr.  Paul  Weyers  of  the  California  Institute  of 
Technology,  who  has  studied  the  generation  of  sound  on  the  outside  of  a  very  thin 
plastic  tube,  inside  of  which  is  a  fully  developed  turbulent  flow.  The  point  is  that  in 
the  problem  you  consider,  the  scale  of  the  turbulent  phenomenon  is  small  compared 
to  the  size  of  the  plate.  In  Weyers*  case,  even  though  they  arc  of  the  same  order,  the 
transmitted  sound  spectrum  exhibits  no  peaks  for  frequencies  higher  than  the  very 
lowest  range.  Most  of  the  energy  is  contained  in  the  (tontinuous  portion,  and  I  wonder 
why  the  use  of  a  fundamental  solution,  ignoring  all  the  details  of  effective  boundaries, 
has  nut  been  considered. 


I.  Dyer 

Dr.  Kurtze  will  answer  the  quest  ion  about  how  one  can  get  viscous  damping  with¬ 
out  modifying  the  external  field. 

As  far  as  what  new  results  arc  obtained,  I  think  the  primary  result  of  this  work 
is  that  it  shows  in  a  clear  way  the  influence  of  the  decay  of  the  turbulence  on  the 
design  of  damping  treatments  for  the  reduction  of  boundary  layer  noise.  I  would  say 
that  this  is  the  prime  result  and  that  the  solutions  at  high  frequencies  ought  to  merge 
together  and  be  independent  of  the  particular  details  of  the  modes.  In  effect  the 
formula  is  a  manifestation  of  this. 

Skudrzyk  has  also  made  some  calculations  along  these  lines  and  you  might  be 
interested  in  seeing  what  he  has  done  on  that  basis.  The  use  of  that  theory  is  not 
unique;  it*s  just  a  matter  of  taste  and  convenience  on  my  part. 


K.  U.  Ingard  (Massachusetts  Institute  of  Technology) 

It  might  be  of  interest  to  mention  work  by  Dr.  Lyon  on  the  problem  of  excitation 
of  a  membrane  caused  by  a  flowing  turbulence.  It  is  interesting  in  the  sense  that  in 
Dr.  Dyer's  treatment  it  was  assumed  that  the  convective  velocity  of  the  turtn^lencc 
was  small  compared  to  the  flexural  wave  speed  and  hence  the  resonance  effects 
obtained  in  that  manner  were  completely  ignored.  On  the  other  hand,  if  one  uses  the 
membrane,  the  tension  of  which  can  be  varied  as  you  please,  he  can  very  easily  adjust 
the  flexural  wave  speed  of  the  membrane  to  be  coincident  with  the  convective  speed 
of  the  turbulent  flow  and,  in  that  way,  both  theoretically  and  experimentally,  show  the 
resonance  caused  by  this  coincidence,  ^ch  experiments  have  been  performed  and 
have  been  shown  to  be  in  agreement  with  the  culculatione. 


E.  Mollo-Christensen  (California  Institute  of  Technology) 

Figure  D1  shows  the  results  obtained  by  Weyers  for  the  sound  radiation  from  his 
pipe  at  the  high  frequencies  only.  This  is  the  high-frequency  part  of  his  result.  One 
finds  this  spectrum  is  practically  continuous,  in  agreement  with  Corcus*  comment. 
At  the  iow  frequency  Weyers  finds  tliat  he  gels  a  siieclram  with  peaks  in  it,  wliich 
then  descends  into  a  continuous  spectrum  fur  higher  frequencies. 
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One  may  ask  why  the  author  did  not  find  the  stream  directionality  of  the  radiated 
flow  field  to  free  space.  Listcnini;  to  the  bend  of  a  garden  hose  lying  on  the  lawn,  one 
is  impressed  by  the  strong  directionality  of  the  emitted  sound  field. 


•  >  17t  ft.  /sac. 

•  11b  ■  ft*  /aec, 

•  ■  231  ft.  /  ate. 

a  E  H,  /  sec. 

o  E  296  ft.  /  sec. 
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I.  Dyer 

The  spectrum,  of  course,  that  would  be  predicted  on  the  basis  of  the  theory  would 
also  exhibit  these  peaks  corresponding  to  the  modes,  I  think,  and  wha'  I  plotted  in 
the  last  slide  was  essentially  this  portion  of  it.  There  should  be  no  directionality  to 
the  emitted  sound  field  as  long  as  essentially  the  flexural  wave  speed  on  the  plate  is 
less  than  the  wave  speed  in  the  water.  It  is  only  above  thai  so-called  coincidence 
frequency  that  such  directionality  should  occur. 


*  *  *  *  * 
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RECENT  INVESTIGATIONS  ON  SONIC  ANO 
ULTRASONIC  CAVITATION  IN  GOTTINGEN 


h.r*A»n  MfvtT 


INTRODUCTION 

The  investigatiuns  to  be  discussed  here  are  divided  into  the  following  subjects; 

1.  The  noise  spectrum  oi  cavitation  with  steady  sinusoidal  excitation  and  its 
relation  to  the  oscillation  of  the  bubbles. 

2.  The  cavitation  caused  by  a  .single  underpressure  pulse. 

a.  excited  with  u  barium  titanate  calotte 

b.  excited  by  the  sudden  retardation  ot  a  moving  water  column. 

3.  The  relations  between  sound  pressure  and  luminescence. 

4.  The  measurement  of  the  surface  tension  and  surface  viscosity  from  the 
excitation  of  capillary  waves  at  frequencies  up  to  l.h  Me  s. 

It  is  generally  known  that  the  onset  of  streaming  or  ultrasonic  cavitation  is 
accompanied  by  noise;  the  noise  has  a  very  broad  fr(>quenry  spectrum  and  in  many 
cases  the  audible  jiart  of  it  is  so  notlce.able  that  it  is  often  used  as  a  criterion  for  the 
onset  of  cavitation.  It  was,  for  example,  during  the  war  very  easy  to  determine  the 
upper  limit  for  the  creeping  speed  of  a  submarine  as  function  of  the  diving  depth  by 
simply  listening  to  the  onset  of  cavitation  or  the  onset  of  formation  of  air  bubbles 
caused  by  a  sufficient  number  of  revolutions  of  the  screw  with  a  kind  of  a  stethoscope 
attached  to  the  screw  shaft:  already  with  the  first  experiment  the  increase  of  the 
critical  number  ol  revolutions  ol  the  screw  with  the  square  root  of  the  diving  depth 
(static  pressure)  was  stated. 

As  was  shown  in  an  oldt  r  papei  by  Th.  Lange  (1)  also  fur  ultrasonic  cavitation 
the  onset  ol  noise  is  so  sharp  that  it  is  preferred  to  the  formation  of  visible  bulibles 
a.s  a  criterion  for  cavitation.  It  is  to  a  iar  extent  without  significance  which  part  ot 
the  noise  spectrum  is  used  lor  detecting  the  unset  of  cavitation.  From  the  work  of 
Th.  Lange  only  ono  figure  (fig.  1)  will  lie  given  t«i  confirm  the  above  statements. 
Viliralioii  cavitation  was  excited  witli  a  quart/,  crystal  at  !)75  kc  s.  The  driving  voltage 
ol  the  quart/  is  plotted  on  the  aliscis.sa  against  the  noi.s(>  level  inth(‘  frequency  interval 
fioiii  520  to  540  kc  s  on  the  ordinate.  Here  the  onset  ol  cavitation  is  much  I'asier 
recognized  than  by  using  e.g.  the  nonlinearity  ol  the  sound  pressure  increase  of  the 
exciting  frequency  <575  kc  s)  a.s  a  criterion. 
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KK  Sl>KCTHt'M  AND  SOLNU  PHKSSUR^:  OKCILLOCRAM 
•■OR  IHI  ONSJT  OI  CAVITATIOK  AND  THKIR 
RI  LATION  TO  THT  06CIUI.AT10NS  Of  “Rf  tlTDDLf  S 

In  a  thorxuKh  invcaliKaliKn  R.  K»rht  (2)  has  studird  iht-  sjM'i-iruBi  ol  nunii-  or 
ultrasunu'  laxilaliun  lor  a  (■ri'al  nuniht  r  iH  irt-qiu  nru-s  rant:ini:  from  IM>  r  s  up  lu  3 
Mr  M.  He  luund  out.lhal  Hmtc  is  aUays  a  Iiim-  and  a  ctiniinuous  spri'lrum  simultam  • 
I'usly.  In  th<  linr  H|M'i'truni  Dn  t-xcilini:  Iri'qui-ncy  a|ip«'arK.  ul  ruurio'.  «ilh  hiich 
inii-nsity  aiidaliui  ihr  harnuinu  .•  art-  ubiu'rvfd.  Phut  M-t-nislo  hr  iil>\’ious.  Dw  KhcM' 
riHild.  p«'rhat).s  lor  Ihr  (irsi  I  iim'.  acrrrtain  that  also  a  numiNT  of  nntiharnKiiiic  (r<'- 
(lucnru's  (H-i  ur.  In  hiu  invest i^alom  hr  came  to  llw  conclusion  that  the  occurrence  ot 
a  continuous  spectrum  miiiht  Im  aprofM'r  method  todistiiutuish  true  cavitation  (fornu- 
lion  ul  bubbles  conlainiiu:  only  water  va|Hir)  (rum  that  type  ot  cavitation  when  air 
bubbles  are  (urmed. 


The  iH'curreiM'e  ol  subharnMHiic  Iretjuenries  (fit;.  2)  is  ul  Hpe<-ial  interest,  as 
suitharniunics  one-hall. o<ie>third. andom  -lourth  the  exr..lnt^(requenc>  an- uliserved. 
Also  the  overtones  ul  the  subharmonics  an  presem.  hi  a  nsire  recent  invest i|Uil ion 
on  the  detailed  structure  ot  the  spectra  L.  Itohn  (3)  luund  not  unly  subharmunics 
within  the  ranut  o(  the  lundaim-nlal  Irequency  Init  also  •  nusiliy  as  overtones  o(  hall- 
order  subharmonics  -  up  to  the  30lh  or  40lh  orch-r,  their  level  sunH-limes  beinp  10  dl> 
under  the  level  of  Iht-  inte^-er  harmonics. 

TheiH-rurrence  uf  subharnwaiics  is  nut  diflicult  to  underslaml.  In  a  hifih-inlensily 
soand  field  the  esrillalini:  air  bubbles  change  their  voluim  to  a  iireal  extent  durinit 
one  p« nod.  That  nu-ans  lhai  tfu-  compliance  u  air  and  the  nuss  uf  water  tahini;  pan 
in  the  u.-ir  illation  are  lunctiuns  iS  time.  In  this  case  we  have  a  rheulinear  uscillation. 
tiM  differential  e<|ualion  of  which  admits  also  sabharmunics  as  solutions.  W.  Uiith 
(4i  starts  from  the  piiMipb-  that  the  oscillation  is  nunlim-ar.  since  the  cumpliam-e  of 
tht  air  cushion  is  a  function  of  the  oscillation  amplitude.  The  compliance  increases 
Willi  increasiiiK  amplitude.  The  resonam-e  curve  of  such  a  system  is.  as  is  well  known, 
not  symmetrical.  The  maximum  of  the  curve  moves  tuwards  lower  (ri-qui  iw  ies  with 
increasin*'  aniplituda-.  At  the  sans- linn  lb<  is-currence  iit  subharmunics  is  possible. 
It  IS,  howevi  r.  surprisini:  that  esp«-cialty  om'-hali  the  excilinpfn-quency  ard  the  cor- 
respond.r.'.; ovi  rtuncs  are  so  clearly  iibsi-rvalile.  This  nuans  that  inthe  oscillatiui.  uf 
thi  liuUile  a  is-riodic  aniplitudi  or  |ihase  nsshilation  with  one-hab  th*-  ixciIiih:  (re- 
(iis-m  y  IS  VI  r\  proiniiM-nl. 


Varyini;  iIh-  cisidilions  for  ultrasonic  cavitalion  sis  h  as  air  conti-nt  or  cxciiiiu: 
aiiifilitisii'.  iiMiri  asionishiiu;  results  with  resis-cl  In  thi  .sismil  |>ressur«' uscilluprani 
or  to  Its  •'Oiiisl  .sjs  ciruiii  iitay  Is  •asaini  il.  Sm  h  invesiiualnsis  were  carried  inii  i-v 
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L.  Oohn  (3).  His  apparatus  was  very  simple  in  principle  (FiR.  3).  Twenty-one  mag- 
nc'tostrictivc  systems  with  a  resonance  frequency  of  14.6  kc  s  connected  in  parallel 
were  arranged  in  such  a  waythat  the  sound  was  focused  on  a  small  area.  In  the  focus 


a  microphone  was  placed,  consisting  of  a 
thin  nickei  wire  of  about  0.5*mmdiameter 
(5;.  Only  the  tip  of  the  nickei  wire  was 
sensitive  to  sound  since  the  rest  of  the 
wire  immersed  in  the  water  was  covered 
with  a  thin  piastic  tube.  The  part  of  the 
wire  jutside  the  water  had  considerable 
iength  and  its  end  was  covered  with  a 
wedge-shaped  layer  of  wax  so  that  only 
progressive  waves  are  excited  at  the  tip 
<jf  the  wire.  These  extensional  waves 
generate  an  aevoitage  in  a  solenoid  around 
the  nickei  wire.  The  microphone  responded 
to  frequencies  up  to  1  Me.  s  and  it  is  of 
minor  importance  whether  the  frequency- 
response  curve  rises  with  frequency,  as 
corre.sponds  to  the  principle  of  the  mag- 
netostrictive  transducer,  or  is  leveled  out 
l)y  an  electrical  network. 

The  cavitation  bubbles  h.ive  to  lie 
tornicd  at  thi^  tip  of  the  microphone  to 
excite  directly  the  micrujjhone  with  their 
viliralions.  in  order  to  really  acconiidi.sh 
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thr  imKet  of  caviution  ai  lh«'  vi-ry  tip  of  tin-  micruphcne,  eapecially  with  rirgaased 
water,  a  current  pulac  (2>hiirl<  .icd  umAt  nuir  dlwchargi-)  wan  led  throuidi  the  artre  :nto 
the  water,  no  by  either  increasing  the  temperature  ^  the  water  over  a  very  amall 
area  or  by  a  weak,  transient  electrolysis  gas  bubble  nuclei  were  iitjected  at  the  tip 
of  thr  wire. 

Of  special  interest  is  the  cavitation  noise  for  weak  eacitation  in  saturated  or 
moderately  undersaturated  water.  Then  the  cavitation  bubbles  arc  eacited  (by  pulacs) 
in  their  natural  pulsation  oscillation  and  reverberate  with  this  frequency.  The  bubbles 
are  preferably  stabilized  at  certain  siaes.  Sometimes  clouds  of  very  tiny  bubbles  are 
then  ipiermlttently  pushed  away  from  an  o4cillatlag  bubble.  This  is  probably  caused 
by  strong  ouciUations  of  the  bubble  surface  eacited  by  the  high  acceleration  related  to 
the  pulsation.  B  therefore  suggests  itself  to  assume  that  in  this  caaethe  natural  pul* 
sailon  coincides  with  a  natural  surface  oscillation  of  the  bubble.  For  weak  eacitation 
the  surface  vibrates  on  a  subharmonic  overtone  baaed  upon  one-half  the  natural  fre¬ 
quency  o.'  ibe  pulsation  oscillation.  For  strong  eacitation  ahigher  order  of  the  surface 
oscillation  coincides  di.-ectly  with  the  natural  frequency  of  the  pulsation  oscillation. 

In  Fig.  4  the  eigenfrequency  f.  of  the 
pulsation  osclUalion  and,  the  half¬ 
order  sabharmonic  f ,  jaswellasthe 
differem  overtones  ff  |  to  f,)from  the 
second  to  the  seventh  order  are  plotted 
agalast  the  reciprocal  bdbble  radiuo 
according  to  Ibe  formula  given  by 
Minnaert.  ^  is  evident  from  the  graphs 
tlwl  for  43,  47,  US,  and  310  kc  s  the 
eigenfrequency  of  the  pulsation  oscil¬ 
lation  for  the  cor  reap  nndtng  bubble 
Slav  coincides  wtthtbe  seventh,  siath, 
fifth,  and  fourth  order  respectively  of 
the  surface  oscillation.  The  third 
order  can  also  coincide  with  one-half 
thi'  fundamemal  frequency  of  the  pul¬ 
sation  oncillatian,  resulting  in  a 
"stable"  oscillation  at  117  kc  s. 

A  quantitative  confirmation  of 
statements  is  given  in  Figs.  S  and  4. 
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Here  wi'  have  weak  cavitation;  the  sound  pressure  is  0.7  atm  and  the  saturation  with 
air  about  70  to  80  percent  (Fitt.  5).  The  correspondifiB  values  for  Fig.  6  are  1  atm 
and  bO  to  90  percent  saturation.  In  the  oscillogram  as  well  as  in  the  spectrum  the 
preterence  of  a  certain  frequency  range  -  using  a  term  from  physiological  and  music^ 
acoustics  one  might  say  formant  Irequcncy  -  is  obvious,  bi  Fig.  5  this  is  110  to  120 
kc  s.  in  Fig.  6  it  is  65  to  70  kc  s.  Also  lower  "formanl”  frequencies  might  occur,  as 
for  example  the  frequencies  15.8  and  16.6  kc  s  respectively  and  22kc/s  in  Fig.  7  for 
a  sound  pressure  of  1  atm  and  air-saturated  water.  On  the  other  hand  also  mgher 
formant  ranges  are  possible  (see  Fig.  8);  the  saturation  corresponding  to  Fig.  8  is  60 
to  70  percent  and  the  sound  pressure  is  relatively  high  (2  atm). 

For  lery  strong  sound  excitation  things  become  rather  complex.  There  occur 
rev.  rberaiing  oscillations  of  the  bubbles  at  certain  frequencies.  Also  stabilization  in 
the  above  Described  sense  is  observed.  As  is  expected,  the  energy  of  the  spectrum  in 
all  cases  increases  with  frtxiuency.  There  are  sharp  maxima  in  the  oscillograms 
wiih  a  pulse  width  <.f  only  some  microseconds.  The  width  of  these  pulses  can  be  cal¬ 
culated  ironi  the  minima  in  the  respective  frequency  ranges  ot  the  spectrum^In  Fig. 
9  a  sp.clrum  of  this  type  is  given.  There  is  a  marked  minimum  at  about  200  kc  s. 

Anolhi  r  e.xample  illustrating  how  the 
noise  spi  ctrum  extends  to  higher  fnquencies 
when  the  exciting  sound  pressure  is  raised 
from  1  to  4  atm  is  given  in  Fig.  10. 

On  the  other  hand  in  saturated  or. 
better,  oversaturated  water  larger  bubbles 
are  lorined  which  are  in  re.sonance  with  the 
exciting  (riquency  of  14.6  kc  s.  Then  there 
are  no  sharp  sound  pulses  and  thi'  oscil- 
iogran.  resembles  more  or  less  a  sine 
curvi'. 

Vi  rv  sharp  puls  s  are  naturally  oliservc-d 
in  .  xtri  nil  ly  undersaturated  water  at  higner 
excitinv  ‘-ound  pressure  amplitiKles.  The 
spectram  is  then  exclusively  giv.  n  by  Ih.- 
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form  .•(  th<'  pulsos  (Fig.  11).  rh«'  t-nvelmii  ot  ihi-  spectrum  can  »asilv  be  cynlained 
with  the  assumption  of  a  cosine  pulse  ul  6  to  7  sec  duration. 

The  oreurrenee  of  a  continuous  .spectrum  has  often  b«*en  the  subject  ot  detailed 
discussion  lor  some  time  it  was  believed  tliat  the  continuous  spectrum  was  a 
criterion  for  r.  al  cavitation,  that  is.  cavitation  ot  vapor  bulililes.  A  more  simple 
rea.son  for  the  exist.  nce  ol  a  continuous  spectrum  is  that  the  amplitude  or  the  phLe 
of  the  gas  bubble  oscillation  is  subject!  d  to  statistical  fluctuations,  which  conse- 
queiilly  render  a  continuous  spectrum.  The  vapor  bubble  cavitation,  if  ii  at  ill  his 
to  b.  distinguishi  d  from  the  formation  ot  gas  bubbles,  is  .supjiosed  to  be  the  stronger 
till  higher  thi-  Irequencies  in  the  spi  ctr am  are. 

.'■iiiiultaneously  »ith  the  above  mentioned  investigations  1 .  Mundrv  and  VV  Cluth 
(0)  lilnied  th-  gas  bubble  oscill.itioii  itself.  In  th.  se  experini.  nts  Ih.-  oscillating  cavi¬ 
tation  bubbli'  is  gener.ited  at  the  lip  ot  a  niagneiostrietive  nickel  ri«i  i2.ri  kc  si  The 
biibbl.  IS  lii'hte.1  ,1,1  with  an  int.  i  niitt.  nt  ele.  tric  .spark  and  then  i.  conii  d  on  a 
.stalioii.il  ytiliii  with  til.  help  ol  a  revolving  n.irroi  :  the  ni.ixiiiial  iiuniber  ol  exposures 
IS  about  103.000  Iraiiies  s.'c.  As  soon  as  thebubbh-  has  b.  eii  regi.sieie.i  Hu-  .sound  is 
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I’ul  off  af  onco  and  tlu'  sizo  of  tho 
bub'oli'  at  rest  is  moasurcd.  Thi'  film 
Is  Iht'tl  I'valuaU’d  by planihietorintJ  Ihc 
inibbU'  Thus  an  "avi'raift'"  bubbli* 
radius  is  found.  This  radius  is  plotted 
as  a  function  of  time  for  a  number  of 
bubbles  of  different  sizes  in  Fig.  12. 

The  average  radius  ot  the  bubbles  in 
this  figure  ranpes  from  1.42  mmdown 
tcO.Smm.  These  sizes  are  indicated 
with  theriash-dot  tines  in  the  detailed 
pictures  in  Fip.  12.  The  dashed  lines 
pive  the  correspondinp  decay  curves 
accordinp  to  the  theory  of  Rayleiph. 

Two  conclusions  may  be  drawn  from 
the  results.  Firstly,  the  time  interrai 
durinp  which  the  bubble  is  larper  than 
in  the  equilibrium  position  (under¬ 
pressure  phase)  is  'onper  than  the 
time  interval  durlnp  which  the  bubble 
is  smaller.  This  means  that  if  pas 
diffusion  occurs  the  direction  of  the 
diffusion  from  the  liquid  into  the 
bubble  is  preferred  to  the  opposite 
direction,  so  that  thelnililile  isprow- 
inp.  Even  more  Interestinp  than  this 
phenomenon  is  the  reverberation  of 
the  bubble  e.xcited  by  the  implosion.  Fspecially  forthe  smaller  bulibles  this  is  clearly 
visible.  The  reverlieration  frequency  is  practically  given  by  the  natural  frequency 
ot  the  pulsation  oscillation  calculated  according  to  the  linear  theory  of  the  bubble 
oscillation.  In  Fig.  13  a  number  of  examples  of  such  measurements  are  collected. 
Plotted  against  the  measured  length  of  the  period  of  the  natural  oscillation  of  the 
bulible  is  the  measured  radius  of  the  bubble  in  ei|uilibriuni  position.  The  line  cor¬ 
responds  to  the  calculations  ot  Minnaert.  The  results  are  obviously  in  goiKl  agree¬ 
ment  with  the  above  mentioned  investigations  on  the  cavitation  spectrum. 

It  is  also  pussibK'  to  nuikethe  shock  waves,  cau.sed  liythe  implosion  ot  the  bubble 
in  the  water,  visible  with  a  sehlieren  method  (Fig.  14).  Thereliy  a  number  of  shock 
waves  are  observed  in  tempor.il  succession,  all  of  them  having  their  center  on  tin 
surface  of  thetransmitierliut  at  different  [mints.  This  is  no  wonder.  It  only  indicates 
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thiit  there  are  ditlerent  centers  ul  iiiiplosiiin.  That  attain  may  he  (akee  is  an  optical 
arunment  or  proof  for  the  occurrence  oi  a  continuous  spectrum  inthe  cavitation  noise; 
ihe  shock  •caves  illustrated  in  Kitt.  14  for  examtile  are  generated  within  a  time  inter¬ 
val  III  at  least  80  sec. 


A  limn  detailed  .study  <>l  tin  shock  waves  shows  ;i  slow  pressure  increase  at  the 
front  III  till  shockwaves  whereas  onihe  liacksidi  tliere  is  a  stee|)  decrease.  Ai  cordinp 
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to  W.  Ciulh  (7)  thih  ran  Iw  I'xpluim-tl  l>v  limkinc  at  th>  arrrii  raliuii  ul  lh<  watt  r  as  a 
tunrtiiin  ol  timr;  wr  havr  an  inrrraM-  t>l  thi  arrrlrraliirii  in  the  rrnirr  ancllhtna 
suikl)  n  ri'tardsiliun. 

At  thih  (luinl  »unu  short  rrniark.s  will  la  |iut  in  on  rlranini*  ot  Hurlarrs  with 
ultrasonim.  wrhirh  in  thr  past  yrars  iM-ranir  an  olirn-usrd  prartirr.  .1.  Olal  has 
worki  d  on  this  prolilrni  in  our  instituti  .  ttv  niakiiiK  nirasurcmrnts  in  a  larK>-r  irr- 
qurncy  raiHtc  hr  has  (ounil  out  that  lor  tlv  H|irrdy  rlranint:  ul  a  dirty  surlarr  (in  his 
rusr  class  platrs  with pulishiiiK  ruUKc  (f'C  .O  ) 

I'ontaminalionlravitatiun  isaksuluirly  mars- 
sary.  II  •  williuul  i  hanciiHtlhr  soundpri  ssurr 
-  thr  ravitalion  is  prrvrnlrd  by  a  hich  stalir 
ovrrpri'ssuri'  thr  clraniiiK  rlirri  is  prar> 
tirally  contv  Thr  diKrrriirrs  in  thr  rU  amnc 
I'tirii  at  diifi  rent  (ri>qurnrirs  arr  ul  srruml- 
ary  naturr.  Thry  arr  for  rxamplr  rausrd  by 
iIh  dirrrtivily  ul  thr  transmitirr  a.o.  It  has 
aiso  to  Im'  krpt  in  mind  that  at  hii:h"r  trr- 
qiirtH-irs  ravitalion  is  crnrralrd  at  hiphi  r 
rxprns)  . 


t  AVM  AIIUN  liY  A  SINUL  K 

UNDKKPKI'iSSURK  PUIJiK 

Kor  thr  rlucidaliun  of  thr  (urmatiun  ami 
i;row'thol  ravilatiunlHiblili'S  it  is  of  advantaitr 
not  to  usi  iM'riodir  unch-rprrssurr  inlrrvals 
hut  to  a|>ply  only  ofir  siiiKlr  und<-rpr<  ssurr 
pulsr  Thispr(4>irm  wastarklrd  byCi.  Kurl/r 
(9).  His  "X|M'ririirnlal  !.r|u|i  is  civm  srhi-- 
nialirally  in  Kic-  >i>-  A  iiariuni  iilanalr 
raliSIr  ol  lO-rni  dianu'trr  anti  6-nini  Ihirk-  hi,,  ii  s.  •iii.n  n  ..(•ii.  .•!  ;.i. 

m  ss  IS  Irrniinalril  at  its  tiarksnh-  liy  a  lisi*:  .a  -h...  >  ^ 
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brass  cylinder.  The  front  surface  is 
adjoiniiu;  to  a  liquid.  The  sound  is 
focused  into  this  liquid.  The  liquid 
under  test  is  contained  in  a  thin- 
walled  class  sphere  in  the  focal  point. 
The  static  pressure  inside  this  glass 
siihere  can  be  reduced  to  the  vapor 
pressure  of  the  lest  liquid.  The  sound 
is  generated  by  slowly  charging  the 
barium  titaiiate  calotte  to  12  kv  and 
discharging  it  with  a  time  constant  of 
2.5  sec.  The  time  constant  is  slightly 
higher  than  half  the  period  of  the 
natural  vibration  oi  the  barium  titan- 
ate  calotte.  Thus  during  the  rever¬ 
beration  of  the  barium  titaiiate  the 
underpressure  amplitude  is  dominat¬ 
ing.  The  brass  cylinder  onthe  back¬ 
side  of  the  barium  titanate  calotte  is 
long  enough  to  delay  t  h  e  sound 
reflected  at  its  other  end  until  the 
process  in  the  test  liquid  is  finished. 
The  oscillogram  of  the  sound  pres¬ 
sure  in  the  focal  point  as  a  function 
of  lime  was  measured  with  the  help 
OI  a  tiny  barium  titanate  cube  of 
1-nim  ’  volume.  There  ispractically 
only  an  underpressure  pulse  (Fig.  16). 


With  this  apparatus  *1  is  po.ssible  to  measure  the  sound  pressure  necessary  to 
initiate  cavitation  and  to  obser\e  the  growth  ol  the  cavitation  bubble.  Of  course,  for 
that  jiui'iiose  it  is  indispensable  to  make  a  large  visible  bubble.  This  could  only  be 
achieved  by  subjecting  the  test  liquid  to  a  static  underpressure.  On  the  other  hand 
the  growth  of  the  bubble  could  be  calculated  under  certain  assumptions  as  for  example 
a  disappearing  hydrostatic  pressure  and  an  underpressure  pulse  of  1-  sec  duration 
and  2b-atm  amplitude.  The  results  are  plotted  as  a  dotted  line  in  Fig.  17.  The  two 
experimental  curves  show  that  the  assumptions  made  lor  the  calculation  can  be 
realized  to  a  certain  extent. 


Sonic  and  Ultraiionic  Cavitation  in  Ciuttin^jun 


Kij;.  17  -  Bublilc  radiuM  aK  a  function  of  time  with  n  sinitle 
pulse  of  <!•  sec  pulse  width  audiO-atm  pressure  ampli* 
tude  (H^  U) 


In  the  apparatus  described  h«re  the  cavitation  threshold  reaches  20  atm  for  all 
liquids  under  test  such  as  water,  transformer  oil,  carbon  tetrachloride,  and  others 
after  exposing  them  for  a  longer  or  shorter  time  to  air  and  is  Independent  of  the  dis¬ 
solved  air  content. 

Also  another  method  to  obtain  a  single  cavitation  process  was  studied  in  Gottingen 
(J.  Schmid  (10)).  A  water  column  contained  in  a  glass  tulx>  Is  given  a  high  translatory 
velocity  which  is  then  suddenly  retarded.  Thus  high  retardation  forces  are  set  free 
and  the  water  is  torn  apart.  To  let  this  happen  at  a  given  point  a  bubble  nucleus  is 
injected  by  a  short-time  electrolysis.  The  process  is  filmed  with  a  high-speed 
camera.  Two  examples  of  such  registr.ition  are  given  in  Figs.  Ida  and  IBb,  The 
maximal  diametcrof  thebubbles  is  1. hand  1.2cm  respectively.  The  camera  operates 
at  the  rate  of  5000  and  63,000  frames,  sec.  The  growth  of  the  bubble  takes  about  2.5 
ms,  the  decay  about  0.9  ms.  Naturally  also  in  this  case  an  oscillat.'.;n  is  observed 
during  the  decay  of  the  bubble.  The  growth  of  the  bubble  during  the  second  period  Is 
diffuse  and  irregular  in  relation  to  space.  This  is  generally  known  and  was  already 
observed  by  W.  Giith  (7)  for  the  collapse  of  hot  water  vapor  bubbles.  It  is  worth 
mentioning  that  the  implosion  at  the  first  as  well  as  at  the  second  collapse  of  the 
bubble  is  so  violent  that  the  radiated  shock  waves  candirectly  be  photographed  without 
any  schlieren  optics  (Fig.  16c).  I  igure  18c  shows  that  there  is  a  numl>or  of  implosion 
centers  which  are  located  close  tof.elher  liut  act  in  temporal  successicii. 


HKLATION  BKTWFFN  PRESSUHK  AND 

LUMINKSCENCE  FOR  VIBRATION  CAVITATION 


Closely  ridated  to  sonic  or  ultrasonic  cavitation  is  sonolumim  sceiice,  this  beiiiu' 
the  phenometion  that  small  oscillating  gas  buMiles  contained  in  the  liquid  emit  light. 
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Wa*:tHT  lound  init  that  the  rmissiun  o(  Itttht  It  certainly  not  constant  with  time, 
as  Is  the  case  wht'it.  (or  example,  Luminolls  added  to  the  water,  iMt  tliat  It  Is  emitted 
tn  pulses.  The  most  Important  result,  however.  Is  that  the  emission  o(  light  coincides 
rather  accurately  with  respect  totime  with  the  underpressure  phase  o(  the  alteriialiiu; 
sound  pressure  (Kl*;.  21).  These  measurements  were  carried  out  In  water  saturate'd 
with  atr  or  with  kryiitou.  In  the  case  o(  krypton  the  luminescence  Is  considerably 
stroiver.  In  Fig.  21  the  upper  oscillogram  gives  the  course  of  the  sound  pressure 
and  the  lower  one  tlie  corresponding  output  voltage  of  the  photomultiplier.  In  the 
sound -pressure  diagram.  o\  rpressure  Is  always  plotted  upwards. 

In  Fig.  21  the  temporal  duration  •<<  the  emis.slon  o(  light  Is  relatively  lung,  which 
Is  probably  due  to  statistical  (luctua'.iuns  u(  the>  cavitation  as  well  as  the  emission  of 
light.  The  sound  pressure  curves  are  often  distorted  because  of  the  cavitation,  and 
withfjut  cavitation  there  is  no  luminescence.  But  also  in  the  case  of  a  mure  sinusoidal 
course  of  the  sound  pressure  light  pulses  are  obuerved.  With  proper  exciting  con¬ 
ditions  tlie  light  pulses  can  be  short  and  high. 

It  must  be  mentioned  that  the  measuring  curvette  allcsrs  fur  variation  of  sutic 
pressure  and  temperature  of  the  liquid  under  test.  Must  uf  the  figures  given  here 
were  made  with  an  overpressure  uf  0.5  atm.  At  very  high  overpressures  cavltallun 
Is  prevented  and  also  luminescence  is  nut  to  be  observed  anymore. 

This  is  Just  a  short  summary  of  the  results  uf  the  Investigation.  They  shinv  that 
the  hot-spfit  theory  prubablv  dues  not  hold  true  in  this  case,  since  the  luminescence 
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does  not  coincide  with  the  overpressure  phase.  But  there  is  the  preassumption  that 
the  bubbles  are  smaller  than  the  resonance  size,  i.e.,that  they  are  vibrating  in  phase 
with  the  sound  pressure,  which  is  not  known  with  certainty.* 


SURFACE  TENSION  AND  SURFACE  VISCOSITY 

Surface  tension  ai\d  an  eventual  surface  viscosity  may  play  an  essential  part  for 
the  nucleation  in  the  'iquid.  and  1  will  go  into  the  particulars  of  a  new  work  by  W. 
Eisenmenger(12)  dealing  \^ith  the  dynamic  surface  tension  anda  potential  surface  vis¬ 
cosity  in  liquids.  During  the  recent  years  we  have  made  several  approaches  to  this 
problem  at  Giittingen.  In  the  Ix-ginning  th.>  proldem  was  studied  with  gas  Imbbles  in 
liquids,  especially  very  small  liulililos,  where  the  surface  tension  has  a  decisive  influ¬ 
ence  on  the  resonance  frequency.  The  logarithmic  decrement  of  the  natural  viiiration 
of  the  bubble  was  measured.  Unfortunately  these  measurements,  which  were  made 
with  all  sizes  of  buliblesdown  to  very  smalt  ones  with  a  resonance  frequency  of  alx!"t 
300  kc/s,  show  that  the  high  thermal  damping  in  the  gas  contained  in  the  bubble  makes 
any  statement  alxmt  the  surface  viscosity  Impossible.  One  thing  was  learned  from  these 
experiments;  one  has  to  make  a  really  tree  surface  and  to  use  capillary  waves  at  the 
boundary  surface  between  liquid  and  air.  This  has  been  tried  formerly,  but  without 
muchsucccss.  In  our  case  the  trick  is  to  excite  rheollnear  oscillations  of  the  surface 
with  the  help  of  a  parametric  excitation;  a  small  volume  of  water  is  set  vibrating 
vertically  and  the  exciting  amplitude  is  Increased  until  at  a  critical  amplitude  capillary 
waves  occur  at  the  surface.  The  frequency  of  these  capillary  waves  is  one  half  of  the 
exciting  frequency. 

The  plane  capillary  wave  is  de.scrlbed  by 


:i  »  fos  i.% 

where  .-i  is  the  amplitude.  The  unset  of  the  capillary  waves  is  given  by  the  solution  of 
a  Mathleu  differential  equation  in  tlie  first  ranges  of  instability; 


Here  ,,  ^Tk  '  is  the  capillary  wave  frequency,  in  which  T  is  the  surface  tension 
and  .  is  the  density,  ii  .  .is  is  the  rxrltlr.g  nsrillatinn  of  the  water  volume,  and 
is  the  viscosity  damping.  For  small  capillary  wave  amplitudes,  .  j.k-.  where 

.  is  the  viscosity  and  k  is  the  wave  number.  The  solution  of  the  above  equation 
renders  for  the  onset  amplitude  of  the  rheollnear  oscillation  the  expression 


M 


This  onset  amplitude  i.  of  the  exciting  frequency  is  given  by  the  surface  tension  r  and 
the  viscosity  . 
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WIu'iiiIk'  jmplitudi'  ii  i»(  tlii’  fXi'iliiii;  vibiaiio'i  is  iniTpasi’d  ovcrthr  critiral point 
(>r  .  llu  capillai  \  wuvr  umplltudi  <  billows  this  law' 


wi'rrc  (  is  a  cinistaiit.  In  otlici  words,  tho  damping;  of  Ihc  capillary  wavi  s  has  an 
ampliludi  -  and  li  cqucncy-di’pcndi'iil  addilional  expression  of  the  form 


1 


•A  lien  is.  according  to  ilie  theory  of  Klenim.  (tiver.  by 


(  '  k 

Alien  is  intnxiueed  liyKIenini  as  a  surfaci’ viscosity,  linfcrlunatcly  in  the  expres¬ 
sion  for  .  that  is.  in  the  constant  V.  a  further  additional  expression  has  to 

lx  added,  piven  l<>  Ihe  .sc’cond  power  of  the  normal  viscosity  damping.  This  term  is. 
however.  inde|H’ndent  of  frequi-ni-v. 

riie  expi  rimental  .si  tup  is  vi'ry  simple  in  prim  iple.  For  frequencies  up  to  aiiout 
20(J  kc  s  hollow  harium  titanate  i  flinders  with  Mason  horns  attaehed  to  them  were 
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used.  There  are  small  tTriKwes  at  the  lops  of  the  Mason  horns  filledwith  water.  Thus 
plane  eapillary  waves  areforeilily  excited.  The  absolute  amplitude  (h)  of  the  exciting 
Mason  horn  is  measured  electrostatically  with  a  .second  Mason  horn.  The  amplitude 
( i)  of  the  capillary  waves  is  determined  optically  from  the  refU'ction  of  a  li^ht  lx>am 
at  the  steepest  parts  of  the  sinusoidal  capillary  wave. 

In  the  frequency  ran^e  from  400  ke  s  to  3  Me  s  ci  leave  barium  titanate  shells 
filled  with  water  are  used.  A  very  thin,  platinized  copper  foil  is  placed  in  the  focal 
plane  of  the  shell  so  that  a  water  droplet  on  its  surface  is  at  the  focal  point.  In  the 
first  case  plane  capillary  waves  are  excited  in  the  urooves:  in  the  second  case  the 
capillary  waves  (generated  have  the  form  of  crossed  uraiinps.  Examples  for  both 
ca.s'cs  are  found  in  FIr.  22  for  excitiiiR  frequencies  of  94.5  kc  s.  178  kc  s.  1  Me  s. 
and  3  Me 's.  Photographs  of  this  kind  allow  for  an  easy  measurement  of  the  capil¬ 
lary  wavelength  and  (or  the  determination  of  the  surface  tension  therefrom.  In  FiR. 
23  this  was  done  (or  a  larRcr  frequency  raiiRe  (up  to  2  .  ^  1.5  Me  s)  in  pure 

water  for  the  onset  amplitude  of  the  oscillation,  i.e..  for  a  capillary  wave  amplitude 
I  '  0.01.  In  another  case  the  same  measurements  were  made  with  a  hiRher 
amplitude  i  -  0.12)  and  there  it  became  obvious,  as  a  first  result,  that  the  surface 
tension  is  amplitude  dependent,  but  this  only  at  hipher  frequencies.  This  effect  is 
obviously  caused  by  the  fact  that  the  flllinR-in  of  the  extended  surface  with  water 
molecules  from  inside  the  liquid  needs  a  certain  time. 

It  is  also  not  without  interest  that  the  measured  unset  amplitude  i>  of  the  capil¬ 
lary  waves,  substantially  Riven  by  the  viscosity  of  the  medium,  satisfies  the  equation 


very  well.  In  FIr.  24  the  measured  values  are  compared  with  the  theoretical  curves 
for  T  -  75  dyne-enr',  -  20'  C,  and  10  *  dyne-em  *’-see  (or  the  Riven  frequency 
ranRC. 

The  relation  between  excltiiiR  amplitude  n  and  capillary  wave  amplitude  >  for 
values  up  to  i  =  0.12-  is  treated  very  thorouRhly  (or  41  kc 's.  The  curve  is  displayed 
in  FiR.  25.  Given  as  abscissa  is  the  excltinR  amplitude  ii  or  1.  -  h  ■  i;  .  The  curve 
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Is  in  very  good  agreement  with  the  theoretical  relation.  Fur  the  constant  C,  intro* 
duced  above,  one  finds  18.7.  The  respective  values  for  other  liquids  with  different 
surface  tensions  arc  of  the  same  order  of  niagnlt..Je. 

It  is  only  necessary  to  determine  the  constant  c  for  water  for  a  number  of  fre* 
quencies  in  order  to  find  out  about  a  potential  surface  viscosity.  It  is  thereby  stated 
that  for  water  the  frequency  dependence  is  very  small  and  that  a  potential  surface 
viscosity  is  certainly  smaller  than  10  '  dyne-cm  '-sec. 

Realizing  that  a  higher  surface  viscosity,  as  it  was  supposed  by  other  authors, 
was  not  found  in  water,  the  question  arises  whether  the  admixture  of  surface  active 
substances  would  render  a  higher  frequency  dependence  of  c,  thereby  also  Indicating 
a  higher  surface  viscosity.  Therefore  different  concentrations  (10  '^  and  10  '  weight 
percent)  of  an  emulgatur  (Renex  688)  and  two  wetting  agents  (Hostapal  and  Tween  80) 
were  examined.  In  this  case  the  whole  range  of  amplitudes  of  the  capillary  waves  as 
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.1  funcUon  uf  the  excitation  was  nut  measured.  Only  the  onset  amplitude  ii..  and  the 
exciting  amplitude  !  for  a  given  ratio  >  >  0.122  was  examined.  The  corresponding 

value  i,-h  '  ,,  is  plotted  in  Fig.  26  versus  frequency.  The  considerable 

frequency  dependence  of*  Renex  688  is  evident.  Here  we  find  a  surface  viscosity  of 
about  1  10  ■*  dyne -cm  '  -.sec.  Ixdng  much  higher  than  for  "pure”  water. 


The  alxivc  jiaper  contains  a  sliort  survey  uf  some  investigations  specializing  on 
sonic  and  ultrasonic  cavitation  carried  out  in  Gottingen.  1  do  hope,  that  some  of  the 
results  might  Iw  uf  general  interest. 
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DISCUSSION 


T.  Brooke  Denjainin  (University  of  Cumbridpo) 

I  wish  to  eonimeiit  upon  the  formation  of  capillary  waves  on  the  surface  of  a  mass 
of  liquid  which  is  contained  in  a  vessel  underpoinp  vertical  vibrations.  This  was  the 
subject  of  a  paper  by  Ursell  and  myself  and  the  prol>lem  has  continued  to  interest 
me  since  it  appears  to  exemplify  very  nicely  a  peneral  class  of  phenomena,  many 
instances  of  which  arise  in  practical  acoustics.  For  example,  Murray  Strasberp  and 
1  have  shown  that  the  waves  in  question  have  counterparts  in  the  behavior  of  small 
bubbles  underpoinp  radial  pulsations  in  response  to  a  sound  Held:  such  bubbles  may 
develop  larpe  nonspherical  oscillations  when  the  amplitude  and  frequency  of  the  radial 
motion  take  certain  values,  and  the  explanation  which  we  suppested  is  the  same, 
exactly,  in  principle'  as  that  for  the  waves  on  a  plane  fre*'  surface. 

I  think  it  may  Ih'  of  interest  to  remark  that  the  mechanism  ol  these  waves  was 
the  subject  of  a  historic  comroversy  e.xtendinp  well  over  a  century.  They  were  first 
studied  by  Michael  Faraday  about  130  years  apo.  H(>  otiserved  that  a  |)attern  of  stand- 
inp  waves  sometimes  appeared  on  a  layer  of  liquid  coverinp  a  vertically  vibratinp 
plate,  and  lu'  noticed  that  the  frequency  of  the  waves  was  only  laie-half  th:it  of  the 
plate.  About  50yeurs  after,  the  famousGerm;m physicist  Matthiessen  re-investipated 
the  pi(il)lems  and  founil  in  lii.s  e.x|M'riments  that  the  waves  were  .■synchronous  with  tlie 
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Vibrations  of  the  vcssol.  The  disvn'pamy  butwecn  this  and  Faraday's  ri'sull  led  Lord 
HayU'inli  to  make  a  further  senes  of  experiments,  which  supported  Faraday's  obser¬ 
vation.  You  may  recall,  iiu  itk  iiially ,  that  Hayleipti  pa  to  tlie  waves  the  appealing 
term  "erispatious  this  term  will  perhaps  be  rememlM  '  ed  by  anyone  familiar  with 
Ii.iyleiph's  textbook  "Theory  of  Sound.  " 

The  theory  .set  out  in  tiie  paper  liy  Ursell  and  myself  appeared,  happily,  to  reeon- 
rile  the  oltservations  of  Faraday  and  Ilayleiph  and  those  of  Mutthiessen;  for  it  was 
shown  that  both  half-freiiuene>  and  synchronous  waves  can  be  generated  in  suitable 
cii  cumstajices.  Tlii'  t'ssential  explanation  of  these  waves,  and  also  of  the  many 
similar  phenomena  wliieh  I  wisii  to  keep  in  view  here,  can  lie  summarized  without 
need  for  mueii  mathematies. 

I  tail  k  tliat  10  (Miiphasize  the  peiieral  character  of  tl.e  e.xitlunatiun  we  should  con¬ 
sider  any  mechanical  .system  in  which  free  vibrations  are  possible  in  certain  normal 
modes.  Now.  suppose  that  one  of  the  physical  parameters  of  the  system  is  made  to 
v.iry  in  simple-harmonic  fashion  with  timethrout;n  the  action  of  some  external  apency. 
'Vh’v  may  consider,  to  fix  our  ideas,  tnat  the  parameter  varied  is  one  that  would  enter 
the  e(|uation  fur  the  freiiuency  of  the  normal  modes;  e.p..  it  is  a  stiffness  or  inertial 
coefficient.!  Nu'<-.  with  this  modification,  small  displacements  in  the  system  will  be 
dt'termined  by  an  equation  of  motion  havinp  at  least  one  periodic  coefficient.  This 
equalion  will  be  l<neai'.  of  course,  (irovided  the  displacements  are  small  enuuph  and. 
in  the  abseiu'eof  dissipation,  it  will  nearly  always  be  reducible  toMathieu's  equation. 
Whose  standard  form  may  lie  written 
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lit  general.  ■.  is  tlie  atnplitude  of,  sa\  .the  ml  mode  of  disturbance,  and  i  ;  where 
is  the  fretiuet'.cy  ol  the  applied  oscillalton.  Also,  the  parameter  q  is  proportional  to 
tl'.e  amplitude  of  this  oscillation,  and  i-  .  ■'  where  ,  is  tne  frequency  of  free 

vibrations  in  tiie  lO i  nuKle. 


Now.  tlie  general  solution  of  Mathieu's  equa¬ 
tion  Is  known  to  be  unstalde  for  (  i  rtain  values  of 
:  and  'i.  i.e..  it  Itecomes  unliouiided  as  r  •  .  and 
this  provides  tne  exjilanationof  why  tlie  mechanical 
system  in  question  may  s|)oiUaneousl>  develop 
larue  oscillations.  The  st.tbility  chart  is  sketi-lied 
in  Fip.  1)1;  tlie  diupram  is  symmetrica!  aliout 
the  c-axis.  and  the  third  and  fourth  (|uadrants  do 
not  loncernus  here.  'Note  that  win  n  i  I.  i.i-.. 
when  .  instability  is  (lossilili  for  small 

values  of  •. 

Wlien  n  4.  instabiliiy  m.u  .ii.ain  occur  lor 
small  values  of  ;.  and  tile  devi  loped  treqiu'licy 
IS  men  .  i.e.,  the  applied  and  'll  '.eloiied  oscil- 
l.ilions  are  syiichroiiou.s. 


In  the  .apillarv  wavi  inobo  m.  tin  di.siurlied 
.■noiion  III  the  tree  .surl'.ice  is  Ih-  ‘  mn  as  if  the 
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vessel  were  at  rest,  and  the  piruvitat tonal  acceleration  were  plven  a  periodic  compo¬ 
nent  in  addition  to  the  constant  n.  We  now  see  that  the  plain',  free  surface  becomes 
unstable  when  the  amplitude  and  frequency  of  this  component  have  the  appropriate 
values.  The  waves  are  not,  of  course,  forced  vibrations  in  the  usual  sense:  they  de¬ 
velop  quite  suddenly  as  p  or  ■(  is  varied  so  as  to  bring  the  jxiint  (p.'i)  Into  an  unstable 
region  of  the  stability  chart,  and  they  grow  in  amplitude  until  eventually  they  are  re- 
•strained  by  non-linear  effects,  not  so  far  considered,  or  until  the  free  surface 
disintegrates. 

The  effects  of  friction  tend,  of  course,  to  inhibit  the  growth  of  waves.  For 
instability  to  occur  in  practice,  the  point  (p  a)  must  lie  somewhere  inside  an  unstable 
region  of  the  chart,  so  that  the  rate  of  growtli  of  the  frictionless  solution  exceeds  the 
rate  of  frictional  damping.  Thus,  as  Professor  Meyer  has  pointed  out  in  his  paper, 
an  estimate  of  the  damping  can  be  obtained  from  a  careful  expei  imental  observation 
of  the  onset  of  instability.  In  my  own  experiments  on  these  waves,  the  frequency  of 
the  vessel  was  about  30  cycles  per  second,  which  is  considerably  less  than  in  the 
experiments  at  Gottingen.  In  mine,  most  of  the  damping  was  evidently  due  to  the 
boundary  layer  at  the  sides  of  the  vessel  and  was  quite  small.  I  was  unable  to  get  a 
good  agreement  between  experimental  and  theoretical  estimates  of  the  rate  of  damp¬ 
ing.  and  I  concluded  that  the  discrepancy  was  mainly  due  to  extra  dissipation  in  the 
vicinity  of  the  meniscus  at  the  edge  of  the  free  surface.  However.  1  am  very  pleased 
to  learn  that  at  Gottingen  this  method  has  given  satisfactory  measurements  of  the 
damping  at  high  frequencies. 


E.  Meyer 

The  point  here  is  that  this  is  not  only  the  damping  of  this  surface,  but  also  the 
damping  given  by  the  normal  damping,  i.c..  by  the  viscosity  of  the  liquid  itself.  Then 
there  is  an  additional  term,  the  damping  by  the  surface,  and  this  is  very  difficult  to 
separate.  There  is  also  a  quadratic  term  for  the  normal  damping  and  you  have  to 
distinguish  this  from  the  surface  damping.  The  distinguishing  term  is  the  frequency. 


CAVITATION  NOISE 


Ilu^h  M.  Kit/.patr iL k 

/(■It  1./ 


♦  V  V 

Many  uf  the  t'oatureh  ul  cavitatiun  nuise  may  lie  illutttrated  by 
cunsidcration  of  the  pressure  fielii  surrounding  an  idealized  spherical 
cavity  prowiui;  and  collapsing  m  an  intutnpressible  fluid.  The  pertinent 
hydrodynamic  relations  are  recieiied  and  extended  to  the  computation 
of  the  fretiuericy  spectrum  of  tiie  sound.  Some  criti'ria  for  the  limits  of 
applicability  of  tlie  incompiressive  tlieory  are  piven. 


INTRODUCTION 

This  paper  is  concorned  with  the  sound  pressure  generated  by  a  growing  and 
<  ollapsing  cavity  in  a  liquid,  for  example,  a  cavity  which,  in  the  flow  of  the  liquid  past 
a  curved  rigid  boundary,  grows  in  a  region  of  low  pressure  and  subsequently  collapses 
in  a  regionof  higher  pressure  downstream.  Theexistence,  circumstances,  and  typical 
behavior  of  such  cavities  have  been  so  fully  discussed  in  the  literature  (1,2,3)  as  to 
require  no  further  elaboration  here.  The  discussion  will  be  restricted  to  those  aspects 
of  the  sound  which  may  be  elucidated  by  consideration  of  spherical  cavities.  In  the 
earliest  history  of  the  study  of  the  dynamics  of  cavitation,  the  concept  of  a  spherical 
cavity  was  recognized  as  a  useful  idealization.  Thus.  Rayleigh's  famous  solution  (4) 
gives  the  motion  of  an  empty  spherical  cavity  in  an  Incompressible  liquid  of  infinite 
extent  with  constant  external  pressure.  More  recently.  Rayleigh's  concept  1  s  been 
extended  to  allowfor  time-varying  external  pressure  and  the  bubble  motions  Sv  "om- 
puted  have  been  shown  to  correspond  reasonably  well  with  actual  behavior  of  cavities 
which  grow  and  collapse  in  fluid  flow  (5).  The  present  work,  without  adding  an>  thing 
new  in  principle,  extends  the  description  to  include  the  pressure  radiated  by  the 
growing  and  collapsing  cavity. 


HYDRODYNAMIC  RtLATIONS 

The  relation  between  the  radial  motion  of  a  growing  and  collapsing  cavity  and  the 
pressure  in  the  surrounding  liquid  have  been  treated  extensively  in  the  literature 
relating  to  cavitation  and  to  underwater  e.xplosiuns— at  least  for  the  ea.se  of  incom- 
pressive  flow  of  the  liquid  (6.  7|.  It  will  be  'i.si’tul  to  take  the  relation  valid  fur 
incompressive  flo'.v  as  our  local  point  sinee  during  the  whole  of  the  period  of  gruwlh 
and  the  greatir  part  ol  the  collapse  of  the  eavitythe  incompressive  theory  adequati'ly 
de.s.  ribes  not  only  ihe  niotion  ol  Ihi  cavily  bin  also  the  sound  pressure  which 
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appears  (after  an  interval  of  lime)  at  a  distance.  Accordingly,  we  note  the  relation 
for  incompressive  flow  (G); 


,.i  I .  t  1 


.  I  > 


R^ie  •  2  RR* 


2t* 


(1) 


Here,  ;<  j  .  t  i  is  the  pressure  in  the  liquid  at  radial  coordinate  r  and  time  t ;  is  the 
densits  if  the  liquid;  R  (equal  to  K(  •  •)  is  the  radius  of  the  cavity  at  time  i ;  and  R  and 
K  are  the  first  and  si'cond  time  di-rivatives,  respectively,  of  R. 

In  the  special  ease,  i  r,  Kq.  (1)  gives  the  differential  equation  relating  the 
growth  and  collapse  of  the  cavity  to  the  "driving  pressure"  I’  -  ; 


KK  ’  R-*  I*  -  p.,  . 


(2) 


Here,  P  has  been  written  for  p<  R  t  i  and  p  for  pi  ,i ). 


At  a  sufficiently  great  distance  from  the  cavity,  the  second  term  on  the  right  side 
of  Eq.  (1)  is  negligible.  The  reniainingpressure  will  be  called  the  sound  pressure,  p^; 


or.  identically. 


p^  KK  •  2R-' 


I-  R’ 
li  -■ 


(3) 


(4) 


Thus,  the  sound  pressure  associated  with  the  growth  and  collapse  may  be  com¬ 
puted  from  the  motion  of  the  cavity  or.  indirectly,  from  the  environmental  pressure 
which  the  cavity  encounters. 


THE  CAVITY  MOTIO.N 

In  general.  It  the  pri'ssure  difference  P  -  p.,  is  given  as  a  function  of  Rand  i. 
Eq.  (2)  cun  be  integrated  (to  find  K' t  i)  only  by  noniinalytic  methods  (5.9).  Elxceptions 
are  two  .spicial  cases  discussed  by  Hayleigh  (4.6). 

In  the  case  of  an  "empty"  cavity  colhipsing  or  relnmnding  under  the  influence  of 
;i  time-varying  externai  jiressure,  positive  and  equal  to  P  at  the  instant  of  complete 
collapse,  a  series  solution  useful  in  describing  the  motion  in  the  region  of  collapse 
and  ri'hound  may  he  ohiained  in  the  lorm 
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Hi'ri’.  K’l  is  a  radius  idiarai  tfi  islic  (if  '.lie  iimlidi:  al  collaiisr  aiul  cit'lincd  so  that  the 
liniilinn  value  approached  tiy  the  kinetic  eneri;y 


al  collapse  is  equal  to  t  i  i;,';'  .  The  lime  i  is  ilw  instant  of  collapse. 

The coclficients  A,,  may  lie  evalual.  <1  hy  substituliti)^  Kq.  (5)  in  Kq.  (2)  anclequatin); 
the  coefficients  of  like  powers  of  t  •  t  Thus.il  the  linte-varyint;  pressure  clil - 
terence  is  expressed  as  a  power  series: 


I'. 


I'  I' 


The  coefficients  are  .i^ivi  n  lielow 


2  1.330323 

8  -0.284733 
'  13  -0.100775  I., 
14  -0.035848 


I  Kor  other  values  ol 


18  -0.05593  . 

19  -0.02689  ; 

20  -0.0C9007 
23  -0.034418 

(  20).  .\  0. 


(6) 

I 


•A 

24  -0.0139  :. , 
-0.00516  r,-'  I 

25  -0.010133!., 

26  -0.002810 


The  series  cunverpes  rapidly  eiiouph  to  provide  a  uselul  solution  ol  Eq.  (2)  for  the 
p<riod  ol  collapse  and  the  period  o!  prowth  after  rehound.  For  the  purpose  of 
describing  the  later  slape.s  oi  collapsi  .  one  or  two  terms  of  the  series  suffiiu'. 


THK  SPKCTHL’M  OF  1111.  .SOINI)  PHFSSTKK 

Typical  behavior  p.itii  rns  lor  the  prowlh.  collapse,  and  nuiltipli'  rebound  ol  a 
cavity  and  for  thi-  pulse  ol  sound  pressure  have  been  shown  in  a  jirevious  survey  (8). 
The  spectral  distriiiut  Kill  ol  the  enerpy  radiated  as  sounil  may  be  determined  by  means 
of  the  Fourier  translorm.ition  aiiplied  to  the  sound  pulse.  Let  r.i  be  the  sound 
jiressurc'  which  appears  at  radial  coordinate  i  at  lime  t.  Then  a  Fourier  transform 
!  •  correspondinp  to  the  sound  pressure  is  defined  by 
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(T) 


A  sj.'eciral  density 
respect  to  1 1 cqui  IK  V. 


describes  Mil  (hstriliulion  ol  the  sound  '  enerpy"  with 
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II.  M  I  il iM  I 


Im  order  to  consider  the  actual  eniTny  radiateci  aeoiistii  ally,  it  is  necessary  to 
depart  troiii  the  assumption  of  iiieompressihility  of  tlw  liquid  to  the  extent  neeessary 
to  include  the  process  ol  acoustic  propuKalion.  Accordin^;  to  the  usual  laws  of 
acoustics,  the  energy  railiated  in  a  hand  of  Irequeiu'ies  It  will  be 

•1  :  -Si  I  .  I  .0 


and  the  total  radiated  »'iu'r(;y 


4 


equals 


4 


•  -'«  It 


Here,  >•  is  the  velocity  of  propagation  of  sound  in  the  liquid. 


THE  LIMITATION  OF  INCOMPRESSIVE  THEORY 


The  use  of  incompressive  flow  theory  (to  determine  the  gross  flow  and  the  pres¬ 
sures)  and  the  laws  of  acoustics  (to  account  for  the  radiation)  represents  the  slightest 
possible  departure  from  strictly  incompressive  theory.  A  crude  criterion  for  appli¬ 
cability  of  this  procedure  in  estimating  the  sound  pressure  radiated  by  a  collapsing 
empty  cavity  is  that  the  wall  velocity  not  exceed  about  one  tenth  of  sonic  velocity. 
Substitution  of  this  condition  (r  <  =0.1)  in  Eq.  (5)  results  in  values  of  the  radius  and 
"time  before  collapse"  as  given  by 


and 


1 


(9) 


(10) 


The  value  of  ■  fur  water  is  approximately  21.000  atmospheres.  Equation  (9)  shows 
that  the  collapse  of  a  cavity  under  an  external  pressure  of  one  atmosphere  or  more 
begins  to  be  influenced  by  the  compressibility  of  the  water  while  the  radius  of  the 
cavity  is  still  as  large  as  one-sixth  of  its  maximum  value.  At  that  stage,  the  effect 
of  the  vapor  and  the  minute  amount  of  gas  ordinarily  contained  in  the  cavity  is  quite 
negligible.  Thus,  whatever  mechanisms  are  involved  in  the  collapse  and  rebound, 
the  compressibility  of  the  liquid  plays  a  primary  role. 


Equation  (10)  gives  a  rough  criterion  for  the  range  of  frequency  for  which  the 
.sound-pressure  .spectrum,  computi-d  according  to  the  incompressive  tiu'ory.  is  valid. 
It  may  be  assumed  that  the  details  of  the  pulse  of  sound  pressure  associated  with  the 
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part  of  the  motion  where  compressive  effects  arc  present  do  not  greatly  affect  the 
spectrum  for  frequencies  several  times  smaller  than  the  reciprocal  of  the  time  inter¬ 
val  appearing  in  the  numerator  in  Eq.  (lOf.  If  the  numerical  factor  is  taken,  conserv¬ 
atively.  to  be  4  ,  it  follows  that  the  required  upper  limit  on  the  frequency  is 


A  number  of  investigators  have  presented  theories  which  take  into  account,  in 
some  degree,  the  effects  of  compressibility  and  which  show  remarkable  agreement 
with  experiment  in  certain  respects  (9,10).  A  full  explanation  of  the  generation  .<> 
cavitation  noise  awaits  a  solution  of  the  flow  problem  involved  not  only  during  the 
later  part  of  the  collapse  but  also  during  the  early  part  of  the  rebound. 
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PRESSURE  WAVES  FROM 
COLLAPSING  CAVITIES 
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I  })<■  t  i{<u  ><t  t(t4’  (>r.it  tu.«l  {>ri>hU‘rn  i>)'  niMsi* 

wi"n‘rat»  <1  111  titi*  \  »l  t  .t\ it.itinn .  I  Ilf  .  fc’.'Uftt  is  in.tihlv 

tht'.<rftu'al .  but  a  brut  rt‘U- I'fiit  <*  ti*  n>uih>  rf  1  flit  t'xpr  nini’iit^ 

»N  l>.'lalf«l  lUr  l>ubl»lf  s  riu*  «  .*f  watf  r  is  pointfd  lUit 

t  <  be  au  t'>  *1  fit  !a  I  f  <Ui  suit-  rat  to;i  ui  this  a  t  m|  f.iV  itatlDli ,  •iiul  a  i  f  r  - 
lain  propiTlN  <t  ab«»rr\f<l  «.t\jlatia'i  r, ..!?•«•  spfftr.i  is  inl»*r|)rft»'»l  .i  :• 
»■*  (!<  :u  »•  .'t  (;;«•  ;ir<*>t‘iu«-  »•!  sb.n  k  waVf.>.  A  imllrHi  is  clf ini*rislr.itfii 
\s  hi'  rai>',  a  t lu  w r\  if  tiu  .  . ■!  !a|»s«-  »f  >  a‘  ;t u* •»  ji»  »  b!f  hquuln  i .  n 

"  pruKjfilr  bi  <i<  \ rl  ij>fi|  III  all  .irlitlraf'.  «ifi!rff  ufaiiurafv;  aiui  ihr 
I'i  •!’.<!  -  a  r<lf  r  ajip  r  'M  ni.it  Mil  :  s  p  rt*  sruliai  as  1 1  lust  r.itinn  This  afjprux;  - 
»•:  :>  (iiuiuti'  ui  tlu*  that  .ill  **«•!  art!«T  ftfc  ils  .irr  lur- 

ri'i  tl  ,  rrpn-MTitfd,  .iial  :t  ai  i-rrur  »»>  tin*  Ki  rkwi>  »fi • ! >f thf 

*1'.  p  -t ■U's;>  an  )iu  li  jnu«  h  p rt  %  :  lUs  u>*rr‘  i»r;  this  p robltun  has  bff  1,  ba si* (i 
i  !u'  '•i  c  md-arilf  p  thf«ir\  i-  si.  i.,  .,tlniil  llu*  pu.-isilnlity  that,  as  .1 

ansi  nui  iH  r  Ilf  I  .•mpr«*'*si  biiil  \  •*  ih*-  liquiil,  thf  <  nUapst'  nf  an  fiiiply 
l  a'.  :l'.  M'ts-  bf  I  ifK  ludrd  at  a  *:n:li-  r.iJial  Vflin  ity-  Howi*viT,  4*\  f n 
if.a'.iLij  tills  p  ■•'Sliniilv  ri'ii.aiM-'  vnfu*:.  luduT  appraxiinatians  aPf  worknl 
a  It,  till-  a  Jliiap  r  avs  fiaisuh  l's  It  t*i  la*  'r;!lk4»l\  SiMlH*  VfPV  Pfffllt  idfas 
■  fi  I  lls  ftiaitfp,  lAhuli  ha\«'  b«a  n  l  ip«*d  siru  f  tiif  first  clratt  'f  this 

ji.i!-'  I*  ss.is  v^riilfn,  a  Pf  s  itujna  ri / *'ii  :n  .ir.  .ippi'iidix. 

\  fralUPf  at  thf  ppfsi  tit  ilu  ap,  I',  ^bal  it  ai«  aunts  in  .1  str,»l^ht- 
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w.r.a  1  bi-  »  afiditians  aiuh  r  wiiu  I;  ti*  pifiiatfd  fraiii  .1  puIs.itiriL: 

ca  s  - 11  i  It'd  I  a\ it »  VM  1 1  d»'v  I'b  Ip  .1  >iM.d  f  r  lilt  ,1 1’f  «  xariunfd ;  tind  .1  simpU* 

p  iMi  t .«  al  i  Pill'  ri'  III  far  sh.a  k  f  n t  al .  a  ;  >  di* ri  \  rd . 


1.  INTRODUCTION 

NotwUhstandint;  tlu*  varudyof  means  hywhirh  transient  cavitation  niaylto  ncnor- 
atc'd  in  liquids,  one  can  in  ftcncral  identify  three  distinct  phases  in  the  history  of  any 
individual  cavity.  The  sequence  hettins with  its  initiation  front  a  microscopic  nucleus 
and  a  brief  period  during  which  the  influence  of  the  nucleus  contents  remains  sitinifi- 
cant.  The  cavity  then  ^^rows  to  observable  sj/a-,  and  hehavrs  almost  exactly  as  if  it 
wfd'f'  cornpleielv  (unpty  and  in  an  incompressible  inviscid  liquid.  Finally,  as  the 
fni  iiiative  agency  is  removed,  it  collapses  hack  to  microscopic  size  and  may  lhi*n 
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disappear  or  perhaps  ’’rebound."  It  is  in  this  third  phase  that  the  more  remarkable 
effects  of  cavitation  arise.  If  the  cavity  contains  only  va|X)ur  or  a  very  small  quantity 
of  gas,  the  collapse  even  under  a  very  moderate  hydrostatic  pressure  takes  place 
with  great  violence;  in  the  concluding  stages  enormous  velocities  and  accelerations 
are  attained  by  the  inrushing  wall,  and  a  large  transient  pressure  is  transmitted  to 
distant  parts  of  the  liquid.  The  abruptness  of  such  pressure  pulses  accounts  for  the 
sharp  crackling  sound  which  is  often  audible  from  severe  cavitation,  as  may  for 
instance  occur  in  the  draught-tube  of  a  hydraulic  turbine;  and  also  much  of  the  noise 
energy  is  contained  in  the  ultrasonic  range  of  the  frequency  spectrum.  The  practical 
importance  of  cavitation  noise  in  the  context  of  Naval  Hydrodynamics  need  scarcely 
be  pointed  out  here;  it  is  sufficient  to  recall  that  the  spectral  properties  of  noise 
from  severe  propeller  cavitation  make  it  quite  distinct  from  other  forms  of  under¬ 
water  noise.  We  may  also  note  that  the  cavitation  erosion  is  a  consequence  of  the 
large  pressures  developed  in  the  collapse  nhase. 

These  remarks  merely  rephrase  some  familiar  ideas.  To  anyone  interested  in 
cavitation,  the  violent  action  of  a  contracting  cavity  is  likely  to  form  a  vivid  intuitive 
concept;  and  it  is  easy  to  appreciate  in  a  qualitative  way  how  cavitation  noise  pulses 
arise.  However,  this  third  (ihasc  of  the  cavitation  process  is  by  far  the  least 
amenable  to  precise  experimental  or  theoretical  study.  On  the  experimental  side, 
the  extreme  rapidity  of  the  vital  events  makes  adequate  observation  difficult,  and  a 
further  source  of  difficulty  is  the  minute  size  of  cavitation  bubbles  at  the  stage  having 
most  interest.  The  theoretical  side  of  the  problem  is  even  more  formidable.  Towards 
the  end  of  the  collapse  many  factors  become  important  which  can  safely  be  assumed 
to  be  insignificant  when  the  cavity  is  fully  gro'vn;  and  to  account  for  them  compre- 
liensively  would  seem  a  hopeless  task.  Nevertheless,  as  in  many  other  physical 
problems,  a  lot  may  be  learned  from  even  severely  simplified  theoretical  models. 
The  effect  of  compressibility  of  the  liquid  is  the  factor  probably  worth  closest  study, 
and  the  theoretical  model  of  an  empty  spherical  cavity  contracting  under  constant 
pressure  in  a  compressible  liquid  appears  to  be  a  primary  key  towards  physical 
understanding  of  cavitation  collapse.  Other  factors  arising  in  the  final  6t.iges  include 
viscosity,  in  stability  of  the  spherical  form,  and  compression  of  the  enclosed  vapour 
due  to  delayed  heat  exchange  with  the  liquid. 

This  paper  reports  some  current  researches  on  the  collapse  of  cavities  and  the 
resulting  pressure  waves.  The  main  topic  considered  is  the  effect  of  compressi¬ 
bility  on  the  radial  flow,  and  some  new  results  will  Iw  summarized  concerning  the 
motion  of  an  empty  cavity  and  the  formation  of  shock  waves.  No  attempt  is  made  to 
survey  alt  that  is  known  about  this  phase  of  cavitation;  several  excellent  reviews  of 
the  literature  are  available  (for  instance  that  by  Fitzpatrick  and  Strasberg  (1)),  and 
we  may  turn  to  these  for  background.  Rather,  the  aim  of  this  paper  is  to  explain  the 
objects  of  work  still  in  progress  and  to  offer  some  ideas  about  aspects  of  the  prob¬ 
lem  which  remain  debatable. 

Although  a  passing  reference  will  be  made  later  to  some  recent  results  from  the 
author's  experiments'on  isolated  cavities  (2),  the  material  of  this  paper  is  mainly 
theoretical.  This  choice  of  subject  matter  reflects  a  belief  that  in  the  present  state 
of  the  subject  the  greatest  need  is  for  further  clarification  on  the  theoretical  side. 
The  general  physical  characteristics  of  cavitation  noise  appear  now  to  be  fairly  well 
established;  for  instance,  there  is  plentiful  exjierimental  evidence  that  shock  waves 
are  always  present  when  the  cavitation  is  reasonably  severe,  and  many  measurements 
of  cavitation  noise  spectra  appear  to  comply  with  a  well-defined  general  picture.  This 
state  of  affairs  owes  notably  to  the  careful  experimental  work  of  Mellen  (3,4).  On  the 
other  hand,  a  good  deal  of  existing  theoretical  work  seems  open  to  doubt.  It  is  not  of 
course  disputed  that  perfectly  sound  qualitative  descriptions  have  been  given  of  such 
effects  as  shock-wave  formation  (r.g.,  see  (1)).  Further,  a  certain  measure  of 


2G8 


I ’ri- >  •'ll  i‘f  V\.ivt  s  irmt.  ( (  iivitu-n 

success  hns  undoubtedl>  been  achieved  in  predicting  the  motion  of  a  cavity  over  cer¬ 
tain  ranges  of  the  radial  velocity.  But  it  remains  that  the  theory  of  collapsing  cavi¬ 
ties,  taking  account  of  the  compressibility  of  the  liquid,  has  yet  to  be  put  on  a  secure 
foundation,  so  that  results  of  a  definite  character  can  be  calculated. 

The  valuable  theoretical  work  of  Gilmore  (5),  Mellen  (4),  and  Flynn  (6)  has  in  the 
past  gone  furthest  towards  the  solution  of  the  present  problem.  All  three  of  these 
authors  developed  their  theories  from  the  assumption,  which  recalls  the  Klrkwood- 
Bethc  hypothesis  in  the  theory  of  blast  waves,  that  in  radial  flow  the  quantity  r  .  t 
(where  r  is  the  radius  and  .  the  velocity  potential)  is  propagated  approximately 
unchanged  along  a  characteristic.  The  Kiriwood-Bethe  hypothesis  is  accurate  for 
spherical  disturbances  whose  wavelength  is  small  compared  with  radius  (e.g.,  a  blast 
wave  in  its  initial  stages),  owing  mainly  to  the  fact  that  the  motion  is  then  approxi¬ 
mately  the  same  as  in  a  plane  wave.  Again,  it  is  accurate  for  weak  spherical  dis¬ 
turbances  far  from  the  centre.  These  facts  provide  some  Justification  for  the  use  of 
this  assumption  in  the  cavitation  problem,  when  even  the  fluid  velocities  are  com¬ 
parable  with  the  velocity  of  sound;  and  some  further  justification  may  be  found  by 
comparing  results  calculated  on  this  basis  with  numerical  solutions  of  the  equations 
of  motion  (S).  However,  a  more  cautious  assessment  shows  the  assumption  to  be  far 
from  as  well  founded  as  one  might  wish.  It  wouldseem  in  general  to  represent  merely 
a  correction  to  acoustic  theory  and  does  not  appear  even  to  be  an  accurate  second- 
order  approximation  (in  the  sense  that  incompressible-fluid  theory  comprises  a 
zeroth-order  and  acoustic  theory  a  first-order  approximation).  Nevertheless,  although 
errors  in  the  Kirkwooi'  Bethe  hypothesis  are  easily  detected,  it  is  a  quite  different 
matter  to  assess  the  accuracy  of  complicated  calculations  based  on  it.  The  principal 
aim  here  is  only  to  emphasize  the  need  for  further  study,  and  to  suggest  alternative 
ways  of  dealing  with  the  problem. 

In  this  paper  a  method  is  given  by  means  of  which  the  theory  of  collapsing  cavi¬ 
ties  in  a  compressible  liquid  can  be  worked  out  without  recourse  to  any  special  hypoth¬ 
esis.  The  method  is  one  of  successive  approximations,  and  can  in  principle  be  carried 
through  to  an  indefinitely  high  degree  of  accuracy— although  of  course  the  work 
becomes  more  laborious  in  successive  stages.  The  second-order  approximation  will 
be  given  explicitly;  this  is  a  formally  correct  approximation  in  that  all  possible 
second-order  effects  are  properly  included;  and  there  appears  to  be  a  discrepancy 
between  this  and  the  theory  based  on  the  Kirkwood-Bethe  hypothesis.  The  method  is 
an  example  of  Llghthill's  celebrated  "technique  for  rendering  approximate  solutions 
TO  physical  problems  uniformly  valid"  (7),  and  has  previously  been  applied  by  Whitham 
(8,9,10)  to  several  problems  of  spherically  symmetric  flow.  Readers  will  recall  ti>at 
Lighthill  i  technique  obviates  a  type  of  difficulty  which  often  arises  when  the  solution 
of  a  physical  problem  is  attempted  by  a  conventional  perturbation  method,  whereby 
successive  approximations  are  olitained  in  powers  of  a  suitable  small  parameter.  If 
the  zeroth-order  solution  has  a  singularity  within  the  domain  of  interest,  progress¬ 
ively  worse  singularities  appear  in  the  higher-order  solutions.  The  principle  of  the 
technique  is  to  expand  the  Independent  variables  as  well  as  the  dependent  variable  in 
terms  of  the  small  parameter,  the  expansion  of  the  independent  variables  lieing  evalu¬ 
ated  term  by  term  in  the  process  of  determining  the  dependent  variable. 

In  the  present  application,  successive  approximations  are  made  to  the  "charac¬ 
teristic"  variable  for  outgoing  spherical  waves.  This  closely  follows  the  work  of 
Whitham  cited  above.  Although  the  method  provides  a  uniformly  valid  approximation 
over  the  whole  flow  field,  this  particular  advantage  may  not  be  specially  worth  while 
in  certain  cases.  Dr.  Ian  Proudman  at  Cambridge  has  recently  investigated  the  col¬ 
lapse  of  an  empty  cavity  by  using  a  Lighthill-Whitham  type  of  approximation  for  the 
"outfield,”  that  is  the  region  far  from  the  cavity,  yet  using  a  more  conventional 
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perturbation  method  forthe  "infield"adjoinlnttthccavity  wall.  This  rnurse  apparently 
leads  to  a  considerable  simplification  of  the  work  in  ttetting  higher  approximations. 
Dr.  Proudman  has  carried  his  calculations  to  terms  involving  the  fourth  powerof  the 
Mach  number  at  the  cavity  wall,  and  has  accordingly  found  fairly  strong  evidence  that 
the  method  of  approximation  is  convergent  even  when  a  substantial  part  of  the  flow  Is 
supersonic  (although  the  condition  of  unit  Mach  number  does  not  appear  to  have  any 
particular  physical  significance  in  thi.s  problem'. 

Now,  the  first  object  of  most  theoretical  work  on  the  present  problem  is  the  deri¬ 
vation  of  an  ordinary  differential  equation  for  the  radius  K  of  a  spherical  cavity  as  a 
function  of  time.  The  equation  wilt  of  course  be  only  approximate,  and  if  the  cavity 
is  taken  to  be  empty  so  that  the  collapse  proceeds  to  completion,  there  is  necessarily 
some  uncertainty  in  deciding  from  the  equation  how  the  velocity  iK  ot  behaves  in  the 
limit  as  K  This  uncertainty  derives  from  the  fact  that  although  the  behaviour 

IK  It  -k  is  always  indicated  as  a  possibility,  the  method  of  approximation  leading 
to  the  equation  tor  K  breaks  down  for  very  large  velocities.  (V'e  recall  that  the  ter¬ 
minal  velocity  is  definitely  infinite  according  to  Rayleigh's  theory  (11)  which  neglected 
the  compressibility  of  tlie  liquid.)  However,  on  the  basis  of  the  second-order  theory 
presented  below,  it  will  be  shown  that  another  possibility,  which  is  perfectly  consistent 
with  the  overall  approximation,  is  that  IK  it  has  a  finite  value  as  K  >  n,  a  result 
wh'ch  apparently  has  not  been  noted  before.  This  remains  a  consistent  interpretation 
on  the  basis  of  the  more  accurate  calculations  w'orked  out  by  Dr.  Proudman— which 
seem  to  give  by  far  the  most  complete  analytical  results  yet  available;  and  since  the 
apparent  terminal  velocity  is  not  especially  large,  being  not  much  greater  than  the 
velocity  of  sound  in  the  undisturbed  liquid,  there  would  appear  tobe  reasonably  strong 
evidence  in  favour  of  this  conclusion.  (It  may  lie  noted  that  previously  obtained 
approximations  to  the  equation  for  K,such  as  Gilmore's  (5),  also  admit  this  conclusion 
when  the  solution  is  appropriately  interpreted.)  At  the  time  of  writing  the  first  draft 
of  this  paper,  the  author  was  strongly  inclined  to  the  view  that  an  empty  cavity  does 
have  a  finite  velocity  of  collapse;  but  upon  further  reflection  this  conclusion  now 
appears  doubtful.  The  main  reason  for  this  change  of  mind  was  a  numerical  calcula¬ 
tion  performed  with  the  EOSAC  II  computer.  The  results  indicate  that  the  velocity  of 
collapse  of  an  empty  cavity  Increases  indefinitely;  and  although  this  indication  is  not 
yet  conclusive,  since  there  is  still  some  slight  uncertainty  about  the  control  of  errors 
during  the  computation,  the  need  has  olniously  arisen  for  thinking  again.  Some  recent 
considerations  concerning  the  asymptotic  behaviour  of  a  collapsing  empty  cavity  are 
summarised  in  th'>  Appendix  to  this  paper;  work  now  In  progress  along  these  lines 
seems  to  be  leading  to  a  final  clarification  of  the  interesting  theoretical  question  of 
how  the  collapse  is  concluded. 

Nevertheless,  though  this  question  may  at  first  sight  seem  crucial  and  the  idea 
of  a  finite  terminal  velocity  may  now  seem  a  possible  serious  misinterpretation  from 
the  point  of  view  of  the  physical  application  of  the  theory,  the  matter  is  after  all  not 
particularly  important  physically.  The  more  im|x>rtant  conclusion  is  that  in^ny  casje 
the  energy  of  the  motion  near  the  centre  towards  the  end  of  the  collapse  becomes 
vanishingly  small;  the  greater  part  of  the  overall  energy  has  already  been  stored  in 
a  compressive  wave  well  before  the  collapse  is  terminated,  and  so  what  happens  in 
practice  very  close  to  the  centre  may  well  have  an  inslgnific.int  effect  on  the  wave  as 
oiiserved  from  a  distance.  This  conclusion  is  im|)ortant  since  it  implies  that  there 
is  often  justification  for  neglecting  tiie  additional  physical  factors  arising  near  thi 
end  of  a  collapse,  such  .as  viscosity  and  va|x>ur  compression. 

An  advantage  of  the  theory  to  be  pre.sented  is  that  it  provides  a  very  simple 
description  of  shock-wave  formation  by  I’fiioiinding  gas-filled  cavitation  bubbles,  and 
leads  easily  to  an  estimate  of  how  severe  a  collapse  need  he  for  a  shock  wave  to 
develop  (mild  "gassy"  cavitation  .nay  of  course  still  givi-  rise  In  lirief  noise  pulses; 
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but  atyj)lcalprrssur('  wavpwill  not  have  aphoekfront).  The  gene  rat  ion  of  shockwaves 
is  a  feature  of  cavitation  which  has  practical  importance  in  several  ways,  notably  in 
relation  to  cavitation  damage.  In  the  next  section  of  the  paper  we  digress  slightly 
from  the  main  discussion  to  comment  on  another  effect  attributable  to  this  cause. 


2.  THE  EFFECT  OF  THE  PRESENCE  OF  SHOCK  WAVES 
ON  CAVITATION  NOISE  SPECTRA 

Discounting  experiments  where  i.solMed  cavities  are  generated  by  special  means 
(4,12,13),  cavitation  is  in  most  circumstances  anerratic  process  durlngwhich  a  large 
number  of  transien.  cavities  appear  in  scattered  positions  throughout  the  region  under 
reduced  pressure.  The  behaviour  of  individual  cavities  with  an  irregular  assembly 
can  sometimes  be  observed,  as  was  done  by  Knapp  and  Hollander  (14);  but  in  meas¬ 
urements  of  the  radiated  noise,  the  contribution  from  any  particular  cavity  is  gener¬ 
ally  impossible  to  identify.  Determination  of  the  frequency  spectrum  is  then  the  most 
useful  object  of  noise  measurements,  and  reasons  can  be  found  for  supposing  that  the 
spectrum  of  the  aggregate  of  the  received  pressure  waves  is  not  widely  discrepant 
from  the  spectrum  of  a  typical  component  pulse  (we  note  that  the  spectrum  of  a 
random  sequence  of  similar  pulses  has  the  same  form  as  the  spectrum  of  a  single 
pulse).  Thus,  theoretical  spectra  calculated  on  the  basis  of  single-cavity  models 
m.ay  be  relevant  to  observed  cavitiition  anise  (3):  and  indeed  a  fair  measure  of  agree¬ 
ment  has  established  (1). 

A  usual  feature  of  measured  energy  spectra  is  a  slope  of  approximately  -6 
db  octave  at  high  frequencies,  i.e.,  the  spectral  density  varies  as  i  where  i  is 
frequency.  It  has  often  been  pointed  out  that  this  feature  can  be  explained  by  the 
presence  of  shock  waves  in  the  received  pressure  signals,  A  shock  front  in  water 
would  appear  an  abrupt  discontinuity  in  pressure  unless  it  could  l)e  observed  on  a 
time  scale  much  less  than  the  order  of  I  microsecond;  and  this  apparent  discontinuity 
would  therefore  exert  a  dominant  influence  on  the  high-frequency  end  of  the  s|X'Ctruni 
well  into  the  megacycle  range.  The  discontinuity  need  not  have  the  familiar  form  of 
a  fully  developed  shock  (e.g.,  the  l)last  wave  from  an  explosion)  for  it  to  affect  the 
spectrum  in  the  required  way:  the  only  es.sential  property  is  that  there  should  be  a 
finite  discontinuity  in  .some  part  of  the  wave  form. 

Although  this  explanation  of  the  u.symptotic  form  of  the  spectrum  appears  to  be 
fairly  widely  known,  a  mathem.itical  demonstration  of  it  seems  worth  giving  here 
since  this  has  apparently  not  lieen  done  tiefore.  It  is  instructive  to  consider  the 
special  case  of  i  -  dependence  as  part  of  a  general  classification,  and  indeed  this  i.s 
the  only  way  of  showing  that  the  presence  of  shocks  is  necessary,  not  merely  suffi¬ 
cient,  to  account  for  this  case  in  practice.  We  restrict  the  argument  to  a  single  noise 
pulse  [xissessing  only  one  singularity:  the  e.xtension  of  the  argument  to  a  random 
sequence  of  identical  pulses  is  quite  straightforward:  and  although  an  extension  to  a 
more  general  ty|K-  of  random  noise  would  be  difficult  In  make  with  complete  rigour 
it  seems  clear  intuitively  that  the  spectral  pro|Krties  due  to  an  isol.ated  singularity, 
as  considered  below,  are  lommon  to  any  noise  in  which  singularities  of  the  sort  in 
question  occur  at  random. 

Suppose  that  i  is  a  typical  noise  (tulse  with  Unite  duration,  as  for  instance 
detected  by  a  hydrophone.  Its  energy  s|K'ctruni  may  lie  defined  as 


where 
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If  desired,  sonic  convenient  normalization  factor  can  be  introduced  intothe  definition; 
but  this  is  unnecessary  for  the  purpose  of  the  present  argument. 

We  suppose  pi  t  i  to  be  always  finite,  althoui'h  there  is  a  singularity  of  its  deriva¬ 
tives  at,  say,  t  h.  A  large  class  of  such  singularities  is  characterized  by  the 
behaviour  iv  i  i  (m  i  i  as  i  ■»  i',  where  <>  but  is  not  an  integer;  thus,  If 

'  n  -  1 1  ri  where  n  1.2.  i  ,  . .  .  then  the  nth  and  higher  derivatives  of  p^  i )  tend 

to  infinity  as  t  c.  (For  complete  generality  we  would  need  also  to  consider  cases 
where  i>i  ii  is  an  odd  function  in  the  neighbourhood  of  i  and  where  the  singularity 
is  logarithmic,  but  this  would  be  a  pointless  digression  here.)  To  find  the  asymptotic 
form  of  1 1  in  this  case,  the  most  satisfactory  course  is  to  make  use  of  a  theorem 

giver,  by  Bromwich  (15).  It  is  sufficient  here  to  quote  the  final  result:  we  find  that 

Sin  o  I  •  -  '  I  • '  as  I  n  Thus,  all  possible  asymptotic  slopes  of  the  spec¬ 
trum  (on  a  logarithmic  plot)  are  covered  except  the  cases  whe.re  the  dependence  of 
I'.i  n  is  I  ■ ' .  f  t  ■  ’  ...  . 

The  latter  cases  are  more  interesting  to  us  than  the  intermediate  ones.  They  are 
given  by  functions  of  t  which  undergo  abrupt  discontinuities  or  whose  derivatives  do. 
To  deal  with  singularities  of  this  type,  the  following  method  is  quite  lucid  though  to  an 
extent  only  intuitive.  For  further  detail  we  may  refer  to  various  treatises  dealing 
With  asymptotic  expansions. 

The  case  which  directly  concerns  us,  as  it  represents  a  shock  front,  is  where 
pi  t  <  changes  abruptly  at  t  o  from  a  value  i  to  another  value  prr>' );  here  o 
and  o'  indicate  arbitrarily  small  negative  and  positive  value  of  i,  respectively.  All 
the  derivatives  of  pi  t '  are  infinite-or  rather,  meaningless -at  i  o;  but  it  can  be 
assumed  that  the  derivatives  are  integrable  over  the  whole  range  (  .  ).  Hence, 

integration  of  Eq.  (2.1)  by  parts  gives  directly 
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According  to  the  Riemann-Lebesque  theorem,  the  integral  in  Eq.  (2.2)  tends  to  zero 
as  I  ->  .  Therefore,  if  the  step  in  p(  t  >  is  of  finite  height  (l.e.,  pro  •.  :  pio't),  we 
have  that 

oif  ')  .IS  f  ...  (2.3) 

Hence,  si  1 1  decreases  asymptotically  at  the  rate  of  lo  -6.02  cfc/octave. 

It  is  now  perhaps  obvious  that  no  function  other  than  one  with  a  finite  discontinuity 
like  a  shock  wave  has  a  spectrum  with  this  asymptotic  property. 

Incidentally,  an  extensjon  of  the  above  line  of  argument,  wherein  the  integral  on 
the  right-hand  side  of  Eq.  (2.2)  is  reduced  by  successive  integrations  by  parts,  leads 
to  the  following  rule:  if  p.  p'.  p'  ...  p'"**’  are  all  finite  and  continuous, and  if  p<'’’ 
is  finite  yet  discontinuous,  then  kUi  (»if  -"-'<aa  f  .  R  follows  from  this 
that  if  p>  1 1  and  all  its  derivatives  are  continuous,  si  1 1  must  decrease  asymptotically 
more  rapidly  than  any  negative  power  of  f,  i.e.,  it  must  decrease  at  least  in  exponen¬ 
tial  fashion.  Thus,  even  when  shocks  are  present  in  cavitation  noise,  the  spectrum 
must  ultimately  decrease  exponentially  when  the  frequency  is  sohighthat  its  reciprocal 
is  comparable  with  the  time  of  passage  of  a  shock  front,  so  that  on  such  a  time  scale 
the  shock  no  longer  appears  discontinuous. 

We  also  note  that  if  the  signal  p' 1 1  is  passed  through  a  recording  system  which 
is  resonant  at  1  i„,  the  "apparent"  spectral  response  (i.e.,  (he  speclrum  of  the 
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forced  vibration)  is  of  the  form  nfi)  f  -2  (f*-  Therefore,  at  fre¬ 

quencies  much  above  r,,,  the  "apparent"  energy  spectrum  for  a  discontinuous  signal 
has  the  property 


s,/f )  Kffi  ^  ■  oa  -)  (Mf  ■'*i .  (2.4) 

That  is,  the  spectrum  is  sustained  at  a  slope  of  -12  db/octave.  The  author  has 
remarked  in  the  past  (16)  that  this  mav  be  a  useful  consideration  regarding  the 
response  to  cavitation  noise  of  practicai  hydrophones,  which  are  always  subject  to 
self-resonances  at  a  number  of  frequencies. 


3.  SOME  POINTS  FROM  THE  THEORY  OF  CAVITATION 
IN  rrCOMPRESSIBLE  UQUID6 

Although  the  main  Interest  at  present  is  in  effects  due  to  the  compressibility  of 
water,  it  will  be  helpful  to  fix  our  ideas  by  recalling  some  simple  results  according 
to  incompressible-flow  theory.  In  awareness  of  the  severe  difficulties  arising  when 
compressibility  is  taken  into  account,  problems  of  radial  bubble  motion  in  an  Incom¬ 
pressible  liquid  appear  on  the  whole  refreshingly  straightforward;  of  course  they  are 
not  always  easy,  particularly  as  the  equations  of  bubble  motion  are  non-linear;  but, 
generally  speaking,  treatments  of  these  problems  are  clear-cut  and  unequivocal.  The 
subject  is  well-covered  by  the  contributions  of  Rayleigh  (11),  Lamb  (17,18),  Cole  (19), 
Plessett  (20),  Noltingk  and  Neppiras  (21),  Robinson  and  Buchanan  (22)  and  numerous 
others. 

Consider  first  an  empty  spherical  cavity  of  radius  R(o  collapsing  to  zero  volume 
in  a  large  expanse  of  incompressible  fluid.  In  the  later  stages  of  the  collapse,  the 
motion  becomes  insensitive  both  to  the  way  it  was  started  and  to  the  (hydrostatic) 
pressure  P  at  a  large  distance  from  the  centre.  The  only  crucial  parameter  is  the 
total  energy  F  of  the  motion,  which  may  be  assumed  to  be  approaimately  constant. 
Note  that  if  the  cavity  starts  contracting  with  a  radius  R„  and  If  P  is  a  constant  P„, 
then  obviously  K  4  3  p„(R;|  -  R'^  which  tends  to  a  constant  value  as  R->o.  If  r 
varies  during  the  initial  stages  of  the  motion,  F  will  vary  in  a  rather  more  complicated 
fashion,  but  the  final  stages  occur  so  rapidly  that  E  will  again  be  practically  constant 
towards  the  end.  Putting  the  kinetic  energy  of  the  fluid  equal  to  r.,  we  have 

2  r’r’  e.  (3.1) 

where  R  denotes  >IR  <i(  and  .  the  density.  This  equation  >i.'s  the  integral 


R 


(3.2) 


on  the  assumption  that  the  collapse  is  completed  at  i  n.  This  gives  the  well-known 
result  that  -R  o  1 ) '  ’  *  as  R  ->  h  .  The  velocity  of  the  cavity  wall  thus  becomes 
infinite  in  the  limit.  Further,  the  pressure  throughout  the  fluid  becomes  momentarily 
infinite,  but  the  velocity  at  a  fixed  point  is  zero  at  the  instant  of  collapse,  being  pro¬ 
portional  to  r’r.  Thus,  in  the  limit  as  R  <>,  the  energy  of  the  motion  becomes  con¬ 
centrated  wholly  at  the  cer.ire. 


It  can  easily  be  shown  that  the  pressure  p  at  a  radius  r  from  the  centre  is  given  by 


p 


1  - 


(3.3) 
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This  expression  demonstiales  some  features  of  the  pressure  distril)Ution  which  have 
particular  interest  in  the  present  context.  Note  first  that  v  ■  "  at  >  ",  which  is  con¬ 

sistent  with  the  assumption  of  an  empty  cavity.  Next  note  that  in  llie  later  stages  of 
the  collapse,!’  is  negligibly  small  compared  with  K-;  and  so  the  lerm  ini’  on  the 
right-hand  side  of  Eq.(3.3)can  be  neglected  in  any  region  not  too  far  from  the  cavity. 
Thus,  the  pressure  is  seen  to  rise  from  zero  at  the  cavity  wall  to  a  maximum  value 
'  ■»  "  '■  R-’at  r  4'  'k,  and  to  decrease  steadily  for  greater  1.  Figure  1  illus- 

trateschangesin  thepressuredistrlbutlonas  R  decrca.ses.  The  vertical  and  horizontal 
scales  are  arbitrary,  but  the  figure  is  easily  interpreted.  The  three  curves  represent 
the  pressures  when,  respectively,  the  cavity  radius  is  1,  1.5,  and  2  in  arbitrary  units. 
.Since  i;*'  is  proportional  to  K  '.the  iiiaxiinum  pressure  in  the  last  c.ase  is  eight  times 
that  in  the  first.  The  figure  shows  clearly  how  towards  the  end  of  the  collapse  the 
pressure  increases  very  rapidly  in  magnitude  and  its  distribution  becomes  less 
dis|wrsed. 

Now,  if  we  allow  that  behaviour  at  least  qualitatively  similar  to  this  may  occur 
in  a  compressible  liquid,  an  interesting  imssibility  is  suggested.  Positive  pressure 
distributions  of  the  kind  illustrated  in  Fig.  1  suffer  a  tendency  to  steepen  in  the 
direction  away  from  the  centre,  and  .so  develop  into  shock  waves.  Admittedly,  the 
wave-form  is  being  carried  rapidly  towarH«  thecentre  of  collapse,  and  the  process  of 
shock  formation  necessarily  occupies  a  cectain  time.  But  it  seems  at  least  conceiv- 
alile  that  a  compressible  liquid  moving  inward  to  close  an  empty  cavity  could  develop 
a  sliock  at  some  moment  before  the  Instant  of  final  collapse,  the  shock  being  con¬ 
verted  inwai^  by  a  supersonic  flow.  This  point  will  be  taken  up  again  in  a  later  part 
of  the  discussion. 

It  scarcely  needs  to  be  said  that  tin-  prc.sent  simple  model  of  cavitation  collapse 
cc.ises  to  be  valid  we  '  before  the  cavity  disappears.  When  the  velocities  and 
ircssuri’s  near  the  ctivily  become  large,  the  effects  of  coinpri'ssibility  arc  no  longer 


5  . 


I-  .  .  ;  i  'r-  .  •  I  r*  .  r.  ’ 

I '!  I  r .  n  t»f  •.  »  .«  '  .  1 :  :•  «  *  HI  ••  ••*•  ■ 


214 


j '  r«  \\  .1 M'  t  r»'ii .  *  < •!  i.i  |is in u  <  .t  .  it  .»■  s 

II  'tilittible,  and  also  tlir  assumption  of  an  empty  cavity  may  become  unrealistic.  How¬ 
ever,  as  Rayleigh  (11)  was  first  to  point  out,  the  singularity  in  the  Incompressible- 
lluld  solution  is  avoided  If  the  cavity  is  assumed  tocnclose  a  quantity  of  insoluble  gas. 
The  compression  of  the  gas  eventually  arrests  the  inward  motion,  and  a  "rebound" 
lakes  place.  It  may  be  shown  that  as  the  g.is  pressure  rises,  the  peak  in  the  pressure 
distriliution  illustrated  by  Fig,  1  is  displaced  inwards;  and  ultimately,  at  the  instant 
when  the  collapse  is  halted,  the  maximum  pressure  occurs  right  at  the  cavity  wall. 

While  serving  to  remove  a  mathematical  difficulty,  the  chief  merit  of  this  modi¬ 
fication  is  that  it  represents  a  definite  feature  of  cavitation  in  practice  (and,  inci¬ 
dentally,  leads  to  a  very  useful  account  of  the  pulsations  of  underwater  explosion 
initililos  (19)).  There  is  plentiful  evidence  that  rebounds  often  occur  (e.g.,  (13,14)), 
and  presumal)ly  they  are  due  to  the  action  of  the  cavity  contents.  Of  course,  the  model 
of  a  gas-filled  cavity  surrounded  by  incompressible  liquid  still  falls  far  short  of 
reality;  for  instance,  no  mechiuilsm  lor  energy  dissipation  is  included,  whereas 
rebounding  cavitation  bubbles  ap.oear  always  to  be  considerably  smaller  than  t.helr 
m.xximum  size  before  the  first  collapse.  Nevertheless,  this  model  is  definitely 
relevant  to  cases  of  fairly  "mild"  collapse,  .md  gives  a  useful  first  approximalion  to 
such  quantities  .as  the  peak  noise  pressure. 

Some  numerical  results  calculated  on  this  basis  will  lie  useful  for  reference 
later.  We  consider  a  cavity  initially  at  rest  with  K  R„  and  containing  gas  at  pres¬ 
sure  The  hydrostatic  pressure  i'  is  constant  and  greater  than  0,  so  that  the  initial 
motion  is  inw’ard.  The  gas  is  assumed  to  be  compressed  according  to  the  law 
I'V  , -.MSI  1',  i.e.,  its  pressure  is  given  by  p  bi  K,,  »>•'  ,  and  its  inertia  is 
neglected.  The  equation  of  motion  of  the  cavity  is  expre.ssible  in  the  form 

IKVi  13.4) 

I  \  K  I  P  ■'  K  /  V  K  / 

From  this  the  minimum  radius  k  is  easily  deduced,  since  it  is  a  root  of  v  . 
Assuming  that  K,  "  'is  fairly  large,  we  find  that,  very  approximately. 


where  '■  ■  I  I'  i,'.  The  maximum  gas  pressure  is  therefore 


!■  i;  g  t:,  ’  I.'  I  ■  Ki  '  '3.01 

Also,  the  peak  pressure  rise  (i.e..  above  1)  at  a  radius  i  K,,,'  is  P„,K„,  r.  The  m.axi  • 
mum  velocity  of  the  cavity  wall  is  found  by  differentiation  of  Eq.  (3.4).  This  occurr 
when  K  W  ,  this  radius  being  given  by 

K  K.  '  '  ‘  .  (3.71 

and  is  very  approximately 

w  .>!•  I  ■■■■’.  (3.01 


Equations  similar  to  O.:")!  and  (3.0),  although  rather  less  accurate,  were  given  by 
Noltingk  and  Neppiras  (21).  I.amb  (17)  olitaincd  Kq.  (3.6)  in  a  related  problem  con¬ 
cerning  underwater  i  xplosions.  but  gave  ihe  formula  incorrectly;  the  misl.ike  was 
ri  produced  in  Ids  well  kiiov.’ii  '  (»ok  (18), 
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FiKui?*  2  shows  trraphsof  i’,,,  1  vs  i  v  for  three  values  of  .  Graphs  of  the  value 
in  <'m  see  nf  k.,  cprrcspondlni;  to  I'  Ibar  und  1  k  t  in  '  are  alsoshown;  for  other 
values  of  I'  or  .  can  he  scaled pro|>ortionately  to  'I’  '  On  the  ttraph  of  R  .thc 

dashed  line  denotes  the  s|M'ed  nf  sound  in  w’ater  at  a  pressure  of  I  bar,  Fiiture  2 
illustrates  clearly  how  the  maximum  pressures  generated  during  a  collapse  may 
greatly  exceed  the  hydrostatic  pressure.  For  example,  if  a  cavity  contains  air  at  an 
initial  pressure  of  one  one>hundredth  the  hydrostatic  pressure  and  the  air  is  com¬ 
pressed  adiabatically  (.  1.4),  the  air  pressure  at  the  end  of  the  collapse  is  4420 

times  the  hydrostatic  pressure.  When  we  consider  that  I'  is  of  the  order  of  1  bar  in 
many  instances  of  cavitation,  the  extent  of  the  magnification  of  pressure  is  most 
impressive.  The  feature  of  Fig.  2  which  has  particular  interest  later  in  the  discus¬ 
sion  is  that  for  l',„  l*  oi  in 'i,  the  m.ignitude  of  K..  is  still  a  reasonably  small  fraction 
of  the  speed  of  sound,  so  that  the  error  due  to  neglect  of  the  compressibility  of  water 
is  proiiably  still  fairly  small. 

4.  THE  NATURE  OF  THE  PROBLEM  FOR  COMPRESSIBLE  LIQUIDS 

To  dcvcl-jp  a  theory  on  a  secure  Itasis.  the  atten)|)t  must  be  made  to  solve  the 
exact  (.<quations  of  radial  motion  in  a  compressible  fluid.  We  shall  now  derive  a 
second-order  approximation  to  the  effects  of  compressibility;  but,  as  remarked  in 
.Sc>ctinn  l.this  is  done  primarily  us  an  illustration  of  method  and  toshow  how  the  way 
is  clear  to  higher  approximations. 

For  spherically  symmetric  isentropic  flow,  the  velocity  |)otential  satisfies 


2l(i 
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where  .■  is  the  local  velocity  of  sound  which  in  neiieral  varies  with  pressure.  (It  is 
worth  noting  that  Lamb  (18,  285)  presents  this  equation  in  its  correct  form,  but 

under  the  unnecessary  restriction  that  is  constant.)  As  a  reasonable  first  step 
towards  a  solution,  one  may  use  a  linearized  (.acoustic)  theory  in  which  the  terms  on 
the  rij^ht-hand  side  of  Eq.  (4.1)  are  nettlected  and  >  is  taken  to  be  a  constant  c,,,  the 
sound  velocity  in  the  undisturbed  fluid.  Accordint?  to  this  theory,  the  characteristic 
curves  in  the  (i  ,i)-pl.ane  are  straittht  lines,  Riven  by  i  r  <■,_  for  outROing 

waves.  But  there  arc  two  respects  in  which  a  linearized  theory  is  inadequate.  The 
first,  the  obvious  one,  is  that  for  the  very  rapid  flow  near  a  cavity  in  the  later  stages 
of  collapse,  the  non-linear  terms  in  Eq.  (4.1)  may  have  an  effect  which  is  ))y  no  means 
negligible.  Second,  the  linearized  solution  is  well  known  to  become  progressively 
less  valid  at  large  distances  from  the  origin.  Even  though  the  magnitude  of  decreases 
steadily  (like  r  '),  the  effect  of  ihe  non-linear  terms  .iccumul.'ites  and  eventually 
predominates  over  that  of  the  linear  terms.  For  instance,  the  characteristics  at  the 
head  of  a  ijosltive  pressure  wave  diverge,  tending  to  form  a  shock  wave  if  one  is  not 
already  present.  The  linearized  theory  is  therefore  not  even  a  valid  first  approxi¬ 
mation  at  large  distances. 

A  gre.at  deal  has  prc'  ausly  been  written  on  this  matter  (7,8,25),  and  there  is  no 
need  to  go  into  any  general  detail  here.  To  oldain  an  approximate  solution  of  Eq. 
(4,1)  which  is  uniformly  valid  over  the  whole  flow,  the  Lighthill-Whitham  method  is 
used;  the  solution  is  expressed  in  terms  of  an  implicit  exact  characteristic  ,  to 
which  successive  approximations  are  made.  This  approach  seems  the  only  way  to 
proceed  without  ambiguity  to  hlgh-ordi  r  approximations  to  the  equation  of  the  cavity 
motion.  It  appears  that  the  method  would  remain  traclablceven  when  a  fully  developed 
shock  wave  is  present,  but  we  shall  not  deal  explicitly  with  this  case  here,  lielng  con¬ 
tent  to  examine  the  circumstances  of  the  Initial  formation  of  a  shock. 

If  e  denotes  the  pressure  relative  to  the  constant  pressure  1’  far  from  the  centre 
of  the  motion  (so  that  p  for  largt  t  and  i'  '•  at  the  wall  of  an  empty  cavity), 
the  Bernoulli  integral  of  the  equations  of  motion  can  be  written 


■  '  .  ('  't'  (4.2) 

t  J  I 

where  u  r  is  the  velocity.  Now,  the  density  is  a  function  of  p  only:  and  so,  if 

•'  is  expanded  as  a  Taylor  series  and  integrated  term  by  term,  the  r;!’,ht-hand  side 
of  Eq.  (4.2)  becomes 


Here  ,  is  the  density  where  p  '■  and  ■  *  ip  i  i,.  Only  these  first  twoterms 
of  the  expansion  are  required  at  present:  the  third  term  is  (((.  "'i,  and  we  are  going 


to  develop  the  theory  only  as  far  as  '<  ■  'i. 
(4.2)  is 


.  1  -■  !■ 


The  sound  velocity  is  next  expanded  as 

■  >'/, 


Thus,  a  sufficient  approximation  to  Eq. 

'  -  •  (4.3) 


(4.4) 
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A|',;iin,  terms  alter  the  seeond  can  lie  neglected,  Itrdnit  nl  fourtli  order.  Hence,  u.sing 
K(|.  '4.3),  we  may  write 


,  -  ’  •■  '/  (4.5) 

Here  is  a  dimensiuniess  coefficient  of  the  ordei  of  unity;  for  water  it  is  about  2.7. 
(Kxperimentai  data  on  the  properties  of  water  under  hi|{h  pressure.s  (see  (6)  for  a 
review)  show  that  a  linear  relation  lietween  sound  velocity  and  pressure,  as  assumed 
here,  holds  approximately  up  to  pressures  ol  the  order  of  2000  bars.  To  deal  ade¬ 
quately  with  the  case  of  pressures  much  hipher  than  this,  the  expansion  Eq,  (4.4) 
would  have  to  he  taken  further  than  the  first  vo  terms;  but  this  is  not  justified  in  a 
second-order  theory.  In  fact,  it  will  aiipear  that  the  variation  of  ■  does  not  affect 
the  cavity  motion  to  the  second  order,  although  this  has  an  important  effect  on  the 
surroimdin;i  pressure  field.) 

We  next  suppose  the  char;icteristic  curves  in  the  1 1  •  i-plane  to  have  the  form 
1  •  ...  St.  The  cHiuation  determining  is  thru 

(4.6) 


We  may  also  arbitrarily  intro<luce  the  . midition 


(4.7) 

which  lends  to  th(  useful  interpretatit.il  ol  a  ’retarded  time”  measured  with  respect 
to  the  ciivity  wall. 

To  complidc-  th('  basic  details  of  the  mathematical  problem,  the  boundary  condi¬ 
tions  at  th(.  cavity  wiill  will  now  be  written  down.  First,  there  is  the  kinematical 
condition 


(  !•  (4.8) 

'  .  I 

Si'cond,  then;  is  tli<  condition  that  tin  relative)  pressure  of  the  cavity  contents,  say 
s,  is  the  same  as  the  pressure  just  iiisidt  the  liquid  .'surf.iee  tension  belnK  neglected 
in  this  account).  Aeeordinp  to  Kq.  (4.3 1.  this  implies  that 


I 


We  also  have,  of  course,  that  •  ■  lor  ;  •  . 


1 


-•  1 


(4.9) 


5.  THE  I  INI  AHI/KIJ  THFOHY 

Tills  has  bi  i'ii  used  by  sevi  ral  authors  23.24)  to  derive  an  (X|uat ion  of  cavity 
motion  with  a  lirsi-order  correction  lor  the  cHects  of  compressibility.  The  right- 
hand  side  ol  h!(|.  4.1  1  is  ni'gleeted.  .md  one  puls  .  The  solution  then  is 

'  15.1) 


toi'i  llii  r  with 
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Pressure*  Wav*‘S  fr<»n,  C  i»llii|iKinL' 


fNote  that  Eq.  (5,2)  is  the  first-order  solution  of  Eq.  (4.6)  subject  to  the  boundary 
condition  Eq.  (4.7)). 

From  Eq.  (5.1)  it  follows  that 


i(  ■)  _  I'l  ■  1 
‘  ..r 


(5.3) 


When  this  is  substituted  in  Eq.  (4.8),  f.  •  cuii  easily  be  calculated  as  far  as  terms  in 
o.; '.  A  first  estimate  gives  r(  - )  ■  t  Ht  i;  and  a  second  gives 


f  R^R  -  ’  Ik  ‘R  ik'^R-' 


From  Eqs.  (5,1)  and  (5.4),  we  get 


(■:),. 
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which,  when  substituted  in  Eq,  (4.9),  leads  Immediately  to 


(5,4) 


(5.5) 


.1  1 


RR  '  1  ft''  -  ■  ift^R  •  fiRRR  2R 


(5.6) 


This  is  exact  to  To  the  same  order,  the  equation  may  be  arranged  in 

several  other  ways,  for  instance  in  the  form 


RR  (l  -  ^  y  (i  -  ,1*  )  S  •  (r  -5  •  Rs)  . 

6.  HIGHER-OItDER  SOLUTIONS 
To  proceed  to  higher  approximations,  one  may  write 


(5.7) 


.  1  f  r .  I  ) 


I 

,.2  '  i' 


I 


(6.1) 


where  .  /  r.  i  is  the  linearized  solution  given  above,  and  then  solve  Eq.  (4.1)  to  suc¬ 
cessively  higher  powers  of  r;'  (i.e,,  .^is  first  determined,  then  .  „  etc.).  At  the 
same  time,  successive  approximations  arc  made  to  the  characteristic  determined  by 
Eq.  (4.6),  The  solution  of  the  latter  equation  is  most  suitably  expressed  in  the  form 


t  Fi  I  . 


(6.2) 


which,  of  course,  in  the  linearized  theory  reduces  to 


t 


R<  I 


6.3) 
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Thus,  the  prt'si'nl  niothod  isi  lcarly  socn  to  Im-  an  instancpof  LinhUiiU's  goneraltoch- 
nique  of  "coordinate  iHTturhation"  (7,25).  In  applying  the  method,  it  is  helpful  to 
rewrite  the  equation  for  in  terms  of  partial  derivatives  with  respect  to  i  (i.e.,  with 
constant)  and  (with  r  constant).  Thus,  Kq.  (4.1)  is  replaced  by 

I  •  I  •  '  “if  I  ft  I  •  J  I  ■ 

the  terms  on  the  rlt;ht-hand  side  beint:  <quivalenl  to 
on  the  right-hand  side  of  Eq.  (4.1). 

Let  us  now  work  out  the  solution  as  far  .as  terms  in  .  ,  We  fir.st  observe,  on 
substituting  Eq.  (4.5)  In  Eqs.  (4.1)  or  (6.4),  that  the  variation  of  i  does  not  affect  the 
equation  for  to  this  order.  Next,  the  linearized  solution  Is  used  toobtai*'  the  second- 
order  approxlm.atlon  to  the  right-h.ind  side  of  Eq.  (6.4):  this  Is 


(6.4) 

•'  times  the  non-linear  terms 


with  1^  I  K*  i  iii  I. 

An  approximation  to  the  explicit  form  of  Eq.  (6.2)  is  now  found.  When  Eqs.  (5.1) 
and  (4.5)  are  substituted  in  Eq.  (4.6),  the  integral  of  the  equatio  .  to  oi. ;  *  >  is 


I  I....  ) 


( .’•  1 '  -'(  • ) 
,1  “ 


where  i  i  is  given  by  Eq.  (S.4)  and  A  <  is  an  arbitrary  function  arising  in  the  inte¬ 
gration.  If  A  is  chosen  so  as  to  satisfy  the  boundary  condition  Eq.  (4.7),  we  have 

(.>  :,(■'  /l  _1_\ 

r-»  J  (6.8) 

This  expansion  is  far  more  accurate  than  we  need  at  present,  but  it  will  be  useful 
later. 

When  Eqs.  (6.1),  (6.5),  and  (6.6)  are  substituted  in  Eq.  (C.4),  (he  first  term  on  the 
right-hand  side  (i.e.,  the  first  term  in  Eq.  (6.5))  is  cancelled,  and  collection  of  the 
second-order  terms  gives 


,  (6.7) 


which  has  the  solution 

K'  k'-k'  (6.8) 

The  arbitrary  function  Ff  i  is  determined  from  Eq.  (4.8).  Hence,  the  complete 
second-order  solution  is  found  to  lie 
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This  i-csult  is  I'xact  to  tho  st'i'ond-ordor.  The  last  term  on  the  ri^ht-hand  side 
is  nenli(jibie  far  from  the  cavity.  Ixit  near  the  cavity  it  has  the  same  importance  as 
the  other  second-order  terms.  The  appearance  of  a  term  in  r  ’  in  this  solution  does 
not  imply  that  powers  between  r  '  and  r  are  absent  from  hisher-order  solutions; 
In  fact  terms  in  i  -  arise  in  the  next  approximation  (compare  thesolutiiin  of  the  blast 
wave  problem  K*ven  liy  Whitham  (8.  see  also  25)).  Note  that  the  present  result  dis¬ 
closes  an  error  in  the  Kirkwoixl-Bethe  hypothesis,  which  states  r  .  ,  to  depend 
only  on  . 

An  equation  for  t  i  corre.spondinK  to  Nq.  (5.6)  can  now  be  obtained  by  putting 
Eq.  (6.9)  in  Eq.  (4.9i.  However,  at  this  point  it  is  convenient  to  introduce  a  simplifi¬ 
cation  which  has  been  suucested  by  Dr.  Proudman  (it  was  in  fact  used  in  his  work 
referred  to  in  the  introduction).  We  have  remarked  earlier  that  the  motion  of  a 
cavity  towards  the  end  of  a  collapse  depends  very  little  on  the  hydrostatic  pressure, 
but  is  controlled  essentially  by  the  total  cnerKy  f.  Therefore,  for  the  concludini; 
stages  of  the  collapse  of  an  empty  cavity,  it  is  permissible  to  put  s  =  <i  in  Eq.  (4,9). 
The  vital  parameter  F  then  enters  as  a  constant  of  integration  in  a  first  integral  of 
the  differential  equation  for  K.  (The  case  of  a  gas-filled  bulible  near  the  end  of  its 
collapse  may  lie  simplified  in  a  similar  way  by  putting  s  equal  to  the  absolute  (instead 
of  relative)  pressure  of  the  gas  contents,  which  is  justified  when  this  pressure 
becomes  very  large  compared  with  the  pressure  P  far  from  the  centre;  however,  to 
illustrate  the  theory  we  shall  consider  here  only  the  case  of  an  empty  cavity.)  The 
step  of  putting  s  =  '>  can  also  be  justified  by  cufisidering  that  the  motion  in  the  final 
stages  would  bo  the  same  approximately  as  for  a  cavity  which  collapses  from  infinite 
size  under  zero  pressure,  ^t  which  is  initially  given  a  finite  kinetic  energy.  Hence, 
after  a  certain  amount  of  straightforward  calculation,  we  arrive  at  the  equation 


Kii 


t  Ai  R*  i.t  it-* 


n  , 


(6.10) 


Consider  now  the  expression 


k 

K’ 


where  k.  A,  and  ii  arc  constants.  On  differentiation  this  is  found  to  satisfy  Eq.  (6.10) 
to ')(,  ;y']  if  A  -4  .1  and  n  '>  m.  Also,  k  can  be  identified  with  k  2  for  we 
must  have  2  ..R’R’  '  F  when  the  cavity  is  still  large  enough  for  the  velocity  to  be 
small  and  the  effect  of  compressibility  negligible  (see  Eq.  (3.1)).  Thus  we  have 


K 


4  R  U  R^  ' 


(6.11) 


This  result  shows  clearly  that  enmprcssibtlity  of  the  liquid  slows  down  the  cavity 
motion;  i.e.,  at  a  giver,  radius  R,  the  magnitude  of  the  (negative)  velocity  R  is  less 
than  if  the  terms  in  R  >  „  were  zero. 

Now,  there  are  various  ways  one  might  interpret  this  equation.  If  it  were  sup- 
liosed  to  remain  a  valid  approximation  right  up  to  the  instant  of  total  collapse,  one 
would  conclude  that  -R  •  <mR'’  as  R  •  ,  so  that  the  velocity  ultimately  becomes 
infinite.  However,  this  argument  is  obviously  unsound.  Equation  (6.11)  is  only  u 
second-order  approximation  intermsof  R  and  clearly  in  successive  higher  approx¬ 
imations  the  series  in  powers  of  K  would  be  carried  on  indefinitely.  Thus,  if  R  is 
in  fact  infinite  In  the  limit,  the  truncated  series  would  Is'  incapable  of  determining 
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tlic'fx.ict  iiaturi'ul  the  siiinulariiy.  Oiilhf  other  liiuid,  there  is  an  ajj|jroxlmate  solution 
of  Eq.  (C.ll),  satisfying  the  equation  to  the  second  order  in  H  .  which  nives  a  finite 
velocity  in  the  limit  as  f  >  >  .  At  first  sight  it  seems  possible  that  this  solution  is  a 
uniformly  valid  apiiroxiniation  right  to  the  end  of  the  collapse,  so  that  the  finite 
terminal  velocity  is  a  realistic  ri’sult;  for  we  note  that  in  order  to  keep  the  right-hand 
side  of  Eq.  (G.ll)  constant  as  K'  >  it  may  be  sufficient  for  the  series  in  K  — of 
wliich  only  the  first  three  terms  are  given  in  the  present  approximation— to  diverge 
in  a  certain  way  for  son.e  finite  value  of  K. 


To  obtain  ttu'  result  in  question,  we  introduce  the  dimensionless  variables 
\  !;  j  ,  ■  ■■'  K  '  *  and  •  Si  .>  ’  f  j  ,  ,  ’  '  \  In  terms  of  these,  a  solution 

accurate  to  tin  second-order  is  found  to  Ix’ 


(6.12) 


(6.13) 


Act'oiding  to  Eq.  (fiil2).  tht  c(41aps»'  ends  at  I.""'-.  When  this  value  is  put  in  Eq. 
(6.13).  the  velocity  at  the  end  is  given  as  J.  I 


It  was  noted  in  the  Ic.i  rorliiction  that  tills  spec  illation  about  the  terminal  velocity 
of  collapse  is  jirobalily  wrong.  The-  author  U'came  convinced  of  this  only  very 
I't  ci  nllv.  Pi  t  viously  tht- available  analytical  evidenct’  seemed  substantially  in  favour 
of  a  finite  collapst  velocity— for  Instance,  this  interpretation  was  consistent  with  a 
lourih-ordt  r  api)roxiin.tt!":i  oiit.iint-d  l»\  Dr.  Proiidm.in (which  .it  lirst  sight  would  .ip- 
pe.ir  more  leliulile  u.ai.  .i  ttieorv  iia.'-iit on  tht-  Kirkwood-Rcthe  hypothe.sl.-).  Howtver. 
sufficitnl  evidence  tor  rt  jt  eting  this  intt  rpretation  was  provided  by  a  numerical 
soletion  of  the  prolilem  which  Mr.  C.  Hunter  at  Cambridge  has  found  by  use  of  the 
EDSAC  II  digital  coniputt  r.  The  nume  rical  results  indicate  that  the  velocity -i' 
inereast  s  without  liound  .is  n  •  .  whleh  is  as  Gilmore  (5)  suggested  a  number  of 
yi  ars  agi;.  Pliis  ti-mporary  mistake  might  nevertheless  Ix'  said  to  fit  naturally  into 
the  story  ot  recent  work  on  this  prolilem;  and  evi  n  though  a  finite  collapse  velocity 
•may  not  alter  all  be  a  trui  theoretical  re.sull.  it  is  not  inconsistent  with  the  physical 
picture  of  I  vi  iils  at  Hit-  ci  litre  of  a  cavity  collapst .  The  chief  physical  implieatiur. 
ot  a  thi'ort'tically  finite  velocity  (in  tact  the  only  ri  ally  significant  aspeit  of  such  a 
n  sult)  wtiuld  bt-  that  tin  rt  is  no  eoneeiitration  of  energy  at  the  eeiure.  as  we  noted  in 
.Seelion  3  occurs  in  tin  east  ol  an  ineimipresslble  liquid.  This  apparently  is  a  valid 
I'oiielu.sion.  Homt-  n  i  t  nt  work,  to  1m  suirmari/ed  in  the  Appendix,  has  demonstrated 
that  till  flow  fit  ill  surroimiliii!',  a  eollapsing  empty  cavity  possesses  an  inner  core 
wliicti  hold.s  a  viiiiisliini'.ly  sm.iH  sliari-  of  the  total  energy  of  the  inutioii.  It  therefore 
appears  that  tin  pi  t  ssuri  wavi  radiated  from  a  praetleully  empty  euvity  woultl  be 
.seai  i'flv  affected  by  events  m  ar  the  eeiitre  immediiilelv  preceding  tlie  final  closure  oi 
till  cavitv;  the  propi  rtles  ot  tin  wave  are  mainly  detei  mined  liy  tin  flow  oiitsiih  ilic 
ci  ntral  cori .  for  wliicli  part  o!  thi  flow  the  above  theory  provides  a  \  aliil  simoml 
approximati'in. 


II  It  mains  to  lec  nnsitler  the  iiossibllity  that  a  shock  is  fornied  in  loic  tin  i  lul 
o|  tlii  collapse.  .IS  '  ucc.esif  d  I  arlii  r  in  Hit  papt  r.  II  this  oi  t  iii  i  t  il,  calciil.itioii-.  .'i 
till  St  jirest  nl  sort  woild  siiliseqiii  iilly  liecome  iiiv.illd.  Anaivlic.il  woi  k  o".  Hu-- 
(|iiestion  has  so  l.ii  l,ei  :i  iiiconchisive.  Imt  tin  iiiacliine  imIcuI.iI  loic.  • 
liv  Ml  .  Iliiiiti  c  li.ivt  iiidicaliil  lliat  no  sliock  is  in  t.icl  lormi  il  up  to  Hu  im  i.i  ; 
will  11  ;■  . 
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7.  THE  PRESSURE  WAVE 

An  advantage  of  the  pi-ceedlng  method  of  analysis  is  that  it  provides  a  uniformly 
valid  approximation  for  the  pressure  pulse  transmitted  away  from  the  cavity,  even 
when  there  is  distortion  of  the  wave -form  due  to  non-linear  effects.  To  Illustrate 
the  theory,  we  shall  now  focus  attention  on  the  question  whether  a  rebounding  gas- 
filled  cavity  may  generate  a  shock  wave. 

At  a  large  distance  from  the  cavity,  the  pressure  due  to  the  radial  motion  is 

!■  ,  '  ,  ’  (7.1) 

where  i  >  is  prescribed  on  the  cavity  wall  and  is  K*R  to  a  first  approximation;  also, 
according  to  Eq.  (6.6).  is  given  by 


(7.2) 


Tlie  last  term  in  this  expression  has  the  effect  that  in  a  positive  pressure  wave 
(i  ').  the  characteristics  progressively  diverge  from  the  app'‘''Ximate  charac¬ 
teristic  '  r  .  given  by  the  acoustic  theory.  Thus,  as  we  have  l  emarked  earlier, 
the  acoustic  approximation  always  breaks  down  when  the  wave  has  travelled  far 
enough. 

The  result  of  tlic  diverging  of  characteristics  is  that  a  positive  wave  is  made 
skew  IntheouU  ard  direction  and  may  eventually  develop  a  shock  as  its  slope  becomes 
infinite.  Now.  since  i  is  continuous,  we  can  only  have  i>  t  — '  If  t- *  : 
i.e..  If  t  .  Therefore,  from  Eq.  (7.2).  the  condition  for  the  initial  formation 

of  a  shock  is  approximately  (taking  I  - .  r  R  to  bo  large) 


This  gives  ttic  radius  at  which  a  shock  first  appears.  Clearly,  the  shock  develops  at 
the  point  in  tiic  wavi  where  the  slojic  i  is  positive  (i.e.,  at  the  head  of  the  wave  in 
time)  and  a  maximum— i.e..  at  a  point  of  Inflexion.  It  might  be  supposed  that  fur  a 
positive  pressure  pulse  such  as  prixluced  by  a  rebotinding  cavity,  a  shock  always 
occurs,  because  the  condition  Eq.  (7.3)  can  always  lie  satisfied  by  taking  i  to  be  large 
enough.  However,  if  !  is  everywhere  small,  the  required  value  of  i  liccomcs 
enormous,  which  nuans  that  in  practice  there  will  be  no  shuck.  The  effects  of  dis¬ 
persion  by  viscositv  and  hi'at  conduction  will  eventually  cancel  the  very  gradual  tend¬ 
ency  to  tiuild  up  a  shock:  for,  although  the  magnitude  i.f  these  effects  on  spherical 
waves  is  extremeiv  small,  thev  depend  on  i  in  contrast  to  I'v  r  for  the  latter 
effect  (13). 


We  are  now  in  a  position  to  estimate  the  practical  co'iditiuns  under  which  a 
reliounding  cavitation  bubblewill  e.ive  rise  to  a  .shock.  The  maximum  value  of  i  ’  is 
require  d:  and  as  a  lirsl  appro.xiniation  it  is  sutlicicnt  to  take  i:-K  for  i.  We  assume 
for  simplicity  that  tht  pressui  *  ii'side  the  bublile  is  glvi'ii  Iw  !  K  *.  where  r  is 
the  mxxinium  jiressure  aiid  !•'  !l:i  minimum  radius  (this  assumption  linolics  .in 
adiabatic  compression  with  )  it  is  tound  that  other  values  of  do  nol  signifi- 

catitly  change  the  end  i-esuits  o|  i|,e  present  calculation).  By  a  straightforward 
method  along  the  same  lini  s  ai,  ttu  i  .ilculaiions  at  tlie  i  inl  ot  Section  3.llu  mxxinumi 
ol  ■  is  esliinaled  to  hi  .simpl.  ■  >.  '  '  Next,  values  oi  and  lor 


I.  IV 

water  are  substituted  in  Hq.  (7.3).  Ileiircs  wf  deduce  that  tlie  cimdition  lor  a  shuck  to 
b('  loriiied  al  radius  r  in  water  is 


I  It  f.  I..,'  (1  K’l  ■  '  k  I  loL.ir-.  (7,4) 

The  value  of  K  in  Kq.  (7.4)  is  nearly  the  same  as  K  but  it  is  really  unimportant  which 
value  precise  ly  is  considered.  The  follotviiq;  talile  shows  some  values  of  !'  ]ust  satis¬ 
fying  Tq.  (7.4).  t;iven  as  a  function  of  i  It: 


I  K  b'^  III'  In’  in’  in' 

I  linn. IIS  I  '  1  ‘I  »  I  >  ■>  t  1 

We  see  that  the  necessary  value  of  r  varies  very  little  over  orders  of  magnitude  of 
r  .  This  table  indlcites  a  i^uod  practical  criterion  for  shocks  to  form  within 
"reasonable  distances";  this  is  simply  that  the  ma.xlmum  pressure  in  the  bubble  should 
be  at  least  about  2  or  3  kllobars.  If  i’..  is  much  smaller  than  this,  shock  waves  are 
unlikely  to  lie  detectable,  both  Ix-eau-se  disper.sion  may  overcome  the  tendency  towards 
shock  formation  and  bc'cau.se  anyway  the  pressure  wave  will  lie  of  extremely  small 
amplitude  at  the  distance  where  a  shoek  miitht  appear. 

As  a  check  on  this  calculation,  we  obsi  rve  from  FIk.  2  that  for  value  of  l’„ 
around  2  kilobars  the  maximum  velocity  of  the  bubble  is  still  reasonably  small  com¬ 
pared  with  the  sound  velocity.  Therefore  compressibility  of  the  water  will  not  have 
any  important  effect  on  the  bubble  motion;  and  so  the  estimate  of  i  from  the 
incompressible -flu id  theory  is  probably  quite  adequate. 

After  a  shuck  is  initiated,  it  develops  rafiidly  since  its  velocity  is  less  than  for 
a  continuous  wave  of  the  same  amplitude;  thus,  the  shuck  is  continually  "fed"  by 
.wavelets  arriving  from  Iwhind.  In  the  present  problem.  It  would  be  feasible  to 
account  for  the  proKress  of  a  shuck  after  incipience  bv  uslnj;  the  methods  Riven  bv 
Whitham  (10). 


8.  CONCLUSION 

I'he  present  thcori-tical  work  Is  Intended  to  throw  some  further  lipht  on  the 
physical  mechanism  of  the  collapse  of  cavitation  bubbles  and  the  noise  arising 
therefrom.  It  has  been  shown  that  the  theory  of  cavity  collapse  in  compressible 
liquids  can  with  advantage  be  developed  by  means  of  the  Lighthill-Whitham  technique 
of  coordinate  perturliatlon,  successive  approximations  being  obtained  in  powers  of 
the  parameter  1  . For  the  hypothetical  ca.se  of  an  empty  cavity,  the  approximate 
theory  admits  the  interpretation  that  the  e<illap8e  is  terminated  at  a  finite  radial 
velocity;  and  although  this  Is  now  Iteiicvcd  to  be  an  incorrect  theoretical  result,  it  is 
nevertheless  true  tha't  the  "im|ierfect"  theory  provides  a  uniformly  valid  physical 
approximation,  since  the  finite  terminal  velocity  is  a  reasonable  represen^ion  of 
the  apparently  true  fact  that  only  a  iimitingly  small  part  of  the  overall  energy  *s 
carried  right  to  the  centre  of  collapse  (in  other  words,  must  of  the  energy  is  slon'd 
in  a  compressive  wave  Is  fore  the  collapse  ends). 

In  reality  the  concluding  stages  of  a  "severe" col iapsc  (i.e.,  where  the  cavity  has 
a  negligible  gas  content)  will  Iw  greatly  affei-ted  by  compression  of  the  enclosed 
vapiMir  and  Ijy  other  effects  which  have  not  been  Included  In  the  present  theory.  But. 
in  the  manner  suggested  alM»v«>.  compressibilily  of  tiu’  water  may  have  enfe«’bled  the 
ending  of  llie  collapse  before  the  latter  effects  Ix'come  important,  so  that  they  play 
an  insignificant  role  in  tiie  overall  nu  chanism.  By  similar  considerations,  tlie 
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pus.sibility  i)f  a  cumplctf  ('(iltupsc  without  rebound  from  a  certain  minimum  cavity 
size  now  appears  fairly  reasimal)lc.  Of  course,  as  soon  as  the  collapse  is  completed, 
a  strong  shuck  wave  will  be  formed  (the  shock  will  probably  originate  from  the 
centre:  but  as  it  expands  it  rajiidly  becomes  independent  of  the  "inner  core"  left 
unexplained  by  Ihe  simple  theory);  and  this  shock  wave  will  have  a  rarefaction  phase 
behind  it  which  miitht  re-open  a  cavity.  The  question  whether  or  not  rebounds  occur 
in  usual  circumstances  remains  one  of  the  n  ost  debatable  to|)ics  in  cavitation  studies. 
In  the  author's  experiments,  no  evidence  has  ever  been  found  of  a  complete  collapse 
without  any  rebound.  Several  other  experimenters  liave,  hou’cver,  reported  such 
evidence 


Another  aspect  of  cavitation  which  has  l)e«'n  considered  concerns  the  case  of  a 
comparatively  mild  collause.  It  has  been  shown  that  even  a  gas -filled  bubble  can 
generate  a  shuck  wave  if  the  pressure  of  the  gas  rises  beyond  a  certain  limit  at  the 
instant  of  maximum  compression  when  the  rebound  begins.  Experiments  by  the 
author  have  revealed  cases  of  incipient  shock  formation;  and  the  observations  appear 
to  support  the  theoretical  estimate  of  the  critical  conditions,  although  a  precise 
comparison  has  not  so  far  been  achieved. 

Finally,  I  feel  this  is  an  appropriate  place  to  ackitowledge  my  indebtedness  to  the 
British  Admiralty,  which  has  supported  my  work  on  cavitation  for  a  number  of  years. 
In  particular.  I  should  like  to  express  my  gratitude  to  Dr.  Jackson,  Dr.  Vlgoureux, 
and  Dr.  Byard  of  the  Hoval  Naval  Scientific  Service,  whose  advice  and  encoui  agement 
cm  many  occasions  in  the  pa.st  have  greatly  sustained  my  interest  in  cavitation, 


APPENDIX 

The  methods  given  earlier  in  this  paper  were  .shown  to  lead  to  what  is  very  prob¬ 
ably  an  Incorrect  answer  to  the  theoretical  question  of  how  the  collapse  of  an  empty 
cavity  is  terminated.  In  view  of  the  results  of  Mr.  Hunter's  calculations  with  EDSAC 
II,  this  question  has  been  reconsidered  by  him  along  different  lino.s,  and  as  some 
progress  has  t)een  made  since  the  d;«te  of  the  meeting  in  Washington,  it  seems  worth¬ 
while  to  include  the  following  summary  of  what  has  lieen  clone  so  far. 

Suppose  the  collapse  ends  at  i  ",  and  suppose  the  velocity  -it  of  the  cavity  does 
in  fact  increase  without  bound  as  H  >•' .  The  pressure  just  Inside  the  liquid  then 
also  increases  indefinitely;  and  since  the  sound  velocity  <-  increases  with  pressure, 
eventually  the  situation  dcvelu|).s  where  the  value  . right  at  the  cavity  wall  is  insig¬ 
nificant  compared  with  the  values  of  >  inside  tlie  liquid.  It  is  therefore  reasonable  to 
assume  that  the  motion  very  near  the  centre  is  the  same  as  that  of  a  gas  flowing  into 
a  vacuous  spherical  cavity;  fur  the  gas  the  value  of  <•  is  actually  zero  at  the  boundary 
of  the  cavity,  in  contrast  to  the  "insignificant"  value  which  the  liquid  still  possesses 
at  zero  pressure.  Thus,  the  liquid  motion  contains  an  inner  core  which  lends  to  the 
solution  of  this  corresponding  gas -dynamical  problem  in  the  limit  as  K  • 

For  such  a  gas  flow  there  is  a  "similarity  solution"  (l.e.,  a  'progressive  wave") 
of  the  ty|X!  considered  by  Guderley  (26)  and  others  in  studies  of  strong  spherical  and 
cylindrical  shock  waves  (see  Courunt  and  Friedrichs  (27),  Chapter  6C.  for  a  general 
account  of  the  subject).  We  take  the  motion  of  the  contracting  inner  boundary  to  follow 
the  .simple  power  law  K  ,  where  ^  and  are  positive  constants,  and  assume  a 

solution  of  the  form 


,  '■  '■  (Al) 

where  r  K  i  A'  i  i.  The  inclusioiiof  a  minus  sign  in  the  expression  for  .  makes 
(■  i  a  positive  quantity  over  the  whole  flow,  since  ,■  is  necessarily  positive.  In  Ihe 
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K!i'.  A1  •  I'h.f  loti  ul  tho  Ijuutvi.iry  1 
tifui  ihf  "t  ntu  ii!  <  hii r.i^  t«' risiu  ” 
in  t!.i*  (  r  t  )-pl.uu'. 


{ t .  t  )-plane,  the  lines  ■  "ust  spread 

from  the  origin  as  illustrated  in  Fig. 
Al,  the  inner  boundary  being  =  t. 
The  boundary  conditions  are  iwi)  1 
and  C'(  I )  n  at  the  inner  boundary 
r  R,  and  also  iif  m  cr  •  > 

As  shock  waves  are  absent,  the 
flow  can  be  taken  to  be  isentropic; 
hence,  i>  .  '  is  constant  everywhere 
and  <•  is  proportional  to  p'  - '  .  To 

apply  the  solution  of  the  gas-dynamical 
problem  to  the  cavitation  problem,  we 
shall  take  .  7,  recalling  the  approx¬ 

imate  homentroplc  equation  of  state  for 
water  p  •  B  lonsi  where  B  = 

3000  bars  (in  effect,  the  present  argu¬ 
ment  assumes  that  inside  the  central 
core  of  the  liquid  motion,  pressures 
t)ecome  much  larger  than  B ). 


Now,  there  is  a  particular  line 
in  the  (r  t)'plane  which,  if  it 
occurs  Inside  the  flow,  has  a  crucial  role  in  the  determination  of  the  solution  Fq. 
(Al)— as  it  docs  in  shock -wave  theory  (26).  This  is  the  -line  whose  slope ‘b  tt  is 
I  -  ■  ,  and  which  is  tht"~.  '•e  a  characteristic  curve  passing  through  the  origin  (see 
Fig.  At).  Hence,  acco.-;  .  tc  Fq.  (Al).  we  have 

r  e  I  (A2) 


where  i  and  (  denote  ili<'  values  ol  i  and  cat  .  Also,  the  relevant  charac 

leristic  equati'in  (sec  p.  46  in  (27f)  (or  i.sentroi)ic  flow  can  be  put  in  the  form 


^  !.  I.  ■  "•  (A3) 

in  which  ■  i  and  ihcdiflereiuiationsareperformed  along  the  charac'ieristic. 

i.e.,  along  The  substitution  ol  Kq.  (Al)  into  Kq.  (A3)  now  leads,  with  the  use 

of  Kq.  (A2).  to 


Some  important  properiie.s  ot  Hie  solution  are  implied  directly  bv  this  quadratic 
equation  lor  i'  . 

We  wish  p.irticul.irlv  toknow  tlie  possilili'  values  ol  in  this  profileni,  since  from 
them  the  asymptotic  heiiavionr  oi  a  collaiising  cavity  in  a  liquid  might  be  inferred. 
I  lii'  lirst  possiliility  whicli  need  in- consitlereci  i.v  that  ■  1.  This  value  clearly  is 

admissible  according  to  i:q.(A4)  whose  rootsliecome  i  "  1.  indicating  that  there 

is  no  '  eritica!  eharacleristic"  inside  tin  flow:  or  rather  it  could  lie  said  that  Hie 
cliaraeierislie  has  lieeome  I  and  thus  eoiiieidi's  with  the  boundary  i  for 

I.  the  veloriiv  IK  !■  is  lonsiani,  as  are  all  veloeilies  along  rays  i  t  ..i  n!  in 
llie  ('  .'  )-plane.  i'his  ease  would  theri'lore  lie  lelevani  to  the  eavitation  problem  i; 
Hie  lermin  il  veloeily  ol  cul lapse  were  limie  \ei  v<  r>  lar,;e  compared  witli  .  .  Couram 
and  !■  r.edrichs  ((27j.  p.  'l^l)  have  noo-d  that  Hie  pre.seni  gas-dMianiical  prnlden;  does 
tiavi  .1  .-.oluliop  with  I,  .11  leasl  li  i  the  value  1  l  appropriate  lo  .iir.  On 
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fui’thi'r  invoslitjation,  howrvcr,  it  appears  (here  is  n<i  solution  applicable  to  the  cavi¬ 
tation  problem.  This  fact  can  most  easily  be  demonstrated  as  follows. 

When  the  expressions  Kq.  (Al)are  inserter,  into  the  dynamical  and  continuity 
equations  for  .spherical  isentropic  flow  (see  (27),  p.  37)  and  use  is  made  of  the  tact 
that  'I  1.'  k  r,  we  obtain  the  equations 


(b  1  lie  (  V  1  (•' 

b-'  •  h  kf- 

(A5) 

r b'  '  k  (tt  1  iC 

(•  t  .1  k  it  •  k  ' 

(A6) 

We  recall  that  I'l  1 1  I  and  cr  1 1  o;  hence,  for 


and  from  Eqs.  (A5)  and  (A7)  wi'  find  that 

k  I  i  ■'  (■  .  t  )  t  ■  f  Vt  I 

This  result  show.s  that  for  a  real  .solution  it  is  necessary  that  i.  2.  which  nrsir.s  that 
J.  With  T  as  at  present,  there  is  therefore  no  solution  with  I. 

Further  investigation  shows  that  there  is  only  one  admissible  value  of  t  ; 
but  there  appears  to  be  no  simple  way  of  caieulatinp  this  value.  However,  a  lowei' 
limit  to  can  atotice  be  specified  on  consideration  that  Kq.  (A4)  must  have  real  root.s. 
With  1  1,  correspondira;  to  :,  the  conditions  for  real  roots  liecome 

'  -  t  1 

1...  <•  SS4,t:  (A9) 

Hy  means  of  some  tairly  simple  analysis,  details  of  which  we  shall  omit  here,  one 
may  conclude  that  the  actual  value  of  is  only  slightly  greater  than  the  value  in  I'q. 
■'A9).  But.  to  obtain  •  accurately,  the  followin;;  course  is  necessary. 

From  Fqs.  (AS)  and  (Ati),  a  differential  eqaation  can  be  obtaintd  in  whirl  ;  and 
c  occur,  respectively,  as  independent  and  dependent  variables  and  inwhich  is  absent. 
This  has  the  lorm 


1,  we  find  from  Kq.  (A6)  that 
(A7) 


1. 1.  ->1  (A8) 

I  k  •  1  1  - 


where  t.  and  are  involved  as  parameters  in  'he  tunetion  t  ol  r  .mil  i .  It  tui  n.s  m  . 

(which  im|)lics  ('  1  I'isee  Fq.  (A2))  correspomls  in  neiieraltu.i  sini,'iiiarity 

ol  this  differential  equation:  and  Fq.  (A4)  accordingly  assumes  the  I'ole  oi  .i  eniidiiion 
on  the  parameters  k.  ■  which  is  necessary  for  a  physically  realistic  solution.  I'lie 
cornet  value  ol  can  apparently  only  be  louiul  by  substituiim;  trial  v.ilues  in  Fq. 
(AlO)and  observing  whether  corre.spondinp  solution  meets  all  the  requici  nu  nis  of 
the  physical  problem  (this  procedure  recalls  tin  work  in  il'.i.tci  lev  (2ll)).  As  tin 
solutions  to  Fq.  (AlO)  can  be  lound  only  by  numerical  inter, ration,  'he  task  oi  tindinr 
(  nlails  .1  rreat  deal  ol  computation.  But  I'ds  work  has  been  dom  by  Mr.  Hunb  i  .o 
Canibridre;  .ind  lor  7  he  has  delerniined  the  valin  oi  .it  .diovil  ('..ifiri:’ 

Ihus  It  .ippears  tairly  well  establishe.l  wh.it  the  asvniploiic  behavnnir  should  bi 
'  'he  cavitation  jiroblem  il  the  lerminal  vi  ft  itv  oi  cell.ijc-e  is  in  l.icl  nilinin  .  Noii 
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that  the  abi)vi' value  ol  implies  that  ■  IK  It  K  "  ''  '  as  K  this  exponent  ljein({ 

'  -  1  .  Ilowevt'f,  it  has  not  bi'in  prmi'd  that  the  terminal  velocity  is  infinite;  this 
has  been  inferri'd  only  because  the  results  of  thi'  machine  computation  seem  to  indi¬ 
cate  it  to  be  so. 

The  totai  eiierpy  of  tile  pas  flow  coiisKiered  abovt’  is  found  to  be  infinite;  but  this 
fact  is  not  necessarily  inetinsislent  with  our  application  to  the  cavitation  problem, 
since  only  the  motion  very  near  the  centre  is  supixised  to  be  the  .same  in  the  two 
cases.  Actually,  a  verv  important  conclusion  with  re.spcct  to  the  cavitation  prolilem 
follows  on  considerinp  how  the  enerpy  of  the  pas  flow  is  distributed.  With  •  =  7  and 
0.5552.  it  can  be  shown  that  in  the  limit  as  K  0  the  'otal  kinetic  and  compres- 
sional  enerpy  within  a  sphere  of  radius  t  i.s  proijortional  to  r*"”.  Thus,  evidently 
the  enerpy  cif  the  liquid  motion  al.so  is  tpread  away  from  the  centri'  of  collapse,  then' 
beinp  no  concentration  of  enerpy  at  the  emit  re  (as  happens  in  the  case  ot  incompres¬ 
sible  flow)  despite  the  infinite  velocity  whicn  occurs  there.  The  physical  sipnificanc’ 
of  this  fact  was  noted  earlier  in  this  ptiper. 
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DISCUSSION 


C.  A.  Gongwer  (Aerojet  General  (.'orpuration) 

At  Aerojet  we  have  been  able  to  generate  a  transient  bulible  of  four-feet  maxi¬ 
mum  diameter  which  is  a  true  cavitation  liuMile,  i.e.,  ore  with  negligible  p(>rmanen( 
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tjas  Lonlent.  Because  it’s  so  large,  the  time  scale  is  expanded  and  we  can  take  a  lot 
of  time  studying  it.  I  would  estimate  from  movies,  that  the  velocity  of  collapse  Is  on 
the  order  of  several  hundred  feet  per  second.  What  gas  Is  present  is  possibly  air 
which  is  drawn  out  of  the  water,  it  becomes  incandescent  on  recompression  and 
there  is  a  flash.  This  is  possibly  the  source  of  the  luminescence  occasionally 
observed  in  cavitution  e.xperiments.  When  the  bubble  becomes  small  it  looks  like  a 
porcupine”  in  that  sharp  spikes  extend  radially  from  it.  There  is  debris  in  and  on 
the  surface  of  the  bubble  which  is  overtaken  by  this  large,  collapse  acceleration  and 
is  left  behind  projecting  like  radial  spikes  all  over  the  bubble. 

Th.  bubble  center  is  5.5  feet  deep  and  10  feet  away.  The  charge  is  about  an 
ounce  of  this  nc" -gassing  explosive. 

Figures  D1  and  02  are  representative  pictures  of  the  bubble  at  maximum  size 
.uid  near  the  linal  collapse. 
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This  buhbh*  lasts  about  om'-tmth  of  a  s<*<.*oihI.  and  oiu*  soos  a  UllU*  jot  oxtonding 
iijiward  witli  a  few  bubliles  in  it.  This  is  bei  ause  the  inti'grated  displacement  (vs 
lime)  of  the  bulib'.i-  jirovidf  s  an  upward  impulse  to  the  waliT  comiirising  tlie  virtual 
ma.'^.s. 

The  implosion  s!-.oikis  of  the  same  order  as  ilial  produced  by  the  e.xplosion.  The 
1  (illaj)sing  ljulible  (see  Kig.  2)  has  sharp  projections  on  it.  sticking  out  radially  like 
(IMiIl;-  on  a  porcupilii  .is  it  comes  tog<  tiu  r.  One  sees  .i  little  residual  burning,  but 
when  Die  hiiiiinesi  i  in  ■  ili.s.ijijiears  there  is  virtu.tlly  no  (Uis.  For  our  piirpo.ses  the 
In.blili  isemjitv. 


J 'rrs  “'ll  ,*i-  W.ivi'M  from  (  ullapsinu'  f^ivitu-s 


There  is  enout;h  dissolved  air  on  the  surface  of  the  4-foot  bubble  in  a  layer  of 
water  5  1000  of  an  inch  thick  lo  supply  what  appears  to  lx>  the  residual  gas.  This 
bubble  is  about  4  feet  in  diameter.  It  represents  a  potential  energy  at  this  stage  of 
approximately  150,000  foot-pounds. 


Further  analysis  of  the  film  gives  the  raaius-lime  curves,  shown  in  Fig.  D3, 
plus  a  derived  curve  of  pressure  vs.  time  in  Fig.  D4.  This  data  was  analyzed  by 

Mr.  .1.  Levy  of  Aerojet.  Further  work 
is  being  done  on  the  explosive  lo 
reduce  even  further  the  amount  of 
residual  gas  and  thus  approximate 
mure  closely  the  conditions  presented 
in  Dr.  Benjamin's  paper. 
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F.  S.  Burl  (Admiralty  Itesearch  l.aboralury) 


With  ri'spect  to  llie  (piestion  as  lo  wlielher  or  not  .ebouiul  lolk<ws  the  colla|)sc  of 
a  vaitor  cavity,  it  may  be  worth  while  referring  lo  some  experimental  work  which 
was  carried  out  .it  the  Admiralty  He.seai  ch  l.abor.itory  in  l'J52  by  Mr.  A.  L.  Kendrick. 
In  lhe.se  experiments,  single  vap.ir  c.tvtlies  were  iidii.iled  by  a  nueleu.s  of  permanetit 
gas  prodiii'ed  eleclrolylieally  -  llie  insi.ibilily  In  ii.','  imluc.  cl  thertnally. 


1  .  11.  hl'tiiaiiiiii 


Photographs  taken  with  u  high-speed  camera  at  tlic  rate  of  16,000  frames  per 
second  showed  that  any  rebound  that  existed  was  extremely  small.  However,  several 
well-defined  rebounds  could  be  observed  when  appreciable  quantities  of  p3rmancnt 
gas  were  introduced  into  the  cavity. 


M.  S.  Plessct  (California  Institute  of  Technology) 

Dr.  Benjamin's  paper  contains  several  remarks  which  are  somewhat  obscure 
and  p'lzzllng.  I  refer  to  the  discussion  on  the  collapse  velocity  of  a  bubble  and  to  the 
remarks  about  the  development  of  a  shuck  before  the  end  of  collapse.  In  connection 
with  the  latter,  I  was  interested  to  see  the  remark  that  "the  machine  calculations 
organized  by  Mr.  Hunter  have  indicated  that  no  shock  is  in  fact  formed  up  to  the 
instant  when  K  The  author  has  also  made  a  very  questionable  point  to  the  effect 

that  his  analysis  reveals  an  error  in  the  Klrkwood-Oethe  approximation  which  has 
been  applied  to  this  problem. 

Dr.  Benjamin  has  apparently  not  given  much  consideration  to  the  numerical 
integrations  of  the  compressible  equations  of  bubble  collapse  which  were  carried  out 
some  years  ago.  One  of  these  was  made  by  A.  J.  R.  Schneider  up  to  a  bubble  collapse 
velocity  corresponding  to  a  Mach  number  of  2.2.  A  summary  of  these  calculations 
has  been  given  in  the  paper  by  F.  R.  Gilmore^  which  is  referred  to  by  Dr.  Benjamin. 
A  numerical  integration  of  the  compressible  equations  was  also  per  formed  subsequent 
to  Schneider's  calculation  by  Dr.  Gilmore.  (Gilmore's  results  have  been  reported  in 
the  Proceedings  of  the  First  SymiHisium  onNaval  Hydrodynamics.))  Both  Schneider's 
calculations  and  thc’c  made  by  Gilmore  show  rather  good  agreement  between  the 
numerical  integrations  and  thi*  results  obtained  from  the  Kirkwood-Bethe  hypothesis. 
As  expressed  by  Gilmore,  "the  calculated  bubble-wall  velocity  agrees  within  6  per¬ 
cent  with  that  given  by  the  analytical  theory  (based  on  the  Kirkwood- Bethe  hypothesis) 
over  the  calculated  range  of  0.2  to  4.9  limes  the  velocity  of  sound  in  water.  The 
inward  velocity  thus  appears  to  increase  witli  the  radius  to  the  minus  one-half  power 
as  the  radius  becomes  small,  instead  of  with  the  minus  first  power  given  by  the 
acoustic  theory  or  the  minus  three-halves  power  given  by  the  incompressible  theory." 


T.  Brooke  Benjamin 

Apart  from  expressing  admiration  fur  the  resources  of  Aerojet.  I  wish  to  make 
only  one  minor  comment  upon  the  exciting  e.\|N<riments  described  by  Dr.  Gongwer. 
This  is  that  the  buoyancy  effects  are  probably  nut  duplicated  by  typical  small  cavita¬ 
tion  bubbles  owing  ‘.o  the  great  differences  in  respective  values  of  the  gravitational 
scale  factor  l',,  t-s,,.  where  i‘„  is  the  environmental  pressure  and  K,,  is  a  linear 

measure  of  bubble  size.  Otherwise  Dr.  Gungwer's  bubble  uppeur.s  to  provide  a  must 
effective  model  of  a  cavitation  bubble. 
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Mr.  Uurt  h;is  done  a  vuluabk’  service*  in  drawing  attention  to  A.  L.  Kendrick's 
e.\|jerinicnts.  wliich  1  have  long  regarded  as  an  important  contribution  to  cavitation 
studiiB  and  wliich  deserves  wide  recognition.  It  is  hoped  that  a  full  account  of  these 
c.xperimeiits  may  yet  be  iiublisheci.  e-. ‘n  after  so  many  >ear.s  have  passed  since  the 
work  was  done. 

I  hopi'  that  tile  several  clianges  incorporated  in  the  final  draft  of  my  paiMir  will 
help  to  allay  some  of  the  misgivings  felt  by  Prof.  Plcsset.  But  I  still  fail  to  see  what 
is  qaeslionablc  about  my  remark  quoted  in  Prof.  Plcsset’s  third  sentence;  I  still  do 
not  find  it  in  any  way  directly  obvious  that  the  shuck  could  not  form  shortly  before— 
rather  than  immediately  at— the  instant  of  final  collapse  of  an  empty  cavity,  even 
though  1  fully  accept  the  evidence  of  the  machine  calculations  that  it  does  not.  Prof. 
Plesset's  comment  seems  to  imjily  that  this  fact  is  self-evident. 

Again,  I  see  nothing  (|uestionabte  about  my  ck'inonstration  of  the  second-order 
error  in  the  Kirkwood -Dethe  approximation.  Tnis  error  certainly  exists,  though  in 
the  paper  i  iiave  not  considered  exactly  how  important  it  may  be.  I  also  purposely 
refrained  from  making  a  critical  e.xamlnation  of  the  theories  which,  as  Prof.  Plesset 
mentions,  his  two  colleagues  have  worked  out  on  the  basis  of  tlie  Kirkwood-Dcthc 
approximation.  The  principal  aim  of  my  paper  was  merely  to  show  how  better  approx¬ 
imations  than  this  one  can  be  made,  so  that  a  theory  of  cavity  collapse  can  be  devel¬ 
oped  on  a  more  secure  basis.  As  one  definite  ctitici.<im.  however.  I  may  point  out 
that  since  the  Kirkwood-Dcthc  appru.ximatiun  becomes  wildly  inaccurate  for  highly 
supersonic  flows  with  velocities  approaching  infinity,  particularly  near  the  centre 
where  the  effects  of  spherical  divergence  are  largest,  the  asymptotic  law  of  velocity 
variation  referred  to  by  Prof.  Plcsset  is  obviously  a  spurious  result,  if  the  collapse 
velocity  docs  become  infinite,  the  correct  law  can  only  be  established  by  some  self- 
consistent  asymptotic  theory  such  as  the  one  outlined  in  the  Appendix  to  my  paper. 


«  * 


* 


2:n 


NEW  DEVELOPMENTS  IN  THE  THEORY 
OF  SUPERCAVITATING  FLOWS 


M.irshaU  P.  Tulin 


INTRODUCTION 

Cavity  flows  In  fluids  occur  In  nature  under  a  variety  of  circumstances.  The 
least  sophisticated  of  these  are  the  cases  where  the  flowing  fluid  is  a  heavy  liquid 
such  as  water  or  a  volatile  fuel,  and  when  the  cavity  is  filled  with  a  light  gas  such  as 
air  or  steam  or  volatilized  fuel.  The  gas  may  be  supplied  externally  as  in  the  case 
of  ventilated  flows  such  as  occur  when  a  Burface>picrcing  strut  proceeds  at  such  high 
speeds  through  water  that  a  cavity  forms  behind  it  into  which  rushes  air  from  the 
atmosphere,  or  the  gas  may  be  supplied  by  vaporization  of  the  flowing  fluid  due  to 
flow-induced  reduction  of  pressure.  This  is  called  cavitation  and  commonly  occurs 
when  hydrofoils,  ships'  screws,  hydraulic  machines,  or  fuel  pumps  are  driven  too 
fast,  or  when  the  pressure  of  the  approaching  fluid  is  originally  too  low.  These  cases 
are  least  complicated  because  the  pressure  of  the  gas  in  the  cavity  is  nearly  constant 
and  known  in  advance.  Most  of  the  recent  interest  in  cavity  flows  has  been  motivated 
by  problems  of  cavitation. 

It  is,  of  course,  fortunate  that  the  external  flow  may  so  often  be  considered  non- 
viscous;  when  this  is  not  the  case  complications  naturally  ensue.  In  fact  very  little 
isknown  about  the  effect  of  viscosity  on  cavity  flows.  As  an  interesting  extreme  case, 
very  viscous  flows  involving  gas  cavities  in  fluids  occur  sometimes  in  oil  bearings 
into  which  atmospheric  air  is  sucked,  and  when  gas  is  forced  up  through  oil-filled 
soil.  Such  interesting  problems  have  recently  been  studied  by  Sir  Geoffrey  Taylor 
and  Phillip  Saffman  at  the  Cavendish  Laboratory  and  will  be  discussed  at  this  sympo¬ 
sium  by  the  latter. 

Perhaps  most  sophisticated  of  all  cavity  flows  are  those  involving  homogeneous 
fluids  which  "separate"  from  the  obstacle  around  which  they  flow.  It  will  be  remem¬ 
bered  that  the  original  infinite-wake  theory  of  Kirchoff  was  Intended  to  deal  with  such 
a  flow  past  a  bluff  obstacle.  The  difficulty  in  dealing  with  these  flows  lies  in  the  fact 
that  although  the  pressure  In  the  cavity  may  be  roughly  constant  it  is  not  known  in 
advance.  But  that  difficulty  is  not  insuperable,  as  an  interesting  Illustration  demon¬ 
strates.  Professor  M.  J.  Llghthill  (1)  has  treated  the  problem  of  a  bluff  two- 
dimensional  obstacle  placed  in  the  path  of  the  flow  along  a  flat  plate.  It  is  known  that 
a  "dead-water"  region  forms  ahead  of  such  an  obstacle.  Postulating  constancy  o' 
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pressure  in  the  dead-water,  it  maybe  shownthat  forward  extent  of  that  region  depc.tds 
on  the  pressure  therein,  as  does  the  pressure  distribution  ahead  of  it.  Lighthill 
reasoned  that  the  boundary  layer  on  the  plate  must  just  separate  at  the  beginning  of 
the  dead-water,  and  he  was  thus  able,  by  matching  boundary  layer  behavior  and  dead- 
water  pressure,  to  determine  the  latter,  and  show  how  11  depends  on  the  extent  of  the 
plate  ahead  of  the  obstacle  and  the  state  of  the  boundary  layer  on  the  plate.  Separated 
flows  of  all  kinds  abound  in  nature,  and  it  is  probably  not  too  much  to  hope  that  cavity 
flow  theory  will  soon  be  put  to  further  use  inproviding  understanding  of  some  of  them. 
Particularly  tempting  and  important  problems  involve  bluff-body  flame  holders  and 
stalled  cascades,  about  which  Mr.  Cornell  will  speak  at  this  symposium. 


Most  of  the  recently  devised  theory  of  supercavltating  flows  applies  directly  to 
problems  of  truly  cavitating  or  ventilating  flows  and  it  is  those  prt^lems  that  have 
most  benefited  by  timely  recent  progress.  Indeed,  us  will  be  revealed  here  by 
Professor  Lerbs,  and  by  Mr.  Tachmindji  and  Mr.  Morgan  the  application  of  low-drag 
hydrofoil  sections  to  the  design  of  supercavltating  propellers  was  carried  out  success¬ 
fully  at  the  David  Taylor  Model  Basin  immediately  the  theory  was  available  in  early 
1954,  with  the  consequence  that  the  possibility  of  operating  ships'  screws  efficiently 
at  such  high  speeds  that  considerable  cavitation  occurs  was  for  the  first  time  con¬ 
clusively  proved.  At  the  same  time  the  mental  barrier  that  had  existed  In  designers' 
minds  as  regards  the  and  efficient  use  of  hydrofoils  at  very  high  speeds  was 
also  lowered.  Indeed,  many  of  us  now  take  for  granted  the  eventual  existence  of  ships' 
screws,  hydrofoil  boats,  and  hydrofoil-equipped  aircraft,  all  operating  with  super¬ 
cavltating  or  ventilated  sections.  For  this  change  In  atmosphere  we  are  in  great  part 
indebted  to  theoretical  developments. 

In  retrospect,  the  most  significant  feature  of  these  recent  developments  has  been 
their  concern  with  lifting  hydrofoil  sections,  a  complete  departure  from  the  wartime 
trend  which  emphasized  bodies  of  revolution  such  as  torpedoes.  In  fact  there  now 
exist  reasonably  adequate  mathematical  tools  to  deal  with  lifting  problems  of  con¬ 
siderable  complexity.  The  fact  that  so  much  use  has  been  made  of  linearized  theory 
requires  no  apology.  It  is  very  fortunate  that  so  many  practical  engineering  con¬ 
figurations  arc  reasonably  slender.  It  should  also  be  noted  that  experimental  studies 
have  provided  much  valuable  information  concerning  lifting  hydrofoils  under  cavitating 
conditions;  the  tests  performed  between  1955  and  1957  in  the  Hydrodynamics  Labora¬ 
tory  of  the  California  Institute  of  Technology  and  in  the  Langley  Laboratory  of  the 
NACA  are  particularly  to  be  noted. 


In  the  papers  to  follow,  the  behavior  of  supercavit.ating  hydrofoils  in  a  variety  of 
situations  will  be  discussed.  I  have  on  different  occasions  in  the  past  discussed  my 
own  results  fer  blunt  struts  and  lifting  foils,  including  the  particular  possibility  of 
de.signing  for  low  drag  (2-4).  For  my  part  now  I  would  like  to  give  some  new  results 
for  several  different  and  varied  cavity  flow  problems.  The  topics  involved  are  the 
cavity  flow  past  smooth  two-dimensional  struts  with  unspecified  cavity  detachment 
points:  effects  of  high  speed  on  cavity  flows  past  blunt  struts;  and  the  three-dimensional 
cavity  flow  past  slender  delta  wings. 


I  am  sure  that  the  speakers  to  follow  me  will  provide  both  a  thorough  review  of 
their  recent  advances  in  the  genera!  fieldof  cavity  flows  and  a  thorough  discussion  of 
praciical  applications,  it  was  ir>  interpretation  of  my  role  here  that  I  try  to  say 
sonielhing  about  the  future.  I  have  thus  chosen  these  diverse  and  whal  I  hope  are 
provoca.ive  topics.  (  hope  that  I  will  be  excused  if  they  have  not  been  dealt  with  as 
conclusively  as  one  might  wish. 


Ni?w  l)evelupnu*iils  in  tht*  i'lifury  uf  Superiavit.itinp  FMow 

THE  SUPERCAVITATING  FLOW  PAST  SLENDER  STRUTS 

In  the  first  application  of  linearized  theory  to  problems  of  supercavitating  flows, 
1  considered  the  case  of  slender  blunt -based  struts  of  such  shape  that  the  point  of 
detachment  of  the  cavity  was  necessarily  at  the  very  end  of  the  strut.  In  that  way  the 
problem  of  determining  an  unknown  detachment  position  was  avoided.  The  case  con¬ 
sidered  was  of  practical  interest,  however,  and  it  was  possible  to  reduce  the  problem 
of  calculating  cavity  shapes  and  drags  to  one  of  quadratures.  Later  the  problem  of 
minimum  drag  struts  was  considered;  I  gave  some  reasons  for  preferring  a  simple 
parabolic  sh.tpe. 

Now  I  would  like  to  show  how  linearized  theory  may  be  used  in  the  more  general 
case  of  slender  struts  whose  cavity  detachment  point  is  unknown  at  the  outset,  and  to 
present  some  results  for  struts  of  simple  shape. 


The  pertinent  two-dimensional  steady  flow,  symmetric  about  the  x-axis,  is  shown 
schematically  in  Fig.  1.  The  wetted  boundary  of  the  smooth  strut  and  the  cavity  wall 
are  continuous  streamlines,  the  cavity  wall  being  in  addition  a  surface  of  constant 
pressure. 

The  point  of  detachment  is  not  known  in  advance.  However,  something  can  be 
said  about  the  behavior  of  the  flow  there  in  the  case  where  the  flow  is  truly  cavitating. 
The  curvature  of  the  cavity  just  at  the  detachment  point  caniiul  be  infinite  and  curved 
towards  the  body,  lest  it  intersect  the  body;  nor  can  It  be  infinite  and  curved  away 
from  the  body,  lest  the  pressure  in  the  stream  just  away  from  that  point  be  less  than 
the  cavity  pressure.  Nor  can  the  curvature  of  the  streamline  at  the  point  of  detach¬ 
ment  undergo  a  finite  jump,  for  it  is  well  known  that  the  pressure  cannot  be  constant 
along  a  streamline  in  the  neighborhood  uf  such  a  discontinuity.  As  has  long  been 
known  then,  the  cavity  in  a  cavitating  flow  must  have  just  the  curvature  of  the  smooth 
body  at  the  detachment  point.  It  can  in  addition  be  stated  that  since  the  cavity  must 
be  convex  (from  the  outside),  the  body  itself  must  be  convex  at  the  point  of  detachment. 

The  condition  uf  continuous  curvature  is  just  sutficient  to  allow  solution  of  the 
present  problem,  when  used  together  with  the  conditions  imposed  in  the  earlier 
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liiu<ari7.(>d  problem  in  which  the  detachment  point  was  known  in  advance.  For  struts 
considered  here  (third-degree  ^olynominals),  only  one  convex  solution  is  I'ound  for 
each  strut.  It  seems  clear  that  the  smoothness  and  convexity  condition,  wliile  neces- 
.sary,  arc  not  sufficient  to  yield  a  physically  meaningful  solution  representing  the 
infinite  cavity  past  a  truly  cavltatlng  body,  for  it  need  only  be  supposed  that  a  very 
small  but  very  sharp  bump  be  placed  near  the  nose  of  such  a  body.  Surely  a  convex 
cavity  with  continuous  curvature  at  detachment  will  still  exist  with  a  detachment  point 
close  to  its  previous  position,  despite  the  fact  that  the  local  pressures  near  the  sharp 
bump  will  fall  far  below  the  cavity  pressure.  The  struts  considered  here  do  not,  of 
course,  have  small  sharp  bumps  on  them.  When  slender  enough  they  have  in  fact 
monotonlc  curvature,  increasing  in  some  cases,  decreasing  in  others.  For  those 
cases  where  the  wetted  body  is  convex  and  the  curvature  is  iiondecreasing  (i.e.,  the 
convexity  is  nondecreasing)  it  seems  likely  that  with  smooth  detachment  the  flow  is 
a  truly  cavltatlng  one,  for  it  has  been  shown  (5)  that  such  is  the  case  for  bodies  of 
nondecreasing  convexity  (accolades).  Some  of  the  struts  considered  here  are  not  of 
that  type  however,  and  it  must  only  be  hoped  that  the  flows  produced  are  meaningful. 
No  verification  is  attempted  through  computation  of  the  pressures  on  the  forebody. 
Interestingly  enough  it  Is  found  that  tor  some  of  these  struts  which  have  monotonically 
decreasing  curvature  two  smooth  cavities  exist:  one  detaching  forward  and  initially 
convex,  the  other  detaching  aft  and  concave  at  detachment.  The  latter  Is  clearly 
meaningless  with  regard  to  cavitation  problems. 


The  pertinent  linearized  problem  here  Involves  the  determination,  subject  to  the 
conditions  illustrated  in  Fig.  2,  of  a  harmonic  function  . ,  the  potential  of  the  perturba¬ 
tion  velocity,  and  at  the  same  time,  of  the  proper  cavity  detachment  point  and  cavity 
length,  these  being  unknown  in  advance. 

The  determination  of  the  cavity  shape  for  arbitrary  detachment  point  was,  in 
fact,  made  in  the  earlier  work  on  blunt-based  struts.  The  method  employed  involved 
the  determination  of  the  unknown  source  distribution  for  the  cavity  through  inversion 
of  the  well  known  integral  equation  of  incompressible  thin  airfoil  theory. 
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where 


Kor  a  niven  strut  shiipi  .  \  ■  i  >.  The  first  of  these  expressions  may  be  dlf- 

terentiuted  to  yield  the  cavity  curvature;  and  thus  may  the  detachment  point  '<  be 
determined  by  imposliit!  the  condition  of  smooth  curvature  there.  For  cavitation 
numbers  other  than  zero,  the  second  e.Kpression,  stating  that  the  cavity  Is  closed, 
must  simultaneously  be  used. 


The  actual  e.xploltation  of  these  relations  may  not  be  simple  becituse  of  compli¬ 
cated  quadratures,  but  If  only  very  long  cavities  (  i  I)  and  simple  struts  (polynomi:)’ 
shapes)  are  considered,  results  are  readily  obtained. 


For  very  long  cavities: 


N 


.!l 

It  \  ■  t 


I  >'  • 

and 

.1-1  ‘ . 


f"  .It 

'  'It 


For  struts  of  the  shape. 

K, 

lx 


I  t  ..I*  1,1*,  then, 

if  :,  r  ,  .  ^ 

1.  i.i,  ■  4.1, ■  fi.i,x‘l  l.iii'*  I  I 


1  -4.1 


<•  ,  .X  t  . '  -Vi 


and,  diffi'centiating  to  obtain  the  curv;iture. 
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The  smooth  curvature  condition  is  consequently  satisfied  only  when  .■  satisfies 
the  relation: 
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The  other  necessary  relation  which  follows  from  the  cavity  closure  condition  is 


Thesetwo  relation.s  may  lortunately  be  combined  to  give  simple  formulas  relating 
tn)  detachment  point  to  .'■.trul  shape  and  cavitation  number, and  (b)  cavity  length  to  the 
same  (|uantities.  These  .ire: 
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In  the  case  of  zero  cavitation  number  and  infinite  cavity  length,  the  detachment 
point  is  given  by  the  vanishing  of  the  quadratic,  '  4,i^.i  '  independent 

of  the  strut  thickness.  The  coefficients  which  define  a  strut,  cannot  be 

chosen  independently  of  one  another.  If  ■,  is  zero,  then  nj  may  be  taken  as  unity;  in 
order  for  the  strut  ordinate  to  vanish  at  i  ",  i  then  -i  ,  -1.  If  hi  Is  not  zero  then 

it  may  be  chosen  as  unity  and  again  for  a  strut  spanning  the  interval  o.i  it  must  be 
that  11 2  (n,  >  1 1 ;  a  one  parameter  family  of  struts  results.  It  may  be  shown  that 
these  struts  are  segments  of  the  third- degree  polynomial  whose  zeros  are  at 
(ii.  I.  1  ;i  ,);  the  coefficient  •,  must  then  be  less  than  unity. 

The  position  of  the  detachment  point  is  plotted  against  the  parameter  n  ,  in  Fig.  3. 
For  values  of  .i,  between  I  and  3  4,  two  detachment  points  arc  found.  The  forward 
point,  fulling  where  the  body  is  convex,  may  have  physical  meaning,  but  the  after  one 
clearly  does  not  as  the  body  is  concave  there;  only  the  forward  point  is  plotted  in 
Fig.  3.  The  fact  is  illustrated,  however,  that  at  least  for  very  slender  bodies,  the 
continuous  curvature  condition  is  not  sufficient  in  itself  to  guarantee  truly  cavitating 
flows. 

Calculations  have  been  made  to  determine  the  movements  of  detachment  point 
Willi  .  1'hese  indicate  that  the  point  moves  aft  very  slowly  with  increasing  cavitation 
number,  and  that  Its  position  depends  on  the  strut  thickness.  If  r  is  the  ratio  of 
strut  maximum  thickness  to  strut  chord,  and  is  the  displacement  of  the  detachment 
point  forward  of  its  position  for  zero  ,  the  approximate  results  hold  that  is  propor- 
tionallo  the  square  of  the  ratio  of  to  and  that  the  cavity  length  ,  is  inverselypro- 
portional  to  .  The  calculated  constants  of  proportionality  for  three  different  struts 
arc  shown  in  Fig.  4. 


((  I  •  2)  41.) 


(a.  Detachment  Point,  a  =0) 
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The  resistance  of  any  strut,  the  detachment  point  having  been  determined,  may 
be  obtained  using  the  result  of  previous  work.  Neglecting  terms  of  order  -,  the  drag 
coefficient  Iwsed  on  mxximum  strut  thickness  T  is 


I) 
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2<1 


l> 


.It 


The  theory  indicates  that  the  very  slow  forward  movement  of  the  detachment 
point  contribute  only  terms  of  order  higher  than  to  the  drug  integral,  so  that  just  as 
for  blunt-based  struts: 


The  drag  coelficients  (  ")  of  the  polynomial  struts  considered  here  are  shown 

in  Fig.  5.  The  conclusion  might  be  drawn  that  blunt  noses  are  harmful  to  resistance; 
this  is  certainly  the  case  for  the  family  considered  here.  However,  the  superiority 
of  parabolic  struts  has  been  shown  before.  In  order  to  pul  the  present  results  in 
proper  perspective,  the  shapes  and  drugs  of  three  struts  which  cover  the  entire  range 
of  those  considered  here  are  compared  with  three  other  strutsfrom  outside  the  family 
in  Fig,  6.  These  are  a  symmetric  diamond  strut,  a  symmetric  strut  with  parabolic 
nose  and  tail,  and  a  blunt  iiariibolic  strut. 


All  ot  these  results  enneerning  dr.'ig  and  position  of  detachment  point  mav  be 
boldly  presented  us  no  experimental  results  for  two-dimensional  struts  seem  to  be 
available  (although  some  re.sulis  for  bodies  of  revolution  are  available:  see  Kisenberg 
(6)).  It  would  clearly  be  worthwhile  for  someone  to  carry  out  pertinent  tests. 

Finally,  implications  of  some  of  the  results  oirtained  here  with  regard  to  the 
uniqueness  ol  smooth  lavity  Hows  past  clo.sed  .struts  may  be  stated.  First:  as  men- 
tioneti  Ijf  lori'.  it  was  found  that  lor  certain  of  those  struts  whose  curvature  is 
monotonicaily  (iecreasing  two  smooth  cavities  were  found,  one  concave  at  detachment, 
the  other  conve.x.  Second:  struts  givj'ii  by  higher  degree  polynomials  'than  three) 
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niiiy  vcTv  wi’ll  yiflcl  niori’  than  lwt»  .siuuuth  ravtiy  Hows,  tor  it  is  dear  that  the 
position  of  detachment  .satisfies  an  alp.ebraic  equation  of  one  deitree  less  than  the 
tlepree  of  the  polynomial  definiiiK  the  strut.  It  would  be  interesting;  to  see  whether  a 
strut  could  be  found  for  which  more  than  one  smooth  and  convex  cavity  flow  presents 
itscil. 


HKlfl-Sl'Ki:!)  KKKKCTS  ON  SYMMKTRIC  C  AVITY  TLOWS 

It  is  probably  not  too  frivolou.s  an  endertakint;  to  try  to  say  soniethinn'  about 
cavity  flows  in  compressible  fluids,  for  the  successful  and  i;eneral  application  of 
cavity  flt<w  information  to  the  .study  «>f  i;as  flows  with  "dead-water"  .vakes  such  as 
niav  exist  in  the  case  of  bluff-body  flame  holders  and  stalled  iMscadc  s  will  certainly 
require  some  un  lerstandiiit;  of  the  effects  of  hitth  speed.  In  addition,  problems  of 
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svninietrii'  cavity  flows  should  be  tempting;  to  the  students  of  compressible  Iluids  lor 
p.oi  only  are  they  relatively  simple  flows,  but  they  are  flows  with  finite  drag  at  sub¬ 
sonic  speeds.  The  subject  is,  indeed,  not  a  new  one.  For  certain  polygonal  obstacles 
including  single  wedges,  the  infinite-wake  flow  for  zero  cavitation  number  may  be 
determined  exactly  (for  Mach  numbers  at  least  as  great  as  unity)  through  the  use  of 
a  suitable  hodograph  method,  for  then  the  transformed  boundaries  of  the  flow  are 
known,  the  boundary  conditions  imposed  thereon  are  linear,  as  are  the  transformed 
gas-dynamic  equations.  Students  of  transonics  have  been  particularly  interested  in 
this  possibility  and  attempts  at  making  calculations  for  wedge  forebodlcs  have  been 
made  by  Itnai  (7)  and  Mackie  and  Pack  (8),  Most  recently,  Hclliwcll  and  Machle  (9) 
have  treated  the  flow  past  slender  wedges  trailing  free  streamlines  witli  sonic  velocity 
thereon;  they  used  vonKarmar.'s  transonic  approximations  and  Roshko'sfree  stream¬ 
line  model. 


In  the  absence  of  exact  results  of  sufficient  detail  or  even  of  the  pertinent  tran¬ 
sonic  solution,  the  use  of  a  suitably  modified  Prandtl-Glauert  rule  to  extrapolate 
incompressible  results  for  low  cavitation  number  flows  past  suitably  slender  fore- 
bodies,  the  cavity  detachment  point  being  known,  seems  particularly  inviting. 


For  suitably  low  cavitation  numbers,  even  an  unslender  body  will  possess  a  very 
slender  cavity,  since  the  thickness  ratio  of  the  latter  is.  at  least  in  an  incompressible 
flow,  proportional  to  .  The  Mach  number  of  the  flow  in  the  vicinity  of  these  slender 
cavities  will  be  very  close  to  the  Mach  number  corresponding  to  the  cavity  pressure 
coefficient.  This  cavity  Mach  number,  M, ,  will  generallybe  greater  than  free  stream 
Mach  number,  M.,  except  In  the  case  of  an  infinite  cavity  when  they  will  be  equal.  No 
matter  how  slender  the  forebody,  therefore,  the  streamwise  perturbation  of  the  free 
stream  does  not  tend  to  vanish,  but.  instead,  approaches  on  the  body  and  cavity  a 
constant  value  equal  to  (m,  -  M  ).  The  proper  linearization  of  the  nonlinear  gas- 
dynamic  equations  is,  then. 


and  ihe  Prandtl-Clauert  rule  must  be  suitably  modified. 

As  implied  above,  this  linearized  equation  must  be  a  very  good  approximation 
for  slender  bodies  because  of  the  cavity  enforced  uniformity  of  tlie  near  flow  field. 
For  still  another  reason,  the  Prandtl-Glauert  rule  seems  especially  useful;  accord¬ 
ing  to  linearized  theory  (2),  it  is  a  consequence  of  D'Alembert's  paradox  that  the 
cavitation  drag  of  the  forebody  must  be  identical  with  the  "nose  drag"  of  the  end  ot 
tlic  cavity  (which  in  turn  depends  only  on  the  radius  of  curvature  of  that  nose).  Jones 
and  van  Dyke  (lU)  have  recently  shown  (but  not  rigorously)  that  the  Prandtl-Glauert 
rule  is  particularly  applicable  to  ihe  estimation  of  nose  drag.  In  fact  they  have 
shown  that  even  though  it  may  fail  to  predict  exactly  the  distribution  of  pressures, 
the  P-G  rule  does  extrapolate  the  overall  drag  of  a  parabolic  half  body  e.xactlv  for 
Mach  numbers  up  to  one.  All  of  which  implies  that  wi  re  Ihe  shape  of  the  cavity 
behind  a  given  slender  forcbody  known  fur  all  Mach  numlH-rs,  Ihe  drag  could  be 
estimated  without  error  for  zero  and  with  sniali  error  for  suitably  small  .  Unfor- 
tjiiutely  the  changing  shape  of  thi  cavity  is  not  known  in  advance,  but  must  be  esti¬ 
mated;  hence  the  use  of  the  l>-G  rule  involves  unknown  errors.  However,  a.s 
remarki^d  previously,  the  cavity  enforced  unitorniily  of  the  perturbation  (low  gives 
reason  to  hope  that  nonlinear  distortions  of  the  cavity  shape  which  are  not  predicted 
by  the  P-fi  rule  will  be  limited  in  importance  to  very  high  subsonic  Mach  numbers 
and  that  this  eornpletely  linear  'lieorv  has  :i  large  range  of  applicability.  Confirma¬ 
tion  ol  tliis  speculation  awaits  the  solution  ot  the  pertinent  transonic  proliieni. 
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FiKuro  7  shows  the  cavity  flow  in  the  real  physical  plane  (on  the  left)  and  In  the 
affinely  transformed  incompressible  flow  plane  (on  the  right).  The  primed  quantities 
refer  to  the  incompressible  transformed  plane.  The  application  of  the  P-G  rule  Is 
well  discussed  by  Sears  (11)  and  only  results  (or  the  case  of  cavity  flows  are  presented 
here.  Certain  results  for  Incompressible  cavity  flows  presented  by  Tulin  (2)  are  ■'Iso 
utilized  without  derivation. 


Important  results  arc  that  the  drag  increases  with  Mach  number  as 

I  •  n  ■  M,? ) 

.1  -  M/r  I 

and  that  the  cavity  becomes  more  slender  as  ■'(  I  -  )  ,  the  length  increasing  as 

>  1 and  the  thickness  as  d  -  All  of  these  quantities  maybe  readily 

determined  for  a  given  forebody  utilizing  the  available  incompressible  theory.  Some 
results  are  summarized  below; 
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where  c„  is  based  on  the  strut  maximum  thickness,  r,  and  where  y„  is  the  ordinate 
of  the  strut,  which  is  itself  of  unit  length. 

Ht 

'  ^  ^  .1  -  M,*) 

where  '  is  the  cavity  length. 


1:  T 


4T 


.  .2 
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where  T  is  the  maximum  thickness  of  the  cavity. 


The  P-G  rule  predicts  infinite  drag  for  sonic  cavity  Mach  numbers  and  transonic 
theory  must  be  invoked  before  such  m>eeds  are  reached.  As  previously  noted,  Helli- 
welland  Mackle  (9)  have  considered  the  case  of  slender  wedges  trailing  free  stream* 
lines  with  sonic  velocity  thereon.  According  to  their  results,  the  drag  coefficient, 
Cp,  of  a  wedge  of  semi -apex  angle  equal  to  is,  when  c„  is  based  on  wedge  total 
thickness  and  when  the  base  pressure  Is  taken  into  account: 


l  .«<»  2 

(..ti'’ 

which  result  implies  that  the  Mach  number  distribution  on  the  wetted  portion  of  the 
wedge  is  insensitive  to  changes  in  free  stream  Mach  number;  this  effect  Is  not  really 
surprising  as,  in  the  case  considered,  the  velocity  at  the  apex  and  shoulder  of  the 
wedge  are  fixed  and  independent  of  M,.  U  the  Mach  number  on  the  free  streamline  is 
not  fixed  as  unity  but  is  instead  taken  as  equal  to  M,  t '  O),  then  the  reason  for  the 

insensitivity  of  the  wedge  Mach  number  distribution  to  is  partially  removed.  It  is 
conjectured  that,  in  fact,  the  wedge  Mach  number  distribution  would  in  that  case  be 
closely  proportional  to  M, .  The  drag  coefficient  of  the  wedge  would  then  e  relatively 
Insensitive  to  M,  for  subsonic  Mach  numbers  close  to  unity  (since  4  .  ’  i  t  -  m  M. ’}• 

It  would  be  interesting  to  verify  this  conjecture  by  actual  calculation  using  transonic 
theory. 

The  estimated  drag  of  slender  wedges  of  semi  apex  angle,  2-12,  5,  and  10 
degrees  with  infinite  trailing  cavities,  *  <>,  are  presented  in  Fig.  B;  the  ratio  of 
specific  heats,  -,  is  assumed  to  be  1.4. 

These  brief  considerations  have  been  undertaken  nuiinlyto  discover  some  effects 
of  speed  on  simple  cavity  flows,  but  it  is  well  that  they  serve  at  the  same  time  to 
indicate  for  the  symposium  record  the  existence  of  the  interesting  transonic  theory 
for  cavity  flows.  It  is  worthwhile  to  note  that  a  very  recent  pertinent  paper  by 
Nonweiler  (12j  contains  the  interesting  result  tluit  a  half -body  wIiobl-  ordinates  vary 
as  ^  has  a  sonic  surface  velocity  everywhere,  except  at  the  nose,  when  the  free 
stream  speed  is  sonic.  This  gives  hint  that  the  asymptotic  form  of  infinite  cavities 
at  sonic  speed  will  be  of  the  form  the  result  of  Jones  and  van  Dyke  (10)  shows, 
of  course,  that  the  asymptotic  form  of  cavities  for  all  subsonic  speeds  must  be  x' 
a.id  that  a  different  form  must  obtain  at  sonic  speed. 
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SUPERCAVITATING  FLOW  PAST  SLENDER  DELTA  WINGS 

Without  itnplyiriK  that  Interesting  and  important  problems*  do  not  remain  to  be 
investigated,  it  may  be  said  that  the  behavior  of  two>dimensional,  thin,  lifting  foils 
with  full  cavitation  in  steady  unbounded  flow  is  now  fairly  well  understood.  Despite 
the  very  considerable  work  that  has  been  devoted  to  two-dimensional  problems, 
however,  there  do  not  seem  to  exist  any  theoretical  results  pertaining  particularly  to 
the  behavior  of  three-dimensional  lifting  wings  with  full  cavitation.  It  is  true  that  the 
direct  application  in  practice  of  standard  aspect  ratio  corrections  to  the  case  of 
lightly  loaded  propellers  has  so  far  given  satisfaction,  but  no  attempt  to  rationalize 
the  procedure,  even  for  the  simple  case  of  a  high  or  moderate  aspect  ratio  plane 
wing,  has  been  made. 

When  the  wing  cavity  length  is  somewhat  shorter  than  the  span  of  the  wing,  no 
difficulties  would  seem  to  present  themselves  in  the  direct  extension  of  lifting  line 
results,  but  when  the  cavity  is  longer  than  the  span  then  even  the  forces  on  the  high 
aspect  ratio  foil  niay  very  well  be  affected  not  only  by  the  decreased  effective  angle 
of  attack  due  to  the  trailing  vortex  system,  but  also  by  the  difference,  due  to  the 
finite  span  of  the  cavity,  between  the  two-dimensional  and  actual  cavity  shapes.  For 
a  given  cavitation  number,  clearly  the  cavity  at  mid-span  must  become  fatter  for 
decreasing  cavity  aspect  ratio.  It  is  not  clear  now  to  what  order  this  fattening  of  the 
trailing  cavity  will  affect  the  lift  on  the  foil,  and  it  is  this  very  point  which  requires 
future  clarification. 

In  the  extreme  case  of  very  low  aspect  ratio  (or  slender)  supercavltating  wings, 
the  flow  pattern  becomes  primarily  dependent  on  the  "tip"  effects,  and  different 
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ronsiderations  apply  than  in  tho  case  of  moderate  aspect  ratio  wings.  This  extreme 
case  is,  however,  very  interesting  in  its  own  right  and  seems  to  offer  a  special  oppor¬ 
tunity  to  study  three-dimensional  cavities.  Some  considerations  of  the  flow  past 
slender  supercavitating  wings,  in  particular  past  the  mathematically  tractable  flat 
delta  wing,  are  now  presented. 

As  is  well  known,  it  is  possible  to  visualize  the  flow  past  lightly  leaded,  low 
aspect  ratio  wings  having  thin  cross-sections  and  fully  wetted,  as  a  changing  two- 
dimensional  flow  in  the  transverse  plane  being  convected  with  the  main  stream.  The 
theory  for  such  purely  lifting  slender  wings  allows,  even  for  incompressible  flows,  no 
downstream  effects  to  be  propagated  upstream.  If  the  slender  b<^y  has  significant 
thickness,  however,  the  flow  at  a  particular  point  on  the  body  does  depend  on  the  shape 
of  the  body  everym-here  else.  If  the  body  is  smooth  and  slender  and  its  shape  known 
in  advance,  the  slender  body  theory  reduces  the  problem  of  finding  the  flow  to  one  of 
quadrature  (fc"  the  thickness  effects)  plus  a  set  of  two-dimensional  potential  prob¬ 
lems,  the  norm.'<l  derivatives  of  the  potential  being  specified.  Thus  is  the  problem 
solved. 

In  the  present  case,  and  characteristic  of  cavity  flow  problems,  the  cavity  thick¬ 
ness  is  not  known  in  advance.  Instead  the  pressure  on  that  part  of  the  top  of  the 
wings  just  under  the  cavity  is  specified.  This  pressure  has,  in  general,  contributions 
from  both  the  thickness  effects  and  the  transverse  flows.  Unfortunately,  adequate 
boundary  conditions  in  the  transverse  flow  planes  are  not  really  known  in  advance, 
but  must  be  determined  through  consideration  of  the  interaction  between  thickness 
effects  and  transverse  flows  and  their  additive  effect  on  the  wing  pressure  distribu¬ 
tion.  This  involves  a  complicated  procedure. 

In  the  case  of  flat,  slender,  deltas  the  possibility  exists  that  the  supercavitating 
flow  past  such  wlng.s  is  essentially  conical.  The  determination  of  the  transverse 
flow  and  longitudinal  thickness  distribution  may  then  be  simplified.  In  the  preseni 
analysis  it  is  shown  that  an  almost  conical  flow  may  be  found  for  all  cavitation  num¬ 
bers:  the  flow  being  more  conical  at  the  apex  of  the  delta  than  at  the  trailing  edge. 
Let  it  be  stated  in  advance  that  the  cavity,  which  is  itself  conical  in  shape,  does  not 
cover  all  ot  the  wing  top  in  any  case  but  as  the  cavitation  number  decreases,  grows 
from  the1e.iding  (or  sldejedge  region  until  at  -  n  it  covers  allof  thewingtop  except 
for  a  wedge-shaped  region  along  the  wing  centerline  which  region  is  wetted  by  a  sort 
of  re-entrant  jet  flow.  The  theory,  in  fact,  imposes  a  very  special  relationship 
between  the  cavity  shape  and  the  amount  of  fluid  in  the  impinging  jet.  The  cavities 
carried  off  downstream  are  assumed  to  Utke  up  such  a  shape  that  the  pressur  .'Within 
them  has  the  proper  value,  and  they  are  assumed  to  have  an  important  influence  on  the 
flow  over  the  wing  only  at  the  trailing  edge  where, of  course,  the  flow  cannot  be  truly 
conical.  The  elfect  of  these  cavities,  diminishing  toward  the  apex,  will  at  anv  rate 
only  be  such  as  to  change  the  ambient  pressure  field  equally  on  the  top  and  bottom  of 
the  wing  and  it  is  here  neglected. 

The  How  about  a  flat,  slender  delta  wing  of  apex  angle  .  inclined  at  an  angle  of 
attack  •,  operating  at  cavitation  numbers  both  very  large  (  I)  and  very  small 

(  1)  is  shown  schematically  in  Fig.  9.  It  is  these  extreme  cases  for  which 

numerical  results  are  provided  in  the  preser.*.  paper.  Some  assumptions  about  the 
flow  are  already  introduced  into  the  figure.  These  are  that  (a)  the  flow  over  the  wing 
is  assumed  to  be  similar  in  the  various  transverse  planes  -  and  thus  conical,  and  (b) 
the  conical  cavity  envelops  only  part  of  the  upper  surface  of  the  wing. 

Some  of  the  nomenclature  to  i:e  used  is  illustrated  in  Fig.  10. 

f  or  simplicity,  a  delt.i  witig  tc  unit  length  has  been  chosen. 
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(h)  ht'avy  cavitatinti  on  win^  (  *  1) 


1). 


The-  pri-ssun-  at  infinity  is  t;ik<  n  t<>  !>«•  /.«  ri),  Knr  small  ant.lrs  of  atlaik.  tin 
prrssure  tlion  l>o«'onios 


On  tlio  caviiv.  wlnTi'in  iho  prossiiro  p  is  constant.  !■  v  is  ilius  constant. 

!  or  sniail  anuU's  ol  attack,  the  vertical  velocity  ott  the  liottoni  oi  the  witi^ 
coiistatit  ;in(i  eqitai  to  f  Thus 


1  )i-vi' in  til*'  'I'ln-tirv  if  SiiinTinvit/iUnii  V'luv. 

c'vi'rywluTi'  on  the  bottom  of  tho  wint;.  The  available  boundary  conditions  have  now 
been  stated. 

For  sufficiently  slender  hotiies  (13): 
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X,  ilx,  . 


The  term  \  \  will  l)e  recognized  as  the  two-dimensional  flow  in  the  trans¬ 
verse  ^  /  plane  while  tlie  i  \  is  a  (low  due  to  thickness. 

The  two-dimensional  potential  may  be  e.xpressed  in  terms  of  a  contour  integral 
around  the  boundary  of  tlu'  body  in  the  transverse  plane  (Green's  Theorem).  For 
small  angles  of  attack,  the  cavity  thickness  is  also  small  and  the  integration  may 
thus  l)c  made  around  the  projection  of  the  wing  and  cavity  on  the  horizontal  plane 
(i.e.,  along  the  top  and  bottom  of  a  symmetric  slit  in  the  /  xxis).  Then 

••  I  V  {  „  .,)  •'  "  I'’- 

The  assumption  that  the  flow  is  conical  over  the  wing  leads,  through  considera¬ 
tion  of  the  tiljove  integral  and  the  definitions  \  iv  X.  /  2/  s.  to  the  following; 

s  X  ' 

V./.S'  X  >  (\./> 

where 


and  •. ./  i;;  harmonii'.  The  latter  represents  the  two-dimi  nsional  How  in  tlu-  non- 
dimensioiiiilized  cross-flow  |)lanes. 

The  liict  that  the  i wo-dimensiona'  flow  .  nuikes  a  contriliution  to  the  total  flow 
which  is  only  a  lunction  ol  x  (the  term  '  )  is  especially  to  be  noted. 

The  iioundary  comlitions  now  liecor.ie' 

On  the  tiottom  ol  the  witn;. 


I  I. 


and.  on  ihi  part  o:  iln  w;ni'.  top  coven  it  liv  tin  .’avllx  i 
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In  ordiT  Unit  this  condition  lu*  satisfied. 


and 


I  '  v  ■  i* ' '  V  '  r«-nsl  .irit  . 

However  it  may  readily  be  shown,  utilizint;  the  deflnilionsof  t  and  t  given  earlier, 
tliat  near  the  .apex  of  the  delta  {  x 

t',k 

t  \  1  *  >• '  (  X  ’  ".j  n  X 

where  k  is  defined  such  that  s  ivt  Jk  .  (s  xi  is  the  contour  integralof  !■  n  in  a 
transverse  plane.) 

Thus,  in  order  for  the  flow  to  be  conical  as  assumed  and  still  to  contain  a  constant 
pressure  region,  the  contour  integral  of  i  n  (or  n)  in  the  transverse  plane  must 
be  identically  zero.  If  agrowing  cavitvexists  at  all  then,  the  outflow  in  the  transverse 
plane  that  it  will  cause  must  be  accompanied  by  an  inflow  just  sufficient  to  make  the 
net  source  flow  in  the  transverse  plane  null.  The  inflow  may  be  imagined  to  go  into 
two  symmetrically  placed  re-er.trant  jets.  It  Is  just  this  situation  which  was  antici¬ 
pated  in  Figs.  9  and  10.  The  present  theory  does  not.  of  course,  allow  a  detailed  dis¬ 
cussion  0.  the  behaviour  of  the  flow  in  the  vicinity  of  the  juncture  of  cavity  and 
wetted  region  on  the  top  of  the  wing,  it  is  believed  nevertheless  that  the  theory  will 
reproduce  the  general  features  of  the  real  flow. 

The  new  condition  has  been  obtained  that  the  flow  in  the  transverse  plane  camiot 
be  source-like,  or 
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Since  i  and  c,  are  then  identically  zero. 

/  I'l  \  /  I 
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Since  .  must  be  syninieiric  with  respect  to  /, 
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Two  unknown  p.uMinoloi's  I'xist  as  pari  -i  'in  1  i.innlaiy  valur  jirohU'in.  Tht  y  arc  (a) 
.  the  nondinicnsional  widtii  of  the  ca'.:;.,  nut  (hi  i  i  Ihi  nianniliidc  of  the  tr;insvcrsc 
velocity  on  the  cavity.  Two  coiuhi  ■  ■  e.\isi  tor  :liei'  siimiltiineoiis  detern:in;ition. 
They  are  (a)  that 


and  {!))  that 

1  '  f„  (  j 

The  lioundary  value  prohleiii  in  the  triuisverse  plane  is  illustrated  in  Fin.  11. 

The  lift.  I  .  on  the  delta  winn  may  readily  lie  delerniiiud  in  terms  of  the  solution 
in  the  transverse  phuie. 
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It  i'  is  the  conipit.x  iioleiilial  in  the  transverse  plane,  then 

A.  A  , 

■1' 


wheie  •  I'..  The  n7.  term  is  omitted  since  the  tlow  nuisl  he  mm  sourci'-like. 
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It  is  pasilv  shown  that  A,  is  purn  inuiRlnary,  and  that 
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If  n  is  thi>  ponipiex  volocity  in  the  transverse  plane,  and  i  /,  then 


t  >  I ,,  s-’«  1  1 

Incidentally,  the  condition  that 
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The  boundary  value  problem  illustrated  In  Fig.  11  is  more  easily  solved  by  con¬ 
sidering  the  complex  velocity  i  /  in  a  transformed  plane, 

\  1  . 

The  reason  for  this  is  that  the  problem  in  the  7  plane  has  no  symmetry  about  the 
plane  on  part  of  which  the  boundary  conditions  are  stated,  whereas  the  plane  has 
been  choser  In  order  that  v  be  symmetric  .nbout  the  plane  on  the  whole  of  which 
either  ■  or  v  are  specified.  The  problem  for  Is  illustrated  in  Fig.  12. 

.  le  proper  solution  to  the  problem  posed  in  Fig.  12  may  be  found  by  inspection. 

It  is 


The  first  two  terms  on  the  right  represent  tin*  appropriate  flow  past  the  two  plates 
A  -  'in'  and  (V  ■  i)  having  zero  horizontal  velocity  on  that  part  of  the  axis  outside 

of  the  plates.  The  third  and  most 
complicated  term  on  the  right  repre- 
senls  a  distributionbetween  nn'  and 
Cf  of  elemental  vortices  of  strength 
2'  each  in  the  presencv  of  the 
fwo  plates  (i.e..  having  null  vertical 
v«  locities  in  that  part  of  the  a.\is 
wliere  the  itlates  exist ). 

rite  twoparaiiteters  i  aitd  .  yet 
1'  ntaitt  to  be  sitniibitneously  deier- 
inined,  Ver\  comitlicaled  t)uatlf.i 
lures  unfortunately  apiiear.  espe- 
ciallv  lit  file  ev.iltialioit  of  .tl  tlte 
wing  leading  I'dgc.  For  lie  piiriiosc 
of  lliis  p.ijier  we  shall  be  satisfied 
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with  having  described  the  appearance  of  these  conical  flows  and  with  certain  approxi¬ 
mate  results  for  the  cases  of  very  high  (  ■  1)  and  very  low  ( ■  '  l)  cavita¬ 

tion  numbers.  These  cases  correspond,  respectively,  to  the  cases  of  vei  y  short 
leading  edge  cavities  and  cavities  covering  the  entire  delta  upper  surface  except  in 
the  immediate  neighborhood  of  the  wing  centerline. 

(  '  1 ).  The  following  asymptotic  results  for  high  cavitation  number  regime 

maybe  derived  making  use  of  various  conditions  and  results  previously  given  herein. 
The  tedious  calculations  arc  omitted. 

The  nondimensional  width,  • ,  of  the  cavity  measured  in  the  transverse  plane 
from  the  wing  leading  edge  to  the  inboard  end  of  the  cavity  is 

-{)' 

The  lift  coefficient  for  a  delta  is  increasingly  reduced  by  cavitation  and  equals 

1.  •  :■,  (  H  i  .i\ 

1  2  1  ’  -  '  2  V  2  /' 

As  the  region  of  cavitation  vanishes  (  -><>)  the  lift  approaches,  as  it  should,  that 

of  a  fully  wetted  delta  wing  according  to  linear  slender  body  theory. 

It  is  to  be  noted  that  the  effect  of  cavitation  is  to  reduce  the  lift,  but  that  the 
effect  only  appeared  in  terms  of  the  order  of  ■ '.  it  is  well  known  that  other  nonlinear 
effects  associated  with  separated  vortices  (which  may  exist  above  the  top  of  the  wing) 
will  alter  the  lift  to  the  order  of  these  effects  serve  to  increase  rather  than 
decrease  the  lift  on  the  wing.  Their  nature  will  certainly  be  affected  by  the  possibility 
of  cavitation,  but  their  existence  can  probably  not  be  Ignored  in  any  proper  theory. 
This  fact  should  be  kept  in  mind  when  comparing  the  present  theory  (without  separated 
vortices)  with  actual  experiments.  In  particular,  the  reduction  of  linear  lift  through 
cavitation  may  not  be  nearly  as  severe  for  small  angles  of  attack  as  the  p.'escnt 
theory  predicts  •  due  to  the  compensating  effect  of  separated  vortices  which  tend  to 
increase  the  lift  above  the  linear  prediction. 

According  to  present  theory,  the  transverse  velocity  on  short  bubbles  is,  as 
might  have  l)een  otherwise  deduced,  simply  related  to  and  : 


I  i ),  As  the  cavitation  number  is  decreased  the  cavities  cover  more  and 

more  of  the  wing,  but  always  with  a  re-entrant  flow  along  the  centerline.  Whether 
this  re-entrant  jet  actually  wets  the  wing  or  is  somehow  dissipated  before  doing  so  is 
problematical,  but.  at  any  rate. almost  all  of  the  top  surface  of  the  wing  will  be  at  the 
jiressurc  in  th«’  cavity.  The  lransver.se  velocity  on  the  very  wide  bubbles  depends 
only  on  ihf  wing  angh'  ol  attack: 


'I'll!'  lilt  lor  tliis  cast  of  asvmploi ically  small  cavitation  numbers  is  related  to 
lh(  env’*’.-  '.vidtii; 
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V  horc.  it  will  bi'  ri'iiu'iiiborod,  i  is  th«'  width  of  the  wi'tli  d  jKirtion  of  the  winn  top  - 
or  to  look  at  it  in  another  way.thf  width  of  tho  ri'-cntrant  jet.  The  actual  relationship 
between  and  is  of  (ireat  interest,  but  has  not  bi’en  uhlained  here.  Presumably 
becomes  very  small  as  ■•  <> .  with  the  implication  that  at  "  a  winp  of  given 

geometry  develops  approximately  4  10  of  its  fully  wetted  limnir  lift.  Full  cavitation 
is  then  just  a  little  more  effective  in  reducing  lift  than  is  planing:  it  may  be  recalled 
(14)  that  the  lift  of  a  slender  delta  surface  planing  on  smooth  water  is 


ft 


just  one-half  of  its  fully  wetted  linear  lift. 

The  drag,  'i,  of  the  cavltating  delta  Is  simply  I.  •  .  i.e.. 


It  may  be  shown  that  one-half  of  this  drag  is  assoelated  with  the  kinetic  energy 
in  the  vortex  w:ike  (induced  drag),  the  other  half,  then,  being  due  to  cavitation. 

Generally  speaking,  the  cavitation  drag  increases  with  cavity  volume;  thus  the 
problem  of  minimizing  cavitation  drag  foi  a  given  lift  is  equivalent  to  the  problem  of 
minimizing  the  volume  of  the  cavity.  Fven  without  deriving  a  theory  for  the  super- 
cavitating  flow  past  a  more  general  slender  wing  it  is  clear  that  the  same  sort  of 
planforms  and  cambers  which  reduce  spray  drag  for  slender  planing  surfaces  will  be 
effective  in  the  present  case.  Thus,  reduced  cavity  sizes  and  drags  (relative  to  the 
uMcambered  della)  should  bo  obtained  with  surfaces  whose  planform  curvature  is  con¬ 
centrated  on  the  forward  ijorlion  of  the  surface,  luid  whose  (positive)  ctimber  is  con¬ 
centrated  ;ilt:  for  example,  a  surface  whose  planform  shape  is  of  the  form  s  .ix'  •’ 
and  whose  bottom  surfact'  shape  is  x  bx  '. 

Thi'  results  described  above  which  relate  the  lift  on  the  delta  wing  to  the  cavity 
width  are  displayed  in  Fig.  13.  Except  in  the  case  of  very  high  cavitation  numbers 
(  I )  the  relation  between  cavity  width  and  other  physical  parameters  has  not 

been  given.  In  place  of  an  e.xact  theoretical  prediction  of  the  variation  of  lift  on  a 
given  delta,  only  a  rough  estimate  based  on  the  .asymptoiic  results  obtained  here  is 
presented  in  Fig.  14.  The  highly  nonlinear  behavior  of  the  lift  as  a  function  of  angle 
of  attack  is  especially  to  be  noted;  it  is.  of  course,  a  consequence  of  the  widening  ol 
tiic  cavities  as  the  angle  of  attack  increases,  the  cavitation  number  bring  fixed. 

It  is  to  be  hoped  that  the  near  future  will  provide  experimental  results  for 
slender  su|)ercavituting  wings  surh  as  the  deltas  considered  here,  with  the  conse¬ 
quence  that  our  understanding  of  these  complex  and  interesting  flows  may  be  very 
much  broadened. 


StJMMAHY 

’I'he  three  separate  topics  discussed  her*'  concern  the  cavity  flow  past  smooth 
two-dimensional  struts  with  un.specified  cavity  detachment  points;  effects  of  high 
speed  i>n  cavity  flows  past  tdunl  .struts;  and  the  three-dimensional  cavity  flow  past 
slender  delta  wings.  The  use  of  linearized  tlieory  is  emphasized. 

The  dependence  ot  c;ivity  detachiiielit  point  on  strut  shape  and  cavit:ition  number 
(  ;  is  simlii'd.  II  is  shown  that  for  snnil  the  detachim  nt  point  motion  is  rcarw;iril 
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and  of  thr  order  The  dra^;  of  a  family  of  struts  Is  calculated  and  the  dependence 
of  resistance  on  stiut  shape  discussed.  Some  interesting  indications  concerning  the 
non-uniqueness  ot  the  Helmholtz  flow  past  closed  struts  are  revealed. 

A  Prandtl-Ciluuert  rule  for  the  estimation  of  Mach  number  effects  on  cavity  flows 
past  blunt  struts  is  derived,  tor  infinite  cavities  (  =  n)  it  is  shown  that  the  cavity 
drag  varies  inversely  as  i  -  v-’.  for  finite  cavities  the  length  is  .shown  to  vary 
inversely  as  (1  -  M'*).  while  the  maximum  cavity  breadth  varies  inversely  as  I  -  v,’ . 
The  situation  for  iransonic  speeds  is  very  briefly  discussed. 


The  flow  past  slendei  deli.i  wings  is  studied  under  the  assumption  that  it  may  be 
considered  conical.  Theory  is  developed  for  a  flow  involving  cavities  which  spring 
from  the  leading  edges  and  eovi  r  a  part  of  the  top  of  the  wing.  Results  are  obtained 
for  the  two  separate  asymptotii'  cases  in  which  the  cavitation  number  is  either  very 
small  or  very  large.  The  width  of  ihe  cavities  on  the  wing  upper  surface  increases 
with  decreasing  and  the  lift  decreasi's.  It  is  shown  that  the  upper  surface  never 
hecomm  completely  enveloped  in  :t  cavity,  even  for  "•  Finally,  Ihe  lilt  of  a  fully 
cavitaled  wing  (  e;  is  e.siim.itcd  to  be  approximately  4  10  of  its  fully  welted 
lilt. 


M.  H.  Tulin 
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Kin.  14  -  Estimated  lift  on  lavitalinj:  delta 
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DISCUSSION 


E.  H.  Handler  (U.  S.  N.  Bureau  of  Aeronautics) 

As  a  consequence  of  tlie  work  by  Marshall  Tulin  of  the  Office  of  Naval  Research 
and  Virgil  Johnson  of  the  National  Advisory  Committee  ior  Aeronautics,  the  Purr-an 
of  Aeronautics  has  awarded  a  contract  for  the  design,  construction,  installation,  and 
evaluation  of  a  Gruenberg,  supercavitating,  hydrofoil  system  mounted  on  a  JRF-S 
seaplane.  While  the  hydrofoil  boat  operates  at  essentially  a  fixed  trim  angle,  the 
hydrofoil  airplane  must  trim  up  many  degrees  during  the  actual  process  of  take-off 
or  alighting.  The  Gruenberg  system,  with  the  foil  just  aft  of  the  center  of  gravity,  is 
ideal  for  seaplane  use.  The  forward  planing,  or  feeler,  skis  are  a  low-speed  sta¬ 
bilizing  device  and  a  hlgli-speed  safety  device. 

The  JRF-S  airplane  will  fly  within  a  year  and  the  results  will  be  published  by  the 
Bureau  of  Aeronautics. 


E.  Mtiller  (Max- Plank  Institiit  fiir  Stromungsforschung) 

The  Max-Plank  Institiit  fiir  Stromungsforschung  is  c-rrently  performing  experi¬ 
ments  with  delta  wings  for  cavitation  numbers  ranging  from  0.02  to  0.13.  The  flat 
delta  wing  with  an  apex  angle  of  60  degrees  has  been  tested,  and  drag  and  lift  were 
measured  as  functions  of  the  angle  of  attack  and  cavitation  number.  The  shape  of  the 
wing  is  quite  similar  to  the  shape  of  the  bodies  assumed  by  Mr.  Tulin  but,  as  he  has 
said,  his  work  is  for  an  apex  angle  of  not  mure  than  30  degrees,  while  our  work  is 
for  an  apex  angle  of  60  degrees.  Tlius.  the  results  cannot  be  compared,  but  experi¬ 
ments  with  the  same  bodies  as  were  considered  by  Mr.  Tulin  will  made  in  the  near 
future. 


L.  M.  Milne-Thomson  (Brown  University) 

As  Mr.  Tulin  observes,  no  account  is  taken  in  his  paper  of  viscosity  or  gravity. 
In  regard  to  the  effect  of  gravity,  I  would  like  tu  indicate  a  method  of  approach  which, 
as  far  as  I  know,  has  been  overlooked  in  th.  literature. 

Consider  an  inviscid  liouid  in  steady  irrutational  flow  under  gravity.  Fritz  John  ' 
has  given  the  following  equ^-ion  fur  a  surface  of  cunstant  pressure,  assuming  the  v- 
axis  to  b<>  vertically  upwards: 


/“t  • '  •  ir  iS<  /'f  I. 

Here  is  a  certain  parameter  and  Sf  >  is  an  arbitrary  real  function.  Tueach  specific 
problem  there  belongs  a  specific  function  S(  i  which,  if  we  could  divine  its  form, 
would  solve  the  problem.  The  integration  of  the  above  equation  can  bi-  effected  by- 
finding  a  complementary  function  and  a  particular  integral.  This  observatiun  would 
be  completely  trivial,  were  it  not  for  the  fact  that  in  many  problems  we  know  the 
complementary  function  /  in  advance,  lake  the  case  of  a  jet  from  an  orifice  in  a 
flat  plate  in  the  alisence  of  gravity— a  well-known  Helmholtz  problem.  Here 
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whii.li  di'toniiiiH  s  insular  as  is  iiKlt'iinndi  nt  of  in  llie  uravily  problem. 
This  is  a  matter  for  investigation  in  eaeli  ease. 

II  we  now  regard  as  a  fnneiion  of  an  aii.xiliary  jiarameter.  .  we  ran  integrate 
the  full  equation  in  the  form 


/I  /  ■  I '  I  -  I  (  '  . 

where  !  ■  >  is  a  determinate  function  ami  at  the  edge  of  the  orifice.  This  equa¬ 

tion  reduces  to  /  when  i'  e,  and  gives 


/  1  /  1 

at  t.ie  edge  of  the  orifice.  It  remains  to  see  whether  the  condition  at  infinity  is 
satisfied. 

Thus,  in  the  case  of  an  orifice  of  lireadth  2i  and  a  vertically  downwards  jet.  this 
condition  is  satisfied  wlien 


where  f  is  the  SKin  velocity  on  tne  jet  in  tlic  iUlmholtz  problem. 


W.  A.  Clayden  (Armament  Research  and  Development  Establishment) 

Concerning  Mr.  Tulin's  work  on  cavity  detachment,  we  have  noticed  in  our  work 
witit  cavitating  .spheres  at  ARDE  that  the  flow  does  not  separate  tangentially  to  die 
surface,  liut  separates  witli  a  non-zero  angle  which  may  lie  well  over  90  degri  es.  1 
think  that  this  elteci  lias  also  iM'en  studied  by  other  workers  in  more  detail. 

We  have  also  performed  some  tests  on  vawed  eavitating  cones  which  may  be 
considered  to  liehave  in  a  manner  similar  to  slender  delta  wings,  and  the  cavities 
have  been  kidney-shaped,  or  distorted  ellipses,  in  cross  section  before  rolling  uii 
into  a  pair  of  vortices  as  predicted  by  Mr.  Tulin's  ealeiilations. 

I  should  like  to  take  a  few  minutes  to  tell  you  ol  the  work  on  cavitating  wedges 
that  bar  been  done  at  .ARDE  liy  my  colleague,  A.  I).  C'ox.  He  considered  the  following 
two  cases: 


1.  All  inclined  wedge  with  non-zero  cavitation  number  The  mathematical 
model  used  is  the  familiar  re-i'iitranl  jet  at  the  rear  of  the  cavity  and  a  subsidiary 
leeward  cavity.  This  work  is  an  e.xtension  of  the  zero  cavitation  number  case. 

2.  A  generalized  imuge-modei  for  iion-zeru  cavitation  imaiher  and  zero 
1111  ideiice  ill  wliich  the  cavity  is  closed  on  another  wedge  of  arliitrary  angle.  It  is 
shown  that  th(-  standard  image-iinKiei  oi  riessei  and  Ehafferand  tlic  dissipative  model 
of  Roshko  are  siieeial  <  asesof  Ihe  geiier.ilized  model.  Tin  model  may  also  be  .ipplieii 
to  ii.chid''  a  represeiilatioii  of  Hie  lamilial'  jet  flow  at  tile  rear  of  the  cavity 
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In  rrgai'il  to  tho  lirst  prublcin  wherein,  for  a  niven  strut,  one  is  able  to  find,  by 
Mr.  Tulin’ .s  method,  the  detaelinu  nt  point  of  the  cavity  luid  the  cavity  itself.  1  have  a 
slit;lit  pl)ilosoi)liical  problem.  It  seems  to  me  that  one  is  geltinu  somethinn  fornothint; 
liy  obtaining  all  this  information  without  considering  boundary  layers  and  turbulence. 


Also.  I  wish  to  e.\press  ^reat  pleasure  in  seeinp;  this  consideration  of  compres¬ 
sibility  I'ffect  in  cavity  flows. 


n  It.  Parkin  (California  Instituti-  of  Tecluiolop:y) 

In  connection  with  Mr.  Tulin's  two-dimensional  solution.  1  wish  to  cite  some 
c.xjierimental  results  which  are  quite  old.  and  which  are  familiar  to  Mr.  Tulin  and 
lii'rhaps  to  other  members  of  this  symposium  also.  These  measurements  concern 
tile  role  of  surface  t(,<nsion  and  viscosity  in  the  inception  of  l  avitation  on  a  smooth 
symmetrical  body. 


■Miout  fiye  years  apo.  U.  W.  Kermeen  and  1  investigated  the  nature  of  the  separa¬ 
tion  zone  on  a  blunt,  a-xially-symmetric  body  just  after  the  cavity  flow  had  become 
established.  Although  we  did  not  investigate  the  flow  in  detail  we  did  obtain  some 
magnified  motion  pictures  and  still  photographs  which  showed  the  shape  of  the  small 
cavities  near  their  point  of  attacliment  on  the  body.  These  photographs  indicate  that 
such  cavities  originate  in  the  boundary  layer.  They  are  shaped  somewhat  us  shown 
in  tile  si'inmiutic  diagram  of  Fig.  Dl. 

The  boundary -layer  and  displacement  thicknesses  are  sliown  in  Fig.  Dl  so  that 
we  may  judge  the  effect  of  tile  changing  velocity  of  the  water  in  the  boundary  layer 
upon  the  shape  of  the  liquid-vaiior  interface.  The  wafer  has  zero  veliK-ity  on  the  liody 
and  its  velocity  increases  continuously  as  one  progresses  from  the  surface  of  the 
liody  to  the  main  flow.  From  tlie  shape  of  the  free  streamline  in  the  neighborliood  of 
the  cavity  leading  edge  it  is  evident  tliat  the  flow  does  not  separate  from  the  body  in 
accordance  with  the  assumption  commonly  employed  in  potential  problems  winch 
involve  flow  separation.  In  view  of  the  fact  that  this  difference  is  found  in  tliebiaindary 
layer  flow  on  the  body,  even  for  those  cases  in  which  very  large  cavities  are  altaclied 
to  the  body,  its  effect  upon  the  overall  flow  should  be  small,  once  the  location  of  the 
separation  point  is  establislied.  Therefore  it  does  seem  that  Mr.  Tulin's  niilution 
should  give  a  Valid  piciuie  of  tile  flow  ill  the  large  when  the  point  of  separation  cor¬ 
responds  closely  to  that  which  one  would  ofjserve  in  practice.  Becaiisi'  of  the  pli.  sicai 
evidence  discussed  above  one  might  ask  if  Mr.  Tulin's  theoretical  solution,  althcu'l; 
mathematically  determinate,  must  always  give  results  which  correspoiul  to  thn.-, 
obtained  in  an  actual  flow;  might  not  there  still  lie  some  ambiguities  remaining  to  be 
resolved II  one  were  to  adopt  the  most  |H-ssimistie  view,  as  a  believer  in  causi’  .md 
effeet.iie  might  even  suppose  that  it  would  be  necessary  to  trace  tlii'  whole  history  of 
tlie  inception  process  in  order  to  fi.\  the  position  of  a  sejiuration  point  on  the  boiiy. 
(Jne  may  certainly  hope  tliat  less-stringent  nM'asure.s  would  be  required. 
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M.  Tulin 

Mr.  Cornell's  philosophical  prulilcm  is  old  as  far  as  potential  flow  theory  is 
cuncerned.  One  can  read  about  previous  attacks  on  ilie  problem  within  the  framework 
of  potential  flow  theory,  ignoring  any  effects  of  viscosity  and  surface  tension.  The 
problem  has  been  formulated.  mure>or>less,  in  the  same  way  as  in  my  linearized 
version,  and  in  a  few  cases  it  has  lieen  solved.  There  is  a  very  pood  discussion  of 
the  ])rublem  by  Birkhoff  and  Zarantonello.  1  did  touch  on  the  question  of  the  unique¬ 
ness  of  tiiesc  flows.  The  sufficiency  of  tiic  condition  of  smooth  detachment  is  also 
discussed.  There  is  no  conclusive  statement  to  In*  made  about  i*.  but  1  think  this 
condition  of  smooth  detachment  is  sufficient  for  the  Imdics  that  have  been  tried.  It 
gives  one  a  meaningful  problem;  I  have  only  linearized  its  formulation. 

Now,  I  should  have  saida  few  wordsabout  tin*  possibility  that  this  maybe  fantasy, 
because  we  just  don't  know  enough  about  the  role  played  by  viscosity  and  surface 
tension  in  disturbing  the  detachment  point.  This  is  a  very  good  piobleiii.  Tiie  way  I 
might  wiggle  out  of  it  is  this;  I  try  to  show  how,  using  linearized  theory  and  the  usual 
linear  condiliun  fur  an  ideal  fluid,  one  can  solve  the  problem  for  slender  bodies. 

When  wo  know  enough  alnjut  the  effects  t)f  viscosity  or  surface  tension,  then  we 
still  presumably  must  solve  some  potential  flov  problems.  Perhaps  they  will  Ih' 
something  like  Lighthiil's  prolilem.  where  he  achieves  a  matching  between  the  bound¬ 
ary  layer  br-havior  ahead  of  the  plate  on  the  bod\  and  the  constant  pressure  flow.  If 
so.  tiien  one  still  needs  to  solve  a  potential  flow  problem  to  calculate  the  pressures 
on  the  body  and  determine  wliere  tin-  boundary  layer  separates,  or  where  viscosity 
or  surfaiu!  tension  is  involved,  and  include  its  effects. 

Tiiis  is  definitely  a  .subject  for  futun-  research,  both  e.xperimental  and  theoretical. 
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JETS,  WAKES,  AND  CAVITIES 


Ciiirrctt  lUrkhoff 
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My  talk  today  is  intonded  as  a  sequel  to  the  reviews  made  by  Cox  and  Maccoll 
and  by  Gilbarg  at  the  1956  Naval  Hydrodynamics  Symposium  (1).  Whereas  "hydro- 
ballisties"  can  be  loosely  considered  as  a  branch  of  engineering,  and  "free  streamline 
theory”  as  a  branch  of  pure  mathematics  (specifically,  of  potential  theory),  my  talk 
will  be  from  the  standpoint  of  the  applied  mathematician.’-'  My  primary  concern  is 
thus  to  survey  mathematical  methods  for  predicting  accurately  the  behavior  of  real 
jets,  wakes,  and  cavities— especially  the  latter,  which  are  the  central  theme  of  this 
part  of  the  present  Symposium. 

If  my  tone  is  that  of  the  "cautious  critic"  (1,  p.  233).  it  is  because  I  think  a  care¬ 
ful  (not.  1  houe.  agonizing!)  reappraisal  will  help  us  to  discern  profitable  lines  of 
future  work.  In  this  vein.  I  shall  point  out  a  number  of  specific  questions  which  seem 
t. actable  by  available  methods. provided  the  nece-ssary  interest,  ability,  and  financial 
support  are  available. 

I  shall  not  try  to  offer  any  new  and  major  challoiges  to  intellectual  giants;  such 
men  usually  seek  nut  their  own  problems.  The  level  of  the  problems  is  intended  tobe 
that  of  high-level  Ph.D.  theses  in  applied  mathematics;  this  is  perhaps  the  highest 
level  on  which  research  can  be  systematically  planned. 

In  Gilbarg's  review  (1 ),  attention  was  focusedalmost  exclusively  on  two  problems 
of  pure  potential  theory,  which  may  be  roughly  defined  as  follows. 

Helmholtz  Problem-  Given  stationary  obstacles  walls,  etc.,  having  fixed  bounda¬ 
ries.  find  those  irrotational.  incompressible,  steady  flows  bounded  by  streamlines 
which  (i)iecewise)  either  coincide  with  these  boundaries,  or  are  free  (i.e.,  at  constant 
velocity). 

in  the  Helmholtz  Proli'em.  it  is  understood  that  the  flow  behavior  at  large  dis¬ 
tances  is  specified.  If  we  refer  to  solutions  ul  the  Helmholtz  problem  as  "Helmholtz 
flows,"  then  the  second  problem  is  the  following. 

ilelmholtz-Mrillouin  Protilem:  Kind  tho.se  Helmholtz  flows  past  given  fixed 
boundaries,  in  v  hicli  the  maximum  velocity  is  assumed  along  all  free  boundaries. 

Ik-fore  I  uisr.-'iss  tlie  physical  significance  of  these  problems,  I  shall  survey  some 
purely  mathema-’;  a.  i<U(-stions  not  cover<-d  adequately  at  the  1956  Symposium  (1). 
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MATHEMATICAL  RIGOR 

Though  not  always  attainable  In  applied  mathematics,  rigor  is  desirable— and  one 
should  always  have  a  clear  idea  of  the  extent  to  which  it  has  been  achieved.  Contrary 
to  an  impression  which  seems  widespread  among  physicists  and  engineers,  not  even 
all  pure  mathematics  is  equally  rigorous.  Far  from  being  exceptional,  free  stream¬ 
line  theory  seems  to  be  especially  confused  today  on  this  fundamental  issue.  I  should 
like  to  begin,  therefore,  with  some  questions  of  rigor. 


Plane  Flows 

Even  in  the  simplest  case  of  plane  Helmholtz  flows,  only  a  few  results  have  been 
rigorously  established.  For  example,  the  class  of  all  Helmholtz  flows  has  been 
rigorously  determined,  with  full  generality,  only  for  the  case  of  a  single  flat  plate.* 
Determinations  in  other  cases  involve  topological  assumptions  (usually  tacit)  about 
flow  separation.  Though  these  assumptions  are  very  plausible,  the  analysis  in  the 
section  called  Cavity  Separation  will  show  that  they  are  actually  rather  arbitrary. 

It  the  flow  topology  is  assumed  known,  then  plane  Helmholtz  flows  past  polygonal 
fixed  boundaries  can  be  treated  rigorously  by  classical  methods.  In  the  case  of 
curved  fixed  boundaries  it  is,  however,  much  more  difficult  to  establish  existence 
and  uniqueness  theorems.  In  this  connection.  1  recall  that  the  first  rigorous  general 
existence  theorem  for  the  Dirichlet  problem  was  not  given  until  1899.  This  was  50 
years  after  Kelvin  and  Dirichlet  had  attempted  to  found  the  theory  on  a  nonrigorous 
minimum  principle,'  and  ISO  years  after  potential  theory  had  been  usefully  applied 
to  solve  problems  in  mathematical  physics. 

Existence  and  uniqueness  theorems  for  flows  with  free  streamlines  are  very 
much  harder  to  estiiblish.  Though  I4>vi-Civita,  M.  Brillouln.  and  Villat  discerred 
some  of  the  most  Important  facts  inthe  decade  190t-lS.and  succeeded  in  formulating 
them  mathematically '  in  the  two-dimensional  case,  the  first  rigorous  proofs  were 
obtained  by  Weinstein  and  Leray  in  the  decade  1925-35.  I  cannot  overestimate  the 
technical  difficulty  of  these  proofs:  as  extended  by  Kravtchenko,  Huron,  and  others 
so  us  to  cover  more  general  cases,  they  run  to  at  least  1000  pages  of  close  and 
delicate  mathematical  reasoning.  Moreover  Leray  has  informed  me  that  at  least  one 
e.xtension  (Oudart)  is  not  complete. 

bi  spite  of  all  this  work,  even  the  Helmholtz  problem  has  not  been  solved  In  all 
cases:  especially  little  is  known  about  the  existence  and  uniqueness  of  plane  jets  from 
asymmetric  nozzles.  What  is  more  striking,  the  only  solid  obstacle  for  which  the 
Helmholtz-nrillouin  problem  has  been  solved,  is  the  circular  cylinder!  However.  I 
would  not  advise  any  applied  mathematician  to  try  to  extend  these  results. 


Thin  Hydrofoils 

More  fruitful,  it  seems  to  me,  would  be  the  rigorous  justification  of  Tulin's 
"linearized  theory"  of  thin  hydrofoils,  dealt  with  ol.sewhere  in  this  volume.  The 
lirilliant  applications  of  Tulin's  approximation  to  engineering  design  problems  should 
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oliiul  US  lu  the  l;icl  lluit  it  involves  all  ilu'  usual  assuniptifins  ol  the  pure 
le.  henialieiaii— and  an  additional  linearization  as  w.dl. 

The  sueei'ssl'ul  eorrelation  ol  Tulin's  formulas  with  those  of  Levi-Civila  (3.  Ch. 
\  ').  l.'esides  rij'.nrizint',  the  lineanzaiion.  should  have  two  other  useful  consequences. 
First,  it  should  nive  better  i  stimales  oi  the  errors  involved  in  linearization,  and  on 
how  to  correct  them.  .Second,  it  mittht  indicate  improved  ways  to  solve  thi'  intenral 
equations  to  which  l.evi-('i\  ita's  formulas  lead— including  c-specially  the  determination 
01  parameti  rs. 


A-vially  Symnii  tric  Case 

The  nu'thods  mentioned  above  do  not  give  any  information  about  the  axially 
symmetric  case,  of  the  greatest  importance  for  hydroballistics.  One  is.  of  course, 
frei  to  conjecture  that  natural  analogs  oi  existence  and  uniqueness  Ihe-orems.  proved 
for  symmetric  |)lane  flows,  will  also  hold  for  axially  symmetric  space  flows.  But 
iuch  freewheeling  conjectures,  however  suggestive,  are  not  a  iiart  of  science. 

It  was  therefore  most  gratifying  when  whrt  may  be  termed  the  ’’Stanford  School" 
(Garabedian.  Lewy.  Schiffer.  Spencer.  Uilbarg.  and  Serrln)  obtained  positive  results 
lor  xxially  symmetric  space  flows  also.  The  technical  brilliance  ol  their  achieve¬ 
ments  canhardlybeoverestimated— even  after  making  due  allowance  for  contributions 
by  Biabouchinsky.  Lavrentiev.  Polya-Szego.  and  others  to  the  basic  methods  involved. 
However,  brilliance  does  not  impiy  infallibility,  and  the  time  has  tome  for  sober 
appraisal  of  what  has  actually  been  proved. 

The  existence  proofs  of  Garabedian  et  al.  (4)  are  based  on  the  synthesis  of  a 
variational  principle  due  to  Biabouchinsky.  Steiner  symmcirization  as  recently 
c.xploited  by  Polya-Szego.  and  a  principle  of  analytic  continuation  due  to  H.  Lewy. 
The  details  are  again  delicate  and  highly  technical— even  in  the  plane  case,  when  use 
can  be  made  of  Schiffer’s  technique  of  interior  variations. 

Though  I  have  not  myself  studied  all  the  details.  I  have  given  considerable  thought 
to  manya.spects  of  theproofs.  and  have  discussed  them  with  other  competent  analysts. 
On  the  basis  of  this  thought  and  discussion,  it  is  my  impression  that  only  the  case  of 
finite  cavities  has  been  worked  through  completely.  For  infinite  cavities.  I  think 
many  details  must  be  supplied  before  the  proof  sketched  in  (4)  ran  be  accepted  as 
rigorous.  A  complete  and  clearly  expounded  proof  for  infinite  cavities  would  be  very 
valuable. 

Weinstein  has  called  my  attention  to  a  much  simpler  difficulty  regarding  the 
uniqueness  proofs  of  Gilliarg  and  Serrin.  with  particular  reference  to  the  conditions 
under  which  "starlikeiiess  of  the  obstacle  imp.ies  siarlikeness  of  the  free  stream¬ 
line.’'  In  the  plane,  this  can  be  proved  rigorously:  in  the  axially  symmetric  case, 
its  proof  by  .Serrin  (5)  depends  on  a  plausible  princi|de  of  potential  theory,  which  has 
however  itself  never  been  rigorously  proved.  Thus.  In  the  iixially  symmetric  ease, 
a  rigorous  proof  of  uniqueness  h.is  only  been  given  within  the  class  of  flows  with 
stiirlike  free  stri'anilini'S— eonirary  to  what  is  implied  in  Bef.  3,  p.  96. 
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In  thinking;  about  this  difficulty,  I  have  conic  to  realize  that  the  appeal  in  Ref.  3. 
p.  96,  to  Levinson’s  theorem  (6)  about  the  asymptotic  shape  ol  axially  symmetric 
infinite  cavities  requires  ‘hat  one  also  assume  Levinson’s  hypotheses.  Basically, 
one  must  use  these  to  prove  the  existence  of  a  similarity  transformation  of  one  free 
boundary,  making  it  lie  entirely  outside  the  other— except  at  one  or  more  points  of 
tangcncy— so  as  to  make  Lavrentleff’s  comparison  method  rigorously  applicable. 
Presumably,  Levinson’s  hypotheses  and  ’’starlikeness"  can  be  combined  into  one 
elegant  (and  plausible)  assumption;  this  would  certainly  seem  worth  doing. 

In  the  same  vein,  statements  have  recently  been  made  about  free  streamlines 
under  gravity,  which  seem  to  me  not  rigorously  proved.  I  shall  comment  on  these 
later  in  connection  with  the  paper  by  Taylor  and  Saffman  in  this  volume. 


NUMERICAL  METHODS 

The  recent  development  of  high-speed  digital  computing  machines,  with  multi¬ 
plication  times  of  a  millisecond  or  less,  has  enormously  increased  the  class  of 
economically  computable  formulas.  The  impact  of  this  development  on  applied 
mathematics  is  incalculable  because  it  is  economically  computable  formulas  that  *he 
applied  mathematician  requires. 

Unfortunately,  effective  rigor  in  this  area  is  hardly  ever  achieved,  in  the  sense 
that  rigorous  error  bounds  are  usual'  ’  far  too  pessimistic.  In  practice,  errors  are 
usually  estimated  by  repeating  the  calculations  with  doubled  mesh  length.  This 
sometimes  gives  a  reliable  estimate  of  the  truncation  error;  in  other  cases,  the 
significance  of  the  estimate  so  obtained  is  only  statistical. 

I  shall  now  discuss  some  numerical  methods  which  have  been  successfully 
applied  to  free  streamline  problems,  with  special  reference  to  their  mathematical 
accuracy  and  their  potentialities  for  further  development,  using  high-speed  computing 
machines.  In  specifying  mathematical  accuracy,  I  mean  of  course  the  agreement 
with  exact  solutions  of  analytically  defined  Helmholtz  problems— always  assuming 
that  these  problems  have  been  "well  set”  in  the  sense  of  existence  and  uniqueness. 
Some  aspects  of  physical  accuracy  will  be  discussed  in  the  following  sections. 


Integral  Equation  Methods 

Perhaps  the  most  highly  developed  integral  equation  method  concerns  the  solution 
of  plane  Helmholtz  problems  by  discretization  of  equivalent  singular,  nonlinear  integral 
equations.  This  method  has  been  described  in  Ref.  8,  reviewed  in  Ref.  3,pp.  215-219, 
and  briefly  criticized  in  Ref.  1,  pp.  224-225.  The  integral  equations  are  those  of 
Levi-Civita  and  Villat.  mentioned  in  the  preceding  section. 

For  symmetric  flows  past  obstacleshaving  curvature  of  constant  sign,  very  con¬ 
sistent  results  have  been  obtained  with  this  method.  There  is  even  a  rigorous  theory* 
of  its  convergence  (9).  though  the  assumptions  involved  are  nut  easy  to  interpret. 
This  IS  not  to  saythat  error  bounds  have  been  calculated,  or  even  that  error  estimates 
are  available.  However,  the  method  always  gives  a  potential  flow  with  free  stream¬ 
lines  past  an  obstacle  whose  shape  differs  slightly  from  that  of  the  given  obstacle. 
Therefore  to  get  error  estimates,  it  would  suffice  to  solve  the  following  problem. 
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Problem:  Given  two  functions  defining  the  curvature  K  K,(  >  as  functions  of 
the  slope  r.  i  1,2,  estimate  the  changes  in  the  flow  pattern  and  pressure  distribu¬ 
tion  due  to  'iKtr)  K,(!  ^  -  Kjt  1. 

The  method  involved  is  capable  of  various  extensions.  Thus,  various  classical 
problems  involving  plane  flows  with  free  streamlines  under  gravity,  and  straight 
fixed  boundaries,  can  also  be  transformed  into  nonlinear  Integral  equations  (3,  Ch. 
vni,  $11).  Though  the  singularities  involved  are  nastier  than  in  the  case  treated  in 
Ref.  3,  the  problem  should  be  tractable."  Wehadalso  originally  hoped  to  apply  simple 
modifications  of  the  method,  to  calculate  asymmetric  flows  and  compressible  flows 
in  the  Chaplygin  approximation  (3,  p.  191).  Adaptations  of  the  method  to  jet  calcula¬ 
tions  should  also  be  feasible. 

By  using  slope-length  equations  Ht  )  in  place  of  curvature -slope  relations 
K  'ti(r),  one  can  interpret  plane  cavity  flows  past  obstacles  having  points  of  inflec¬ 
tion  (curvature  of  variable  sign)  in  terms  of  Integral  equations  (3,  p.  136).  n  would 
be  interesting  to  perfect  a  technique  for  solving  such  integral  equations  numerically; 
in  principle,  this  woxild  seem  not  too  difficult. t 

Thin  Hydrofoils 

An  especially  timely  extension  would  be  to  the  calculation  of  asymmetric  cavity 
flows  past  thin  hydrofoils,  such  as  are  considered  elsewhere  in  this  volume  by  Ors. 
Tulin,  Johnson,  Timman,  Cohen,  and  Di  Prlma.  Such  calculations  would  give  a 
clearer  idea  of  the  correction  to  be  made  for  finite  thickness.  Conversely,  a  study 
of  methods  effective  for  the  linearized  approximation  might  suggest  more  effective 
methods  for  solving  the  exact  nonlinear  equations. 

The  general  case  of  a  smooth  asymmetrical  hydrofoil  in  an  infinite  stream 
involves  three  parameters  (3,  Ch.  VI,  ■  7);  ».  T„.  These  are  presumably  deter¬ 
mined  by  the  pitch  angle  of  the  hydrofoil  and  the  two  points  of  flow  separation-'though 
the  relation  tetween  these  and  the  location  „  of  the  stagnation  point  may  be  hard  to 
determine,  unless  the  hydrofoil  has  a  sharp  leading  edge.  The  angle  of  pitch  should 
presumably  be  carried  as  a  free  parameter  in  calculations— but  the  angles  , .  j  ot 
flow  separation  or  the  condition  of  "smooth  separation"  used  to  eliminate  the  other 
two  parameters. 

For  fixed  u,  T„,  the  iterative  methods  described  in  Ref.  3,  Ch.  DC,  should 
converge  rapidly,  provided  the  hydrofoils  involved  have  a  sharp  leading  edge,  since 
the  curvatures  involved  (hence  ^;)  are  then  small.  However,  for  nonconvex  hydrofoils, 
one  would  prerumably  t  have  to  use  the  Vlllat  integral  equation. 


Axially  Symmetric  Case 

Even  more  valuable  would  be  the  perfection  of  numerical  techniques  for  solving 
axially  symmetric  Helmholtz  problems.  Two  approaches  to  this  problem  are 

"Kor  one  case!,  see  Ri'f.  7  anil  P.  fi.iraljfilian  Hroi .  Roy.  Soc.  (Lunili^n)  A241:76'<-80 
(I '(57).  The  radius  of  l  urvalurc  at  tia-  hui<  dc  vertex  seems  liaril  to  determine 
ai  (  urately. 

'Persons  interested  in  this  |irohIem  should  consult  v-itli  Ur.  Hans  liremermann  of 
Stanford  University,  who  spent  soini’  tune  on  it. 

Perhaps  not.  if  the  i  urvatiire  had  i  onstant  sien  on  e.nh  side  of  the  stagnation  point. 
Alternatively,  one  could  treat  the  first  six  loellujents  iij.  .  .  ..  .'i^  ot  the  Levi- 
Civila  function  f  I  )  as  free  parameters, 

Kspecially  hei  aiise  no  analytiial  solution  is  Imown. 
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reviewed  in  Ref.  1.  In  both  approach  's  "certainsimilarityprinciples  between  . . .  two- 
dimensional  and  three-dimensional  problems  are  Involved"  p.  222). 

Approaches  based  on  assumed  analogies  between  plane  and  axially  symmetric 
flows  have  long  been  used  to  make  engineering  estimates.  For  cavity  flows,  the 
recent  assumptions  of  Plesset  and  Shaffer  are  perhaps  best  known.  The  evidence 
reviewed  in  Ref.  1,  pp.  225-227,  shows  again  that  such  estimates  have  a  purely 
engineering  significance. 


Variable  Dimension  Number 

The  preceding  analogy  can  also  be  put  on  a  scientific  basis,  as  first  shown  by 
Garabedian  (10).  The  correct  approach  is  to  consider  one-parameter  families  of 
flows  satisfying 


'  t'  t  u 
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(1) 


in  p  ■  2  dimensions,  with  p  a  continuous  parameter.  This  idea  of  considering  flows 
in  fractional  dimensions,*  which  would  not  normally  occur  to  a  physicist  or  engineer. 
Illustrate  the  practical  value  of  pure  mathematical  abslractlons. 

Garabedian's  methods  and  conclusions  are  sumnutrlsed  in  Ret.  3,  pp.  288-289, 
except  that  Gllbarg  fails  to  emphasize  Garabedian's  plausible  but  arbitrary  interpo¬ 
lation  with  respect  to  p  (p  -  2^.  Because  of  this  arbitrariness,  though  I  believe 
that  Garabedian  has  obtained  genuine  estimates  for  corrections  to  the  widely  quoted 
results  of  Plesset  and  Shaffer  (and  of  Trefftz  (or  jets).  I  am  not  convinced  that  these 
estimates  can  be  relied  on  bdyond  t30  percent. 

• 

It  would  be  very  valuable  if  Garabedian  could  extend  his  method  so  as  to  obtain 
asymptotic  estimates  of  the  relative  length  -  <l  and  diameter  <l„  ii  of  cavities  behind 
discs  of  diameter  i  as  functions  of  the  cavitation  number  ?.  The  extension  to  other 
obstacle  shapes  seems  to  Involve  formidable  difficulties. 


Difference  Equation  Methods 

Most  promising,  in  my  opinion,  are  attempts  to  calculate  Helmhcltz  flews  apprati- 
mately,  by  covering  the  domain  involved  by  a  fine  mesh,  and  replacing  the  Liqtlace 
equation  over  tills  mesh  by  a  suitable  difference  equation.  In  both  the  plane  and 
axially  symmetric  case,  this  procedure  (with  due  attention  to  boundary  conditions) 
leads  to  vector  equations  Ai  (<  involving  well-conditioned  symmetric  matrices. 
Clearly,  such  equations  are  moat  tractable  for  small  domains— e.g.,  for  flows  having 
finite  cavities  in  finite  channels.  By  way  of  contrast,  the  methods  based  on  integral 
equations  and  variation  of  the  dimension  number  n  -  p  ■  2  arc  most  effective  for 
infinite  cavities  in  an  unbounded  stream.  Therefore,  their  ranges  of  application  are 
essentially  complementary;  neither  is  to  be  thought  of  as  a  substitute  for  the  other. 


Relaxation  Methods 

The  approximate  numerical  solution  of  Helmholtz  flowproblems.  through  approxi¬ 
mating  difference  equations,  was  first  accomplished  (using  hand  "relaxation  methods") 


‘'Hri’VUju.sly  ;i;iiilifcl  tc,  utlu  r  prulii.  iiis  liy  ll.  ltr^iini.  Bits  ,iti<l  fii'llj.irl,  an<l  Wi’irislcin 
('Irans.  Am.  Math.  .Sm'.  r  wa.Tt'  ..trlu  r  rrim-tucs  ;ir.' 
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by  Sir  Richard  Southwell  and  Miss  Vaisey  (11),  in  an  important  pioneer  paper.  Though 
not  mentioned  in  Ref.  1,  Ref.  11  seems  to  deserve  further  study  at  the  present  time, 
for  two  reasons. 

First,  many  of  the  approximate  solutions  obtained  in  Ref.  11  can  now  be  compared 
with  results  obtained  by  other  methods,  and  this  will  give  a  better  idea  of  the  trunca¬ 
tion  errors  involved— a  subject  about  which  little  information  is  now  available.*  Thus, 
such  a  comparison  is  possible  for  the  two-dimensional  Borda  mouthpiece  in  a  channel; 
Fxample  1  of  Ref.  11  is  tractable  analytically  as  described  in  Ref.  3,  Ch.  V,  v8. 
Though  a  numerical  parameter  (ratio  of  mouthpiece  width  to  channel  width  of  1,'6) 
must  be  determined  a  posteriori  in  the  exact  analytical  formulas,  the  amount  of  work 
involved  is  not  really  great.  Again,  as  to  the  cusped  cavitybehinda  circular  cylinder, 
treated  as  Example  10  in  Ref.  11,  one  can  use  the  formulas  of  Ref.  3.  Ch.  VI,  i  10,  to 
reduce  the  problem  to  the  solution  of  a  nonlinear  integral  equation  involving  two 
parameters  M  and  Q,  connected  by  an  implicit  relation.  For  one  value  of  Q,  this 
equation  and  the  relation  have  been  solved  numerically  (B,  Case  22a):  it  would  be 
interesting  to  make  a  comparison  with  the  relaxation  solutions^  for  0  =  0.234,  0.562, 
. . .,  as  well  as  for  the  infinite  cavity  of  zero  drag. 

Analytically,  the  various  plane  flows  with  tree  streamlines  under  gravity  treated 
in  Ref.  11  as  Examples  4-8  are  also  reducible  to  mildly  singular  Integral  equations, 
which  should  be  tractable  by  iterative  numerical  methods,  as  explained  above. 

Second,  the  numerical  labor  required  to  "relax"  has  been  so  shortened  in  many 
cases  with  the  help  of  ultrafast  computing  machines,  that  it  seems  reasonable  to  hope 
that  this  will  also  be  true  of  the  "free  streamline"  flows  treated  in  Ref.  11.  The 
general  procedure  followed,  in  both  hand  and  machine  computations,  is  to  solve  a 
sequence  of  problems  involving  fixed  boundaries,  which  are  adjusted  by  successive 
trials  until  the  condition  of  constant  velocity  is  met  on  the  (then)  free  streamline. 
Since  the  difference  equations  are  the  same,  the  only  question  is  as  to  how  effectively 
one  can  substitute  regimented  automation  for  free  human  Intuition,  t 

Very  substantial  contributions  to  the  automatic  solution  of  Helmholtz  problems 
are  emb^ied  in  Ref.  12.  Using  a  square  mesh,  to  which  the  successive  overrelaxa- 
tlon  (extrapolated  Liebmann)  method  of  Young  and  Frankel  is  ideally  adapted, 
"Rlabouchinsky"  flow  past  a  disc  in  a  channel  was  treated  on  the  NORC  at  Dahlgren. 

Surprising  though  it  may  seem,  the  NORC  calculations  did  not  give  results  which 
were  clearly  better  than  those  previously  obtained  by  Miss  Vaisey  (3,  p.  232).  In 
fact,  no  convergence  proof  or  error  estimate  is  available  for  either  method,  and 
somewhat  variable  results  were  obtained  by  both,  so  that  the  problem  is  still  unsolved. 
I  should  like  to  make  some  specific  comments  in  this  connection;  1  understand  that 
Dr.  Arms  of  the  Naval  Proving  Ground  also  has  some  ideas.  I  believe  that  recon¬ 
sideration  of  convergence  speed  and  truncation  errors,  in  the  light  of  these  comments 
and  ideas,  would  make  a  successful  attack  possible  in  the  near  future,  using  new  and 
more  powerful  machines. 


‘•’Even  for  suliatiun.s  of  tin*  Otrichlet  problem;  the  case  of  fri'e  buiindaries  is  much 
mure  (lifficiilt ! 

•See  R.V.  Southwell.  "Kelaxatiun  Methodft  in  Thet  relical  Physics,"  Oxford,  p. 

A  concise  revision  of  much  of  Rel,  1 1  is  presented  in  pp.  (Slw-bt>. 

:  fiuman  intuition  nas  many  advanta);eH  of  flexibility>-as  in  the  easy  introdui  turn  of 
local  rn«'f:h  refinements  su;;^ested  by  experience. 

•  Thus,  witli  the  PI)Ci-0i  Pettis  Code,  and  rectangular  meshes  (\^ilh  independent 
.spJt  in^’s  in  x  and  y),  in  ret  tan^ular  domains,  fixed  iMtimdary  problems  involving* 
7500  points  (an  be  solvefi  on  the  IHM-TO*!  in  10  to  iS  minutes! 
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Perhaps  the  major  computational  difficulty  centers  around  the  (mild)  separation 
singularity.  The  square  mesh  usually  used  in  Ref.  12  Is  not  well  adapted  to  treating 
the  local  behavior  near  this  singularity.*  Successive  overrelaxation  is  also  com¬ 
patible  with  rectangular  subdivisions  with  unequal  spacings,  which  could  be  used  to 
concentrate  meshp.ints  near  the  separation  point.  On  the  other  hand,  the  type  of 
local  mesh  refinement  used  in  Ref.  11— which  seems  better  adapted  to  the  problem- 
does  not  satisfy  Young's  property  A;  that  net-points  can  be  divided  into  "red”  and 
"black"  points,  such  that  adjacent  net-points  have  opposite  colors.  Other  mesh 
refinements  having  property  A  might  be  tried,  such  as  those  sketched  in  Fig.  1. 


Kig.  1  -  Mesh  rc-fincmentii  having  property  A 


One  alternative  would  be  to  apply  second-order  Richardson  or  Chebychev  poly- 
nomiai  methods  to  meshes  having  local  refinements  of  the  kind  used  in  Ref.  11. 
Though  these  methods  require  twice  as  much  storage  and  computing  time  with  a  square 
mesh^  as  successive  ovcrrclaxation,  I  am  sure  they  are  still  much  faster  (using 
ultrafast  machines)  than  hand  computation.  Or.  one  could  try  successive  overrelaxa¬ 
tion,  hoping  that  it  would  converge  rapidly  even  without  theoretical  justification.  ^  As 
a  third  alternative,  one  could  use  linear  interpolation  during  mesh  transitions,  as 
proposed  by  Arms. 

PHYSICAL  RIGOR 

Solutions  of  the  Helmholtz  problem  are  in  equilibrium  under  inertial  forces  and, 
in  the  case  of  wakes,  under  gravity.  Unfortunately,  as  realized  by  Helmholtz  himself 
(1868),  this  equilibrium  is  very  unstable  in  single-phase  flow.  Gravity  is  neglected 
in  representations  of  (two-phase)  cavity  flows,  but  the  equilibrium  is  much  more 
stable  (14,  p.  54).  Moreover  viscous  forces. turbulence,  surface  tension,  evaporation, 
air  content,  and  impurities  in  solution  are  neglected  in  anv  case. 

It  is  obviously  important  to  know  how  best  to  approximate  physical  reality  by 
Helmholtz  flows,  and  also  how  to  allow  for  the  various  forces  neglected.  I  reviewed 
this  question  ten  years  ago;  in  ideal  cavitation,  one  might  e]q>ect  to  observe  'he 
nominal  equation  of  state  (3,  p.  7) 

■  if;’  p,.  (2a) 

^  .  p  p^.  vIsrHhni  .  (2b) 

•:'A  lofiil  analytical  cxpaiisiun  livncrally  u.s4'fl  m.slvail  o!  local  nicwh  rctinenient. 

K..S  V.ir^a,  J.  Sue.  Inti.  AppL  Math.  S:  <1 ) 

Siuli  jurtJifitation  may  aitiially  hv  impluU  m  ri'ccnt  \M»rk  hy  Kalian  and  Varj:a. 
(C«>mrri<MU  i>f  Ur.  Younj^,) 

■fi.  Ilirkliidf,  Hrijc.  7lh  Int.  Con^rr.s.s  Appl.  Mcth.,  lamdon.  also  Rci'. 

1*1.  p.  SI  aiifl  Hof.  Cli.  i.  Tho  uso  of  (*^*4)  •md  j;ot*s  hack  .it  least  to 
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If  inertial  forces  alone  are  considered,  this  equation  leads  naturally  to  the  Helmholtz- 
Brillouin  Problem.* 


Reentrant  Jet  Models 

Unfortunately,  one  can  show  that  Helmholtz-Brillouin  flows  past  a  single  obstacle 
necessarily  involve  infinitely  long  cavities  and  zero  cavitation  number  Q,  whereas  real 
cavities  have  finite  length  and  positive  Ql  To  avoid  this  paradox,  it  is  customary  to 
use  the  Riabouchinsky  and  reentrant  jet  models,  and  to  take 


as  an  empirical  constant.  (Here  p„  is  the  local  ambient  pressure;  p,.  is  the  (mean) 
cavity  pressure,  which  is  in  ideal  cavitation.) 

These  models  give  almost  identical  predictions  for  drag  and  cavity  dimensions 
in  two-dimensional  flow. '  However,  it  is  very  hard  to  find  accurate  published  state¬ 
ments  about  the  conformity  of  such  models  and  reality;  usually,  ai^thors  are  content 
to  mention  the  qualitative  <ccurrcnce  of  reentrant  jets. 

This  is  partly  due.  of  course,  to  the  limited  practical  interest  of  two-dimensitmal 
cavity  flow,  and  partly  to  experimental  difficulties.  Anyway,  the  most  frequently  seen  t 
comparisons  refer  to  Integrated,  artificaily  rotated  (Plesset-Shaffer)  pressure  dis¬ 
tributions  on  wedges  for  ideal  Bobyleff  flows,  as  compared  with  drag  measurements 
cn  cone  heads  in  water  tunnels.  Since  the  theoretical  Interpretation  of  the  calculated 
drag  coefficients  is  obscure,  these  comparisons  have  questionable  scientific 
significance. 

The  published  experimental  values  C,/C)  0.5s  .  n.4Q  for  flow  past  a  circular 

cylinder  agree,  at  Q  o.  with  the  numerical  value  calculated  by  Brodetsky,  it  would 
seem  desirable  to  redo  these  c.xperlments,  and  to  check  the  values  for  c  n  against 
calculations  recently  performed  on  the  MANIAC. 

But  agreement  between  calculated  and  measured  values  of  c„iO>.  however  useful, 
does  not  te'l  the  whole  story.  Especially  in  cases  where,  as  with  cones,  the  separa¬ 
tion  point  is  determined  by  a  shaq)  corner,  such  agreement  is  almost  built  in.  As 
observed  nearly  15  years  ago  by  L.  B.  Slichter.  the  difference  between  the  stagnation 
and  separation  pressures  outside  the  boundary  layer  is  fitted  by  the  choice  of  0. 
Again, Ihc  pressure  distribution  is  .1  convex  ewnfunctlon  in  most  cases  treated.  One 
can  therefore  expect  fair  engineering  estimates  of  c,/ (?>■  without  knowing  inuen  about 
the  flow  as  a  whole.  Especially  good  estimates  may  be  expected  when,  as  with  cones 
(following  Armstrong  (I.  pp. 226-227)), one  can  match  the  local  pressure  distribution 
near  the  vertex  and  the  separation  point  to  a  higher  order. 
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Approximate  agreement  between  theoretical  and  measured  values  of  Cq^Q)  does 
not,  in  any  case,  imply  agreement  as  regards  separation  angle,  cavity  size,  or 
behavior  at  the  rear  end  of  the  cavity.  In  particular,  I  think  that  the  differences 
between  ideal  and  "reentrant  jets"  has  been  insufficiently  emphasized. 

Thus,  I  take  exception  to  the  phrase  "observed  experimentally"  in  Ref.  1,  p.  286, 
line  13.  In  spite  of  Fig.  16  on  p.  230,  I  doubt  that  Fig.  15  of  Ref.  1,  p.  230,  accurately 
represents  the  flow  of  Fig.  14  on  p.  229.  Whereas  ideal  reentrant  jets  are  Irrotational 
and  steady,  most  real  reentrant  jets  have  vorticity  and  are  unsteady.  This  seems 
especially  likely  for  very  small  cavities,  like  that  of  Fig.  14.  Again,  as  shown  con¬ 
clusively  by  Swanson  and  O'Neil  (1 ,  p.  230)  (see  also  the  paper  by  Campbell  in  this 
volume)  one  loses  axial  symmetry  at  the  rear  end  of  long  cavities  behind  axially 
symmetric  obstacles.  This  is  because  of  gravity. 


Cavity  Size 

In  principle,  the  preceding  models  give  unambiguous  predictions  as  regards 
relative  cavity  diameter  .i  <t  and  length  ‘  <i,  as  functions  of  the  cavitation  number  0. 
Until  these  functions  have  Men  calculated  effectively,  one  cannot  ascertain  the  cor¬ 
rectness  of  these  predictions.  My  guess  is  that,  for  small  C,  the  predicted  (l„,  d  will 
turn  out  to  be  too  big,  and  the  predicted  -  <1  much  too  big  because  of  the  neglect  of 
gravity.  This  is,  of  course,  important  for  some  aspects  of  hydrofoil  design;  I  would 
guess  that  linearized  "thin  hydrofoil"  cavity  theory  would  be  subject  to  the  same 
trend  (again,  for  very  long  cavities).* 

It  seems  reasonable  to  expect  that  the  correction  will  begin  to  be  large  when  the 
twin  vortices,  first  observed  by  Swanson  and  O'Neil  (1,  p.  230),  are  a  dominant  fea¬ 
ture  at  the  rear  end  of  the  cavity.  In  this  connection,  one  should  consult  Campbell's 
paper  again. 

Similarly,  in  the  case  of  water  entry  of  missiles,  the  Froude  number  F  k<i 
has  always  been  sigiposed  to  be  the  primary  variable  determining  similitude  (e.g., 
(I  and  -  d).  Since  F  and  Q  have  very  different  dimensional  dependence,  while  v  and 
d  can  be  varied  independently,  F  and  Q  can  hardly  both  determine  <1  and  I. 

To  clarify  the  above  questions,  I  think  more  accurate  measurements  of  (p„  -r,.) 
will  be  needed  than  are  now  available. 


Wake  Models 

Before  World  War  H,  potential  flows  with  free  streamlines  were  taken  as  models 
for  "wakes"  (and  for  homogeneous  jets  ')  in  hydrodynamics,  with  only  vague  qualifica¬ 
tions.  This  was  in  spite  of  the  extreme  instability  of  the  free  streamlines,  already 
known  to  Helmholtz  himself.  As  a  result  of  this  instability,  viscosity  and  turbulence 
have  an  accentuated  importance  for  wakes— though  gravity,  fortunately,  has  only  a 
hydrostatic  effect.  It  is  therefore  especially  challenging  to  try  to  approximate  real 
wake  behavior  by  models  involving  potential  flow. 


’\S(irn(‘  i’Xperirncnta)  ftatii  t>n  thi-  aliwVi'  romarkh  may  Ih*  iuund  in  Kpt. 

(jf  iIh'  Caitt'i  li  Uwl  r<iri  V  I..I1IIU  .>  l.a!>.  1/)  K.l..  Waul,  and  ii  Prtpjfit  Rpt.  ul  tlu*  St. 
Anthony  ^alI,s  Hvflra  ;!.t  Lih.  liV  K.  Si LSiTinan. 

'As  .sill. -All  ;n  Cji-rni'li  s  ji.ipi-r  in  Ifus  \  pretiu  tunis  ul  \  ^>».‘>railu»n  ciifi’!;- 

<  u  nis  (’^  tor  jp'ts  <  an  -flfn  Im*  im*  l.ist  Iim*  «»l  Hi-t.  ()l\.  ,  *  7. 
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Since  the  pressure  in  real  wakes,  as  in  cavities,  is  beluw  the  ambient  pressure 
I'.,,  it  is  natural  to  try  to  represent  the  flow  outside  them  by  the  Riabouchinsky  and 
reentrant  jet  models.  Again,  considerable  success  in  estimating  pressure  distribu¬ 
tions  with  such  models  is  possible  (3,  p.  28,  Fig.  3)  in  cases  where  the  separation 
point  is  fixed  by  a  sharp  corner.  However,  unlike  ca'‘ities.  wakes  have  irregular  and 
unstable  boundaries.  Hence,  though  the  models  with  "dead  water"  wakes  are  in 
nominal  near  equilibrium  when  R  1 ,  real  wakes  are  in  fact  highly  turbulent. 

A  better  model  for  real  wakes  is  probably  provided  by  an  old  discontinuous  poten- 
tia',  flow  model  of  Joukowsky.  with  variable  c  recently  discussed  by  Roshko'''  and 
Eppler.'  In  this  model,  the  wake  or  "cavity'*  terminates  in  a  strip  bounded  by  fixed 
parallel  streamlines,  thus  predicting  an  asymptotically  constant  displacement  thickness 
downstream,  as  seems  reasonable  (3.  p.  266).  It  would  be  interesting  to  compare 
this  model  (for  the  right  Q)  with  Flachbart's  photographs  of  the  wake  behind  a  flat 
plate,  and  to  see  whether  agreement  was  also  better  locally  than  for  the  Riabouchinsky 
model  (3.  p.  35C).  Moreover,  comparisons  of  the  p<  edicted  with  real  displacement 
thickness  3  (Q)  and  pressure  coefficient  distribution  c^tx.y.Q)  would  be  interesting, 
as  functions  of  the  Reynolds  number  R  too !  (This  plays  no  role  in  the  Roshko-  Eppler 
model.)  Finally,  it  would  be  interesting  to  make  similar  comparisons  for  curved 
obstacles;  calculations  could  be  made  by  the  methods  of  Ref.  3.  Ch.  VI. 

In  any  event,  the  Roshko-Eppler  modelseems  a  definite  improvement  on  earlier, 
otherwise  analogous  models' with  Q  o.  as  regards  simulation  of  flow  outside  the 
wake. 

The  pressure  recovery  which  is  observed  in  real  wakes  Is  also  obtained  by 
another  model,  recently  suggested  by  Batchelor.  This  model,  which  has  some  meta¬ 
physical  plausibility  as  a  representation  of  asymptotic  behavior  when  R  approaches 
infinity,  involves  the  assumption  of  constant  vorticity  in  the  wake  "bubble."  In  the 
light  of  observed  wake  instability  for  R  50,  however,  it  seems  obvious  that  neither 
of  the  above  models  resembles  physical  reality  at  all.  within  the  wake  itself  (except 
possibly  in  supersonic  flow).  Similar  objections  apply  to  the  Karman  "vortex  street” 
model  for  periodic  wakes  (3,  Ch.  XIII).  even  in  the  most  favorable  range  of  Reynolds 
numbers,  though  with  much  less  force. 

Impact  Forces 

More  critical  comparisons  between  theory  and  cjqperimcnt  arc  also  desirable, 
as  regards  the  "impact  forces"  arising  during  the  first  half-diameter  of  entry  rt  a 
missile  into  water.  This  important  subject  was  reviewed  briefly  in  Ref.  l.pp.  216-20. 
but  witn  emphasis  on  favorable  comparisons.  I  should  like  to  record  my  opinion, 
that  unfavorable  comparisons  should  receive  equal  emphasis— I  see  no  reason  why 
such  comparisons  should  be  taboo. 

For  Instance,  consider  Ref.  17.  p.  403.  Fig.  1.  which  gives  the  impression  thr.t 
all  is  sweetness  and  light.  A  more  careful  study  shows  that  the  "e>q>erimental  points” 
plotted  there  represent  Averages  of  variable  observations,  which  decrease  by  factors 
1.5  to  3.5.  Obviously,  in  such  cases,  the  "experimental”  k  will  depend  on  the  interval 
of  averaging— and  Watanabe's  data  disagree  dimensionally  with  the  formula  F  Ay^ 
predicted  by  Wagner's  similarity  argument. 
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In  the  above  case,  I  would  guess  that  the  discrepancy  is  due  to  experimental 
difiiculties,  but  this  question  should  be  settled  scientifically  and  not  by  prejudice.  In 
the  cases  of  the  "expanding  lens"  and  other  pseudo-mathematical  models  also  reviewed 
favorably  in  Ref.  1,  the  theory  rests  on  a  less  firm  foundation*  and  critical  compari¬ 
sons  wilh  observation  of  all  "theoretical"  predictions  seems  especially  needed. 


CAVITY  SEPARATION 

It  is  well  known  (1.  pp.  224.  234,  285)  that  the  prediction  of  the  separation  point 
for  cavity  flow  past  smooth  obstacles  is  especially  difficult,  and  lliai  potential  flows 
past  analytic  profiles  have  their  only  singularity  there.  However,  it  is  iiot  clear  to 
what  extent  or  how  viscosity,  turbulence,  and  surface  forces  affect  separation. 

In  Ref.  1.  pp.  224,  295,  Maccoll  and  Imai  point  to  boundary  layer  theory  as  the 
key  to  the  problem.  I  shall  discuss  this  suggestion  below,  showing  in  particular  that 
a  laminar  boundary  layer  theory  implies  a  unique  separation  point. 

For  wakes,  observed  pressure  distributions  do  not  indicate  a  unique  separation 
point  (16.  pp.  422.  497):  the  separation  point  is  strongly  turbulence  dependent. 


Low  Velocity  Effects 

As  shown  by  Eisenberg  (IS,  pp,  10-11),  the  same  is  true  of  cavities  at  large  Q; 
the  problem  is  the  old  one  of  predicting  conservation  of  the  liquid-gas  balance  in  the 
cavity.  In  a  similar  vein,  it  is  known  that  cavity  formation  is  drastically  delayed  by 
spinning  spheres.*  because  of  boundary  layer  turbulence.  Again  (14,  p.  63),  Slichter 
has  observed  a  downward  refraction  of  spheres  at  low  speeds,  when  entering  water 
at  angles  of  20  degrees  with  the  horizontal,  at  moderate  speeds,  and  explained  this 
as  due  to  the  effect  on  separation  of  insufficient  ventilation.  Finally,  Worthington 
himself  observed  effects  on  separation  of  the  surface  condition  ("wettability")— «,‘ffects 
recently  confirmed  by  May.t 

As  regards  cavities,  all  these  anomalies  occur  at  relatively  low  velocities.  I 
therefore  repeat  my  suggestion  (made  in  1948)  that  solutions  of  the  Helmholtz- 
Brillouin  problem  should  give  good  indications  of  the  separation  angle  as  a  function 
of  C  for  cavities  behind  slowly  decelerating  macroscopic  missiles,  in  the  range  ISO 
fps  ^  V  ^  1400  fps  (Mach  number  M  0.3). 

At  lower  speeds,  one  should  expect  delayed  separation  and  other  scale  effects. 
Thus  viscosity  and  surface  tension,  in  combination,  will  make  the  cavity  separate  at 
a  finite  angle,  and  not  tangentially.  An  approximate  computation  of  this  contact  angle, 
as  a  function  of  the  variables  involved,  would  be  very  instructive. 


Separation  Curvature 

Actually,  the  Helmholtz -Briilouin  problem  was  first  formulated  to  avoid  U.c 
mathematical  indeterminacy  In  the  separation  point  which  would  otherwise  arise  fca" 


*tv<;n  tilt  nail ulations  of  Hillman,  reportfd  in  Ref.  17,  an-  subject  to  the  (>ei..  ral 
truncation  error  uncertainty  1  discussed  earlier. 

•II.  WayUnd  and  K.O.  White,  Froc.  Symposium  Fluid  Mecli.  Heat  Transfer,  Stanford, 
pp.  5l-fi4,  l'H9. 
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Helmholtz  flows  past  smooth  obstacles.  To  solve  it,  Brillouin  postulated  that  the  free 
streamline  curvature  must  be  finite  at  the  separation  point  (3,  p.  139)-now  called  the 
condition  of  "smooth  separation"  (1,  p.  285).  Villat  related  this  condition  to  the  solu¬ 
tion  of  the  Levi-Civita  integral  equation  (3,  p.  139),  and  also  assumed  that  this  condi¬ 
tion,  of  a  lowest  order  singularity  possible  in  potential  flow,  actually  determined  the 
separation  of  flow. 

The  condition  of  smooth  separation  has  always  seemed  to  me  without  physical 
basis;  I  cannot  see  why  nature  should  abhor  infinite  pressure  gradients.  If  infinite 
curvature  is  ruled  out,  then  so  is  Klrchhoff-Bobyleff  flow  past  a  flat  plate!  My  view 
seems  to  have  been  shared  by  von  Mises  and  Schmieden  who,  as  recalled  in  the 
previous  section,  proposed  the  "wake  of  zero  drag"  as  a  first  approximation  to  wake 
flow  with  turbulent  boundary  layer.  Indeed,  it  seems  obvious  to  me  that  separation 
should  entail  both  a  mathematical  and  a  physical  singularity;  thus  boundary  layer 
theory  (cf.  infra)  even  predicts  a  jump  in  slope  at  the  separation  point  (16,  p.  57, 
Fig.  22). 

Much  more  reasonable  is  the  condition  for  Ideal  cavitation,  corresponding  to  the 
nominal  equation  of  state  (Eqs.  2a  and  2b)  which  leads  to  the  Helmholtz -Brillouin 
problem  if  inertial  forces  alone  are  considered. 


Though  significant  deviations  from  Eqs.  (2)  can  occiu*  under  exceptional  condi¬ 
tions  (3,  Ch.  XV),  variations  of  one  atmosphere  in  pressure  change  the  pressure 
coefficient  c„  I  2  by  less  than  0.03,  if  v  =  200 fps,  and  by  less  than  1 

percent  if  v  -  400  fps.  Hence,  in  such  cases,  the  Helmholtz -Brillouin  problem  is 
a  priori  very  reasonable.  Even  air-filled  and  vapor-filled  cavities  should  behave 
similarly,  since  we  have  p^.  p  p„  under  these  circumstances.* 

Unfortunately,  the  Helmholtz-Brillouln  problem  is  not  easy  to  solve  mathemati¬ 
cally,  and  one  seldom  knows  whether  it  has  a  unique  solution. 


Boundary  Layer  Theory 

I  agree  with  Drs.  Maccolland  Imai  (1,  pp.  224,  295)  that  the  influence  of  viscosity 
on  the  separation  point  should  first  be  studied  using  boundary  layer  theory.  This 
theory  makes  it  obvious  why  separation  must  occur  behind  the  point  of  minimum 
pressure— i.e.,  why  the  Helmholtz -Brillouin  problem  predicts  separation  too  far  for¬ 
ward.  It  also  suggests  a  way  of  improving  agreement  between  theory  and  observation 
(a  "viscosity  correction").  Experimental  data  ran  be  corrected  by  displacing  the 
liquid-solid  and  liquid-gas  interfaces  outward  by  an  easily  calculated  displacement 
thickness  'fs).  It  would  be  interesting  to  study  the  resulting  potential  flows  as  solu¬ 
tions  of  the  Heimholtz-Brillouin  problem  for  the  displaced  fixed  boundary.  Perhaps 
this  would  explain  the  discrepancy  noted  in  Ref.  1,  p.  224. 


On  the  other  hand,  I  do  not  think  that  boundary  layer  theory  is  an  adequate  sub¬ 
stitute  fur  Eqs.  (2),  as  suggested  by  Imai.  *  I  do  not  even  agree  that,  according  to 
boundary  layer  theory,  the  asymptotic  curvature  must  be  finite.  Why  should  not  a 


seems  unlikely  that  one  can  attain  cavity  overpressure  by  "hyperventilation"  — i.e., 
that  forcing  air  mt<j  llie  <  avity  will  make  Q  '  0.  Cf.  Pror.  Kirsl  Symp.  Appl.  Math. 
Am.  Math.  Soc.,  p,  1,  l‘M^*;  Ref.  14,  p,  S8:  Proe.  7lh  Int,  Congress  Appl,  Mech., 
l.iindon,  194H. 

^Ref.  1,  p.  and  .1.  Phys.  Soc,  Japan  H:  vrN40/  (I'/Si). 
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brief  adverse  pressure  gradient,  followed  by  a  mild  singularity’’'  inducing  separation 
with  infinite  curvature,  be  compatible  with  conventional  boundary  layer  theory? 

It  is  attractive  to  speculate  that  the  separation  point  can  be  located  by  combining 
free  streamline  and  boundary  layer  theory,  as  follows.  Consider  the  one-parameter 
family  of  cavity  flows,  with  variable  separation  point,  which  is  possible  if  the  maxi¬ 
mum  velocity  occurs  before  separation— as  suggested  by  boundary  layer  concepts. 
Then  find  which  flow  is  compatible  with  the  usual  boundary  layer  separation  criteria. 
This  could  probably  be  calculated  numerically,  in  the  case  of  a  circular  cylinder,  and 
I  think  such  a  calculation  would  be  very  desirable. 

However,  it  is  clear  that  such  a  calculation  will  predict  a  fixed  separation  point, 
independent  of  the  flow  velocity.  For,  inside  the  boundary  layer,  the  equations  are 
invariant  under  the  group' 

X  .  X.  II  •  '^11.  V  .  .’V  (  I  '  0)  .  (3) 

Outside  the  boundary  layer,  the  flow  scales  inertially  (14,  p.  97),  completing  the 
verification. 
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CAVITY  FLOWS  OF  VISCOUS  LIQUIDS 
IN  NARROW  SPACES 


Sir  Geoffrey  Taylor  emd  P.  G.  Saffman 

/>(  1 1  I  (  V  Ilf 


*  'f  *  « 

This  communication  is  concerned  with  the  motion  of  the  interface 
between  two  immiscible  viscous  fluids  contained  in  the  narrow  space 
between  two  closely  spaced  surfaces.  One  of  the  fluids  may  be  of 
negligible  viscosity  and  density,  corresponding  to  the  rase  of  a  cavity. 
When  the  surfaces  are  fixed,  parallel,  and  plane,  the  configuration  is 
known  as  a  Hele-Shaw  apparatus. 

The  penetration  of  a  viscous  flu<d  into  a  more  viscous  fluid  con* 
tainedin  a  straight*  sided  channel  in  a  Hele* Shaw  apparatus  is  discussed 
under  certain  simplifying  assumptions  about  the  physical  conditions  at 
the  interface.  These  are  that  the  pressure  change  on  croscingthc  inter¬ 
face  is  constant,  and  that  the  sheets  of  the  more  viscous  fluid  left  behind 
after  the  interface  has  passed  are  of  constant  thickness.  The  problem 
is  not  unique,  possessing  a  singly  infinite  family  of  solutions,  and  some 
analytical  features  of  the  solution  which  single  out  a  particular  flow  are 
described. 


INTRODUCTION 

Taylor  (1)  has  shown,  and  Lewis  (2)  has  verified  experimentally,  that  the  surface 
between  two  superposed  fluids  of  different  densities  and  negligible  viscosities  which 
are  accelerated  In  a  direction  perpendicular  to  their  interface  is  stable  or  unstable 
to  small  deviations  ;  ccording  as  the  acceleration  is  directed  from  the  more  dense  to 
the  less  dense  fluid  or  vice  versa.  11  the  fluids  are  confined  within  a  long  tube  or 
channel,  a  final  steady  state  appears  to  be  attained  in  which  a  long  bubble  or  finger 
of  the  less  dense  fluid  advances  along  the  tube  whilst  the  more  dense  fluid  drains 
away  round  the  sides.  This  situation  occurs  when  a  vertical  tube  filled  with  fluid  is 
closed  at  the  top  and  opened  at  the  bottom  to  the  atmosphere.  The  steady  motion  of 
large  bubbles  or  cavities  rising  through  invlscid  liquicto  in  tubes  and  channels  has 
been  studied  experimentally  and  theoretically;  see,  for  example,  Davies  and  Taylor  (3); 
Garabedian  (4),  where  other  references  may  be  found. 

Saffman  and  Taylor  (S)  have  shown  that  analogous  phenomena  occur  when  two 
superposed  immiscible  viscous  fluids  are  forced  with  uniform  velocity  through  a 
Hele-Shaw  cell,  that  is,  between  two  closely  spaced,  fixed  parallel  sheets.  When  the 
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interface  between  the  two  fluids  is  straight  and  perpendicular  to  the  direction  of 
motion,  a  steady  uniform  motion  is  theoretically  possible;  but  it  can  be  shown  that 
the  interface  is  unstable  to  small  deviations  when  the  direction  of  motion  is  from  the 
less  viscous  to  the  more  viscous  fluid  (i.e.,  when  the  less  viscous  drives  the  more 
viscous)  and  stable  when  the  more  viscous  pushes  the  less  viscous.  Actually  this 
statement  is  strictly  true  only  when  the  plates  bounding  the  cell  are  horizontal,  or 
the  fluids  have  the  same  densities,  so  that  the  stabilizing  or  destabilizing  effects  of 
gravity  are  not  important.  When  gravity  effects  have  to  be  considered,  the  statement 
holds  if  the  uniform  velocity  with  which  the  fluids  move  through  the  cell  is  greater 
ti'an  a  ceitain  critical  velocity  (which  may  be  negative)  depending  upon  the  density 
difference.  However,  when  the  plates  are  very  close  together  or  the  fluids  are  very 
viscous,  the  pressures  required  to  drive  the  fluids  will  be  large  compared  with  the 
hydrostatic  pressure  so  that  gravity  may  effectively  be  neglected  even  if  the  plane  of 
the  cell  is  vertical. 

The  instability  was  demonstrated  experimentally  and  the  motion  into  which  the 
instability  develops  w?-'  observed.  This  consists  of  the  penetration  of  the  more 
viscous  fluid  by  "fingers"  of  the  less  viscous  one  in  a  way  analogous  to  the  later 
stages  of  the  instability  of  accelerated  interfaces  as  reported  by  t«wis.  A  charac¬ 
teristic  feature  of  the  later  stages  of  the  growth  of  "instability”  into  "fingers"  is  the 
tendency  of  the  fingers  to  space  themselves  so  that  the  width  of  the  fingers  and  the 
columns  of  more  viscous  fluid  between  them  are  of  approximately  the  same  breadth. 
Another  characteristic  feature  was  the  inhibiting  effect  on  the  growth  of  its  neigh¬ 
bours  by  any  finger  which  gets  ahead  of  them.  These  features  are  shown  in  the  three 
photographs  of  Fig.  1  in  which  air  was  used  to  drive  glycerine  downwards  through  a 
Hele-Shaw  cell  consisting  of  two  vertical  rectangular  sheets  of  flat  glass  0.09  cm 
apart.  The  first  photograph  (a)  was  taken  shortly  after  the  beginning  of  the  motion 
and  shows  the  instability  in  its  initial  stages.  The  second  photograph  (b)  was  taken 

(bl  (c) 


Kin.  I  -  rt‘v  ilcvfl.ipnii-nt  m  thi-  mst.iliility  of  an  air-niyii-rini-  inU-rfacp.  The  ai  is 
above  ami  the  nlyverme  below;  the  d.reetiun  of  iiiutiun  is  downwanls.  (a)  An  e.irly 
-sf.ine.  fbl  .1  filer  -‘.*-it;e  )  a  lali-r  sf-tpe  than  (b|. 
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at  a  later  stage  of  the  instability  (not  the  same  experiment)  and  shows  the  tendency 
of  the  fingers  to  be  separated  by  a  distance  approximately  equal  to  their  width.  The 
third  photograph  (c),  taken  at  a  still  later  stage  with  another  experiment,  shows  the 
inhibiting  effect,  because  the  three  fingers  on  the  right-hand  side  of  this  photograph 
all  started  to  grow  at  the  same  time  but  the  middle  finger,  which  was  slightly  larger 
than  its  neighbours,  has  almost  completely  Inhibited  the  growth  of  the  others  and  has 
spread  laterally. 

In  attempting  to  understand  the  mechanics  of  the  formation  and  pr(q)agation  of 
fingers  from  an  unstable  interface,  the  authors  were  led  to  the  consideration  of  a 
single  finger  of  fluid,  or  a  cavity,  propagating  steadily  through  a  channel  of  fixed 
width  in  a  Hele-Shaw  cell  containing  a  more  viscous  fluid.  Actually,  it  appears  that 
if  the  superposed  fluids  with  an  unstable  interface  are  confined  within  a  sufficiently 
long  parallel- sided  channel  in  a  Hele-Shaw  cell,  then  "instability"  finally  develops 
into  such  a  motion  with  the  penetrating  finger  of  less  viscous  fluid  in  the  middle  of 
the  channel  and  a  certain  fraction  of  the  channel  width.  Thus  this  problem  will  be 
closely  related  to  the  rise  of  an  air  bubble  through  a  long  vertical  channel,  closed  at 
the  top  and  npe-nto  the  air  at  the  bottom,  in  a  Hele-Shaw  cell,  l.e..  between  two  closely 
spaced  sheets. 


THE  ANALYTICAL  DESCRIPTION  OF  THE  MOTION  OF 
TWO  IMMISCIBLE  FLUIDS  IN  A  HELE-SHAW  CELL 

For  a  viscous  fluid  moving  between  two  closely  spaced,  fixed,  parallel  plates, 
the  components  of  the  mean  velocity  across  the  stratum  are  given  by  (see,  for  exam¬ 
ple,  Lamb  (6)) 


II 


12  \  X 


■>) 


(1) 


where  i>  denotes  the  (small)  distance  between  the  plates,  u  the  pressure  (assumed 
constant  across  the  stratum),  .  the  density  and  .  the  viscosity  of  the  fluid,  and  k  the 
acceleration  due  to  gravity.  The  plane  of  the  plates  is  here  taken  as  vertical,  *  and 
y  are  coordinates  measured  in  the  plane  of  the  plates  with  the  x-axis  taken  vertically 
upwards  (the  y-axis  is  therefore  horizontal),  and  u  and  v  are  the  components  of  the 
mean  velocity  averaged  across  the  stratum  in  the  x-  and  y-directions,  respectively. 
The  case  in  which  tlie  plates  bounding  the  cell  are  horizontal  is  obtained  by  putting 
1!  0. 


The  mean  velocity  field  is  two  dimensional  and  can  be  derived  from  a  velocity 
potential 


By  virtue  of  the  equation  of  continuity,  n  and  there  exists  a  stream  function  . 
which  is  the  harmonic  conjugate  of  . ,  so  that  the  complex  potential  <  .  '  i .  is  an 

analytic  function  of  x  '  iv.  (This  result  was  used  by  Hele-Shaw  (7)  fur  the  purpose 
cf  demonstrating  the  streamlines  in  the  irrotational  flow  of  an  inviscid  liquid  in  two 
dimensions.) 

Consider  now  the  motion  of  the  interface  between  two  immiscible  fluids  of  vis¬ 
cosities  , .  2  and  densities  |.  '  2-  ^'*<1  suppose  the  direction  of  motion  of  the  inter¬ 
face  is  away  from  fluid  2  toward  fluid  1;  i.e.,  fluid  2  drives  fluid  1.  For  a  cavity  flow, 
2  and  .  2  zero,  but  for  the  moment  we  shall  suppose  tliis  is  not  necessarily 
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SO.  Now  fluid  1  is  not  necessarily  completely  expelled  or  replaced  by  fluid  2;  a  film  of 
fluid  1  may  wet  the  plates  and  adhere  to  them  whilst  a  tongue  of  fluid  2  advances  along 
the  middle  of  the  gap  between  the  plates.  The  thickness  of  this  tongue  is  a  fraction, 
t  say.  of  the  gap  between  the  plates  and  it  may  be  expected  that  t  will  depend  upon  the 
viscosities  of  the  fluids,  the  velocity  of  advance  of  the  tongue,  and  the  interfacial  tension. 

That  is,  the  motion  may  be,  in  fact,  a  combination  of  two  different  types  of 
cavity  flow.  There  is  that  flow  viewed  by  an  observer  standing  In  front  of  the  cell 
looking  in  a  direction  perpendicular  to  the  plates;  he  sees  the  motion  of  the  two  - 
dimensional  interface  between  two  regions,  one  occupied  by  fluid  1  and  the  other  by 
fluids  2  and  (possibly)  1,  and  is  observing  in  fact  the  projection,  on  the  plates  bound¬ 
ing  the  cell,  of  the  boundary  of  the  region  containing  fluid  2.  The  velocity  of  the  inter¬ 
face  he  sees  is  actually  the  velocity  of  the  tip  of  the  tongue  between  the  plates.  On 
the  other  hand,  an  observer  stan^ng  at  the  side  and  looking  between  the  plates 
(assuming  this  is  possible)  sees  the  penetration  of  a  viscous  fluid  between  two 
closely  spaced  parallel  plates  by  a  tongue  of  another  viscous  fluid,  and  this  cavity 
flow,  although  schematically  similar  to  the  first,  is  in  fact  governed  by  different 
equations,  namely  those  of  slow  creeping  motion  which  retiuce  to  the  biharmonic 
equation  for  two-dimensional  flow,  whereas  the  first  type  of  cavity  flow  may  be 
described  (under  assumptions  formulated  below)  by  solutions  of  Laplace's  equation. 
The  two  flows  are  not  independent,  but,  by  making  plausible  assumptions  about  the 
thickness  of  the  tongue,  it  is  possible  to  analyse  the  motion  as  seen  by  an  observer 
standing  in  front,  and  this  communication  is  concerned  with  cavity  flows  regarded 
from  this  viewpoint. 

Suppose  first  that  one  fluid  completely  expels  the  other  so  that  t  1.  In  this 
case  the  tip  of  the  meniscus  viewed  by  an  observer  in  front  represents  an  interface 
completely  separating  the  two  fluids.  Also,  the  streamlines  which  would  be  seen  by 
this  observer  if  the  fluids  were  marked  are  those  of  the  mean  velocity  field.  The 
mean  velocity  across  the  stratum  of  fluid  1  ahead  of  the  interface  can  be  derived 
from  the  velocity  potential 


. ,  -  n>*  12  ,  )(p  •  .  ,nx ) 

and  that  of  fluid  2  from 

•  2  -  Ml*  I2.2)^P  '  •  2‘'’‘'' 

where  ■  |  and  .  j  bolh  satisfy  Laplace's  equation.  Since  i>  is  small,  the  width  of  the 
projection  of  the  meniscus  onto  the  plates  is  small  compared  with  the  length  scale  of 
the  mean  motion,  and  the  Interface  may  be  regarded  as  a  sharp  line.  It  follows  from 
continuity  that  the  component  of  mean  velocity  normal  to  the  interface  is  continuous 
across  it  and  is  equal  to  the  velocity  of  the  interface  normal  to  itself;  i.e., 

.  I  11  ■ .  2  11  .  or  .  ,  -2  (2) 

at  the  interface,  where  n  is  differentiation  in  the  normal  direction. 

The  authors  (5)  have  given  some  evidence  to  show  that,  in  cases  likely  to  be  met 
with  in  cavity  flows  of  this  type,  t  may  be-  within  1-1/2  percent  of  unity.  However, 
the  conditions  determining  the  value  of  t  and  the  mechanics  of  the  second  type  of 
cavity  flow  are  far  from  being  fully  understood,  and  the  assumption  t  l  will  .lot  be 
reasonable  in  all  the  cases  likely  to  be  encountered.  On  the  other  hand,  it  appears 
that  the  thickness  of  the  longue  may  be  sensibly  constant  for  some  cases,  and  if  this 
is  so  it  transpires  that  it  is  possible  to  analyse  the  motion  in  a  way  similar  to  the 
case  t  1 . 
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Suppose  now  that  the  thickness  of  the  tongue  is  constant.  The  interface  can  now 
be  identified  with  the  tip  of  the  tongue.  Ahead  of  the  tongue,  the  mean  velocity  is 
given  byEq.  (1);  behind  the  interface,  the  velocity  distribution  across  the  gap  between 
the  piates  can  be  worked  out  making  the  same  approximation  used  in  calculating  Eq. 
(1)  that  velocity  gradients  in  directions  parallel  to  the  plates  are  small  compared 
with  those  in  the  perpendicuiar  direction  and  that  the  pressure  is  constant  across  the 
gap.  The  mean  velocities  in  the  tongue  and  the  layers  adhering  to  the  plates  can  be 
shown  to  be  derivable  from  velocity  potentials  which  satisfy  Laplace's  equation,  and 
continuity  considerations  at  the  interface  give  a  boundary  condition  between  the  veloc¬ 
ity  potentials  on  each  side.  It  can  then  be  shown  that  the  interface  moves  as  if  it 
were  an  interface  completely  separating  two  imaginary  fluids  of  different  viscosities 
and  densities,  one  of  which  completely  expels  the  other,  i.e.,  for  which  t  1.  For  the 
case  in  which  a  viscous  fluid  is  penetrated  by  a  cavity  (i.e.,  -  j  ■  2  motion  of 

the  interface  is  the  same  as  if  a  fluid  of  viscosity  t.^  and  density  ,1  - 
were  completely  expelled,  the  pressures  in  the  two  flows  being  the  same. 

In  other  words,  the  case  t  constant  is  equiva’ent,  for  the  purposes  of  mathe¬ 
matical  analysis,  to  t  i.  The  analysis  will  henceforward  be  baaed  on  the  assump¬ 
tion  that  t  constant,  since  otherwise  a  simple  description  of  the  motion  Is  not  pos¬ 
sible;  so  that  It  is  sufficient  in  fact  to  consider  only  the  case  t  I  without  loss  of 
generality.  The  available  evidence  indicates  that  this  is  a  reasonable  assumption, 
but  further  work  remains  to  be  done. 

To  complete  the  description  of  the  equations  governing  the  flow,  it  is  necessary 
to  know  what  is  the  pressure  drop  across  the  interface.  If  the  fluid  wets  the  plane 
surfaces,  it  might  be  expected  that  under  static  conditions  the  pressure  drop  would 
be  ii  Ik),  where  r  is  the  radius  of  curvature  of  the  projection,  on  the  plane  of 
the  plates  bounding  the  cell,  of  the  meniscus.  When  the  fluids  are  moving,  the  pres¬ 
sure  drop  across  the  interface  may  depend  upon  a  variety  of  physical  circumstances 
which  are  not  yet  understood.  The  simplest  assumption  we  can  make  is  that  the  pres¬ 
sure  drop  has  the  same  value  as  in  the  static  case  and  hence  that 


on  the  interface.  Further,  the  pressure  gradients  in  the  viscous  fluid  ire  of  order 
11  where  u  is  the  velocity  of  the  interface,  so  that  if  t  R  mR  1211-,  i.e., 
ur’  n2Tu^i  I  (which  is  likely  to  be  the  case  if  the  motion  is  not  very  slow),  it 
seems  reasonable  to  neglect  T  R  and  take  the  boundary  condition  at  the  interface  as 

''2  -  ''j  const  lilt  t’.  s.iy.  (4) 

The  pressure  inside  a  cavity  is  effectively  zero,  so  that  for  cavity  flows  the  boundary 
condition  in  this  case  is  I’  "  at  the  surface  of  the  cavity. 


THE  PENETRATION  OF  A  CAVITY  INTO  A  CHANNEL 

1'he  authors  (5)  have  Investigated  the  propagation  of  a  finger  of  fluid  through  a 
straight  parallel -sided  channel  in  a  Hele-Shaw  cell  containing  a  nidre  viscous  liquid. 
They  showed  that  when  the  fluid  in  the  finger  has  negligible  viscosity,  and  hydrostatic 
pressures  can  lie  ignored,  and  it  is  assumed  that  the  viscous  fluid  is  completely 
expelled,  i.e..  t  i  (or,  as  is  mathematically  equivalent,  t  const  ),  and  the  pres¬ 
sure  is  assumed  constant  on  the  interface,  i.e.,  Eq.  (4)  is  used,  then  the  imtentiul 
and  stream  function  uf  the  mean  velocity  (across  the  stratum)  of  the  viscous  liquid 
satisfy  the  boundary  conditions: 
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,  Vx  as  X  '  1 

where  v  denotes  the  uniform  mean  velocity  of  the  fluid  at  Infinity  ahead  of  the  finger; 

.  ■  V  'Ml  >  '  I  . 

since  the  walls  of  the  channel  which  are  taken  as  >  ■  l  are  streamlines  of  the  mean 

veiocity  (edge  effects  which  occur  at  walis  in  the  Heie-Shaw  cell  and  invalidate  Eq. 
(1)  within  distance  ii  of  them  are  neglected);  .  o  on  the  interface,  by  virtue  of  Eq. 
(4):  and  (assuming  the  finger  is  symmetrical  about  the  centre  line  of  the  channel) 

Vy  oil  ,  , 

where  v  is  the  velocity  of  propagation  of  thefinger.  The  solution  of  this  free  boundary 
problem  was  shown  to  be 


•  *  '  -  2  .  ,  If.  T.  •  i  .  )  I 

X  .  ly  .  fl  -  )  loi;  j  fl  •  ixp y - J.  (5) 

and  the  velocity  of  the  finger  is  related  to  the  mean  velocity  at  infinity  by 

V  I'  .  (6) 

where  is  the  fraction  of  the  channel  width  occupied  by  the  finger  after  the  nose  has 
passed;  i.e.,  3  is  the  distance  between  the  straight  sides  of  the  finger.  The  equation 
of  the  interface  is  the  image  of  .  o  and  is  easily  seen  to  be 

X  -  —  lot  ,  •  fOS  .  (7) 

It  was  pointed  out  further  that  the  case  in  which  the  fluid  in  the  finger  has  a  nrn- 
zero  viscosity  and  hydrostatic  pressures  are  not  neglected  can  be  reduced  to  this 
case,  provid^  the  same  simplifying  assumptions,  namely  those  embodied  in  Eqs.  (2) 
and  (4),  are  made  about  the  physical  conditions  at  the  interface.  In  particular,  the 
equation  of  the  interface  is  still  given  by  (7).  For  the  case  of  a  cavity  rising  through 
a  vertical  channel  in  a  vertical  cell,  the  relation  between  the  velocities  is 

■r  V  ■  ( 13  1  -  )  •  i;. 

V  0  corresponds  to  the  case  in  which  the  channel  is  closed  at  the  top.  and  the  veloc¬ 
ity  of  rise  is  then 


Now  there  is  nothing  in  the  analysis  which  leads  up  to  Eqs.  (5),  (6).  and  (7)  which 
specifies  the  value  of  ,  the  fraction  of  the  channel  occupied  by  the  finger  after  the 
nose  has  passed.  That  is,  if  only  the  conditions  at  infinity  in  front  of  the  cavity  are 
specified,  the  mathematical  problem  does  not  appear  to  possess  a  unique  solution 
and  there  is  an  Infinity  of  possible  shapes  fur  the  interface,  each  wiUi  a  different 
velocity  of  penetration.  (It  is  worth  noting  tliat.  according  to  the  analysis,  the  family 
of  possible  shapes  is  independent  of  the  physical  properties  of  the  fluids.)  The  cal¬ 
culated  shapes  for  =  U.2.  0.5.  and  0.8  are  shown  in  Fig.  2. 

It  was  noted  recently  by  Garabedian  (4)  that  the  analogous  free- boundary  prob- 
Iriii  of  an  air  bubble  rising  through  a  vc  rtical  tube  or  channel  containing  an  Inviscid 
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Fip.  J  -  Calculated  profiles  with  O.,!.  O.S.  0.8  fur  a  finpcr  prop¬ 
agating  through  a  channel 


liquid  also  does  not  possess  a  unique  solu¬ 
tion.  It  is  nice  to  be  able,  in  the  present, 
much  easier,  problem,  to  demonstrate  ex¬ 
plicitly  a  singly  infinite  family  of  solutions. 

This  motion  was  investigated  experi¬ 
mentally  using  a  variety  of  fluids.  In  the 
first  series  of  experiments,  a  finger  of  air 
was  blown  through  a  channel  containing 
glycerine  and  photographs  were  taken  of 
the  interface.  It  was  found  that  the  value 
of  for  several  experiments  was  within  2 
percent  of  0.50.  The  observed  shapes  of 
the  interface  were  compared  with  the  cal¬ 
culated  shape  with  =  0.50,  and  the  agree¬ 
ment  was  found  to  be  very  good.  In  Fig.  3 
the  line  is  the  photographed  interface  and 
the  circles  arc  surrounding  paints  calculated  from  Eq.  (7)  with 
ment  seems  to  justify  the  assumed  boundary  conditions. 


Fig.  I  -  Comparison  between  an 
observed  profile  and  the  irtcrface 
calculated  from  Eq.  (7)  with  -  l/~ 


=  1/2.  This  agree- 


The  question  now  arises  why  in  practice  the  finger  with  -  1  2  is  singled  out 
from  the  infinity  of  theoretically  possible  solutions.  It  might  be  thought  that  a 
hypothesis  of  a  maximum  or  minimum  rate  of  energy  dissipation  might  single  out  a 
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unique  value  ol  .  but  this  in  fact  is  not  so.  since  it  is  easily  seen  that  for  given  con¬ 
ditions  ahead  of  (lie  finger  the  rate  of  energy  dissipation  is  independent  of  . 

Further  experiments  n'ere  carried  out  in  order  to  see  whether  depended  upon 
the  ratio  of  the  viscosities  of  the  fluids  inside  and  outside  the  finger  or  upon  any  other 
of  the  physical  properties  ol  the  fluids.  These  experiments  showed  that  it  was  often 
possible  to  obtain  very  uniform  fingerstFig.  4  shov’s  an  example  with  water  penetrat¬ 
ing  a  narrow  channel  filled  with  an  oil),  and  that  the  value  of  was  always  close  to 
1  2.  provided  that  the  speed  of  the  finger  was  not  too  slow. 


Fig.  4  -  .A  phutograpii  shuwing  a  unifurni  iitigrr  ui 
pcnetr.vting  a  ciiannel  filled  with  oil 


At  low  speeds,  the  value  of  increased  from  0.5  to  the  limit  1.0  as  the  velocity 
tended  to  zero,  but  it  was  found  that  the  wider  forms  did  not  conform  to  the  crorre- 
sponding  profiles  calculated  from  Eq.  (7)  with  the  same  value  of  .  This  indicated 
that  surface  tension,  or  some  equivalent  surface  stress,  was  affecting  the  shapu  of 
the  interface,  and  that  the  boundary  condition  (Eq.  4)  is  not  applicaUe  when  u  is  too 
small  (as  is  indeed  to  be  expected  according  to  the  previous  discussion).  Restricting 
attention  to  the  case  of  cavity  flows  in  which  the  viscosity  of  the  fluid  in  the  finger  is 
negligible,  it  would  then  be  expected  on  dimensional  grounds  that  the  value  of  in  a 
channel  of  given  shape  wouid  be  a  function  of  i' t  only,  when  the  fluid  wets  the  flat 
sides  of  the  channel.  The  results  of  some  experiments  are  shown  in  Fig.  5  and  justify 
this  expectation. 


•■’iti  Hj*.  "I'l  firiM  i*.Vt 

mU/T 


S  -  *n*.  4‘  1/!  tin  I’  f 
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The  value  of  rapidly  decreases  lu  1/2  as  .1)  T  increases,  i.o.,  as  the  effect  of 
interfacial  stress  in  determining  the  shape  of  the  Interface  becomes  less  important 
in  comparison  with  that  of  the  viscous  stress.  This  indicates  that  when  the  i^yslcal 
conditions  are  such  that  the  boundary  condition  (Eq.  4)  is  a  reasonable  representation 
oi  the  actual  physical  conditions  at  the  interface,  then  the  only  one  of  the  infinity  of 
possible  shapes  given  by  Eq.  (V)  that  can  actually  occur  is  that  for  which  =  1/2,  a 
conclusion  which  is  supported  by  the  evidence  of  Fig.  3. 

The  authors  (5)  were  unable  to  put  forward  any  theoretical  reason  for  this  deduc¬ 
tion  from  observation.  Further  work  still  in  progress  has  not  yet  succeeded  in 
accounting  for  this  phenomenon,  but  a  number  of  mathematical  results,  which  how¬ 
ever  lack  an  obvious  physical  significance,  have  been  discovered  which  single  out 
=  1/2.  These  will  be  described  in  the  following  section. 


SOME  MATHEMATICAL  RESULTS  WHICH  DISTINGUISH  =  1/2 

1.  The  first  result  is  of  a  geometrical  character.  Consider  the  area  between 
the  surface  of  the  cavity,  its  asymptotes  y  ■  ■ ,  and  the  tangent  at  the  vertex  of  the 
finger.  This  area  is,  according  to  Eq.  (7), 

A  ij  x.ly  loK  j  •  ros  .ly 

4  lot!  2  , 

(  1  -  > 


Hence,  the  arbitrary  criterion  that  A  is  a  maximum  gives  -  *  1/2! 

2.  An  exact  unsteady  solution,  under  the  same  simplifying  assumptions  about  the 
physical  conditions  at  the  interface,  has  been  discovered  (8)  which  represents  the 
change  with  time  of  the  interface  between  a  cavity  and  a  viscous  fluid  in  a  channel  in 
a  Hele-Shaw  cell.  Initially,  the  shape  of  the  interf 'ce  is  such  that  it  is  almost  flat 
and  extends  right  across  the  channel;  as  the  time  becomes  large,  the  shape  tends  to 
that  of  a  long  finger  propagating  steadily  through  the  channel.  That  is,  the  solution 
represents  the  growth  of  a  finger  from  a  flat  interface  which  is  disturbed  initially  in 
a  particular  way;  by  reflecting  in  the  channel  walls  we  have  a  solution  for  the  growth 
of  equal  and  equally  spaced  fingers  from  an  unstable  interface. 

There  is  a  singly  infinite  family  of  these  unsteady  solutions  corresponding  to 
different  values  of  the  ratio  of  the  width  of  the  final  finger  and  that  of  the  channel; 
this  parameter  is  denoted  by  .  It  was  shown  that  the  shape  of  the  interface  for  each 
value  of  is  obtained  by  eliminating  the  real  variable  s  from 

X  •  iy  S'  '1  -  )  loi!  T  jt  ■  -'t  )<•  '  'I  •  roiistiinl. 

where  >ic  - 1  is  a  function  of  the  time  '  which  is  small  when  n  and  which  tends  to 
one  as  -  (giving  Eq.  (7)  in  the  limit).  It  was  also  shown  that 


1  •  ;»)  ;is  ■  . 

n  -  ) 

so  that  the  rate  at  which  .i  .1,  which  corresponds  intuitively  with  the  rate  at  which 
the  finai  asymptotic  state  is  attained,  is  a  minimum  when  =  1/2,  thus  distinguishing 
the  finger  which  is  half  the  width  of  the  channel. 
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Actually,  this  result  is  puzzling,  since  it  might  intuitively  be  expected  that  the 
actual  shape  would  correspond  to  a  maximum  rate  of  formation. 

3.  Consider  the  mean  (two-dimensional)  velocity  field  in  a  channel  due  to  the 

supposition  of  a  uniform  mean  velocity  V  2  and  a  "source"  of  strength  2V,  i.e.,  a 

source  of  viscous  fluid  which  gives  rise  to  a  (two-dimensional)  distribution  of  mean 
velocity  whose  magnitude  is  v  r  near  the  source  and  rad'ally  outwards.  Using  the 
notation  from  the  preceding  section,  it  is  easily  .seen  that  the  complex  potential 
.  i  .  is  related  to  ?  x  ■>  by 

V?  ■  '  Ina  ^2  siiili  T  I'll'  (<■  -  1)  .  (8) 

At  z  ’ ' ,  the  mean  velocity  is  zero,  at  /  -  the  mean  velocity  is  uniform  of  mag¬ 

nitude  V. 

The  equation  of  the  equi|x>tential  .  e  is 


and,  on  it,  2V.v.  Hence,  the  mean  velocity  field  in  a  channel  due  to  a  "source"  of 
strength  \  moving  wi*h  velocity  2V  and  a  uniform  mean  velocity  I  2  v  is  identical 
with  the  mean  velocity  field  in  a  viscous  fluid  being  driven  through  the  channel  by  a 
finger  whose  width  is  half  that  of  the  channel  (provided  the  conditions  at  the  inter¬ 
face  may  be  represented  by  the  simplifying  assumptions),  which  is  a  mathematical 
feature  to  distinguish  =12. 

All  the  flows  with  -  1  2,  that  is,  for  all  combinations  of  viscosities,  densities, 
and  various  values  of  i ,  can  be  so  obtained  by  a  superposition  of  a  uniform  stream 
and  a  moving  source  of  appropriate  magnitudes.  Zhuralev  (9)  has  pointed  out  that 
two-dimensional  cavity  flows  in  a  porous  medium  (which  is  mathematically  analogous 
to  flow  in  a  Hele -Shaw  cell)  maybe  constructed  by  a  suitable  superposition  of  sources 
and  sinks  and  he  refers  to  the  solution  (Eq.  8).  It  is,  in  fact,  possible  to  demonstrate 
that  the  flows  with  -  1/2  can  be  constructed  in  a  similar  way,  but  it  turns  out  that 
the  system  of  sources  required  is  much  more  complicated  involving  line  sources  and 
line  dipoles  instead  of  the  simple  source  which  suffices  for  =  1  2. 

4.  Before  we  give  the  next  feature,  it  is  first  necessary  to  describe  briefly  a 
stability  investigation.  The  stalrilityto  small  disturbances  of  the  interface  of  a  cavity 
penetrating  a  channel  was  investigated  theoretically  since  it  was  thought  that  this 
might  throw  some  light  on  the  occurrence  of  =  1.  2  in  practice.  Taking  the  origin 
at  a  point  fixed  in  space  (and  neglecting  hydrostatic  pressures),  the  steady  mean 
motion  is  given  by  (  denotes  time) 


where  the  term  arises  iicrausc  the  origin  is  fixed  in  spare  luid  imt  fixed  relative 
to  the  bubble  as  in  the  derivation  of  Eq.  (5).  and  /  is  taken  as  a  function  ol  .  so  that 
in  fact  we  arc  working  in  the  iioiential  plane.  Suppose  the  motion  is  slightly  disturbed, 
so  that  it  is  given  liy 

/  /  ‘  '  /  I  /  j  J  •  *  '  1 
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where  is  small.  The  conditions  that  the  disturbance  vanishes  at  infinity  and  that 
the  walls  of  the  channel  are  streamlines  are  x,  o  as  ..  and  y,  o  on  .  •  v. 

respectively.  If  we  assume  that  the  boundary  conditions  at  the  interface  are  unal¬ 
tered.  i.e..  the  interface  is  taken  as  .  n  and  the  value  of  t  is  supposed  to  remain 
unaltered,  then  it  can  be  shown  that  the  condition  satisfied  by  x,  and  vj  on  the  inter¬ 
face  is 


V 


II  1 


*1 


1  smC  .  V) 

.  V) 


nr 


to  the  first  order  in  .  It  is  then  easy  to  show  that 


<  .1 


v 


satisfies  all  the  necessary  conditions,  and  that  any  disturbance  which  leaves  the 
straight  sides  unaltered  at  (i.e.,  which  vanishes  as  x  •  -  -  )  can  be  expressed  as  a 
sum  of  disturbances  of  this  type.  The  n,,,  are  real  constants  determined  by  a  set  of 
simultaneous  equations.  Since  the  amplification  factor  is  positive,  the  conclusion  of 
this  analysis  is  that  all  possible  shapes  calculated  using  Eq.  (7)  are  unstable;  a  con¬ 
clusion  which  is  manifestly  wrong  (see.  for  example.  Fig.  4). 

This  indicates  that  surface  tension,  or  some  other  effect  of  Interfacial  stress, 
must  stabilize  the  motion  in  some  way.  even  when  l'  T  Is  large,  and  thai  it  Is  not 
legitimate  to  discuss  the  stability  under  the  same  simplifying  assumptions  about  the 
physical  conditions  at  the  interface  which  were  used  in  calculating  the  steady  motion. 
.0  explain  why  surface  tension  can  be  neglected  in  calculating  the  steady  shape,  but 
yet  is  apparently  important  in  its  effect  on  the  stability,  is  a  problem  which  has  not 
yet  been  resolved.  Partly,  the  difficulty  is  that  our  knowledge  of  the  actual  physical 
conditions  at  the  Interface  is  limited,  though  it  is  hoped  that  further  work  will  clarify 
this,  and  also  throw  light  on  the  mechanism  which  selects  the  value  of  .  It  should 
be  noted  that,  along  the  straight  sides  of  the  finger,  the  velocity  of  the  fluid  Is  expo¬ 
nentially  small  so  that  .c  t,  where  v  is  a  local  velocity,  must  eventually  be  small; 
and  the  surface  tension  effect  tnay  be  expected  to  be  large  relative  to  the  viscous 
stress  along  the  straight  sides,  although  it  will  still  be  small  relative  to  the  viscous 
stresses  at  the  nose. 

In  this  connection,  a  mathematical  feature  which  distingulshea  -  1  2  of  the 
stability  analysis  given  above  may  possibly  be  relevant.  If  we  express  the  velocity 
potential  and  stream  (unction  in  terms  of  the  physical  coordlnatea  In  the  region  of 
the  straight  sides  of  the  finger  (i.e.,  as  x  -  -  it  can  be  shown  that  the  perturbation 
of  the  pressure  behaves  as 


n'  y) 
2(  1  1 


((  •  I 


where  ir  ■  >  and  ki  i  are  exponentially  growing  functions  of  the  time.  It  so  happens 
that  If  I  n  for  any  disturbance  when  =  1  2,  uut  th**  physical  significance  of  this 
is  not  yet  clear. 


MOTION  OF  A  FINITE  BUBBLE  IN  A  CHANNEL 

In  a  further  attempt  to  find  an  explanp'ion  for  =  1.  2,  we  were  led  to  the  theo¬ 
retical  consideration  of  the  steady  motion  .hruugh  a  channel  in  a  Hele-Shaw  cell  of  a 
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bubble  of  finite  area  bounded  by  a  closed  curve  symmetrical  about  the  centre  line  of 
the  channel,  under  the  same  assumptions  about  the  physical  conditions  at  the  inter¬ 
face  as  were  used  for  calculating  the  shape  of  the  long  fingers.  Restricting  attention 
to  the  case  in  which  the  fluid  in  the  bubble  is  of  negligible  viscosity  and  hydrostatic 
pressures  can  be  neglected,  a  solution  is  required  of  the  free  boundary  problem  for¬ 
mulated  earlier  in  this  paper,  except  that  the  Interface  has  now  to  be  closed  instead 
of  infinite.  For  brevity  we  shall  omit  the  analytical  details  and  confine  ourselves  to 
quoting  the  final  result. 


It  may  be  verified  that 


4  (f  -  11 
t' 


f  .mil"  ’ 
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<  t.'iil)  ^ 

-  1 

t'in!i“ 

2  >  .. 

•  tail'  i 

)" 

( 

'  J 

gives  the  velocity  potential  and  stream  function  of  the  mean  velocity  when  a  finite 
bubble  bounded  by  the  curve 


X  p  rv)l‘' 

moves  steadily  with  velocity  t',  the  velocity  at  infinity  ahead  of  and  behind  the  bubble 
being  uniform  and  equal  to  unity.  The  bubble  is  symmetrical  about  its  centre,  its 
length  is 


•*  .  1  - 1  / '  n  \  t 

tmtit  Sint  H  I  L.  siy. 

its  maximum  width  is  2  ,  and  its  area  is 

16  u  - 1  .  ...  2/1  \  - 

_  tanh  *  "V  ■  I  S  .  siiv. 

1,'^  \4  / 

If  I'  -  I ,  keeping  i'  fixed,  the  area  of  the  bubble  tends  to  . .  and  it  is  easily  shown 
that  we  can  recover  Eqs.  (5)  and  (7).  This  is.  of  course,  only  to  be  expected  since  a 
long  finger  may  clearly  be  regarded  as  the  front  of  a  large  bubble.  It  is  clear  that 
the  motion  is  mathematically  not  unique.  For  a  bubble  ol  given  area  and  for  given 
conditions  at  Infinity,  there  is  again  a  singly  infinite  family  of  mathematicallv  pos¬ 
sible  shapes. 

When  is  small  compared  with  one  and  i'  remains  finite,  the  dimensions  of  the 
bubble  are  small  compared  with  the  wittth  of  the  channel,  so  that  this  is  the  case  of 
the  motion  of  a  small  bubble.  The  equation  of  the  interface  reduces  to 


j  •  y 
(P  Ji* 

so  that  a  small  bubble  is  (according  to  the  analysis)  an  ellipse  of  axis  ratio  v-  l, 
where  u  is  really  the  ratio  of  the  velocity  of  the  bubb’e  to  the  velocity  at  infinity. 
When  ('  2,  the  interface  is  circular. 

Now  the  analysis  has  so  far  been  based  on  the  assumption  that  the  pressure  drop 
across  the  interface  is  given  by  Eq.  (4).  For  small  bubbles,  surface  tension  is  likely 
to  be  of  some  effect,  in  which  case  the  pressure  drop  is  more  likely  to  be  given  by 
J)q.  (3).  It  is  worth  noting  that  the  above  solution  for  small  bubbles  is  valid  exactly 
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using  the  boundary  condition  (3)  when  the  bubble  is  circular.  Furthermore,  the  effect 
uf  surface  tension  may  be  expected  to  tend  to  reduce  the  length  of  the  perimeter  and 
make  a  small  bubble  circular;  and  we  should  therefore  expect  the  motion  of  a  small 
bubble  to  be  physically  unique  with  the  bubble  circular  and  moving  with  twice  the 
velocity  at  infinity  (if  t  i). 

Visual  observations  of  small  bubbles  indicate  (hat  they  are  indeed  circular  when 
sufficiently  small.  When  larger,  they  are  often  pear  shaped  with  a  rounded  front  and 
pointed  back;  some,  on  the  other  hand,  seem  to  be  ovoid  with  the  sharper  end  pointed 
in  the  direction  of  motion.  These  latter  shapes  are  not  predicted  by  the  analysis  and 
are  probably  due  to  the  physical  conditions  at  the  retreating  Interface  over  the  back 
of  the  bubble  being  different  from  those  at  the  front;  there  is,  however,  no  clear  evi¬ 
dence  on  this  point.  When  the  dimensions  of  th  bubble  become  comparable  with  the 
width  of  the  channel,  the  front  of  the  bubble  resembles  closely  that  of  a  long  finger, 
but  the  shape  at  the  back  is  different,  for  probably  the  same  reason. 

Returning  to  the  exact  solution  for  a  bubble  of  arbitrary  size,  a  particular  shape 
is  singled  out  by  making  the  arbitrary  hypothesis  that  u  should  be  a  minimum  for  a 
bubble  oi  given  size.  It  is  easily  seen  that  this  gives  p  2.  When  the  bubble  is 
small,  the  circular  bubble  Is  singled  out;  when  the  bubble  Is  large,  l.e.,  i'-.  ''  1,  this 
gives  ^  l/2(  I )  and  in  the  limit  the  finger  which  Is  half  the  width  of  the  channel. 

The  product  t)  of  the  velocity  of  the  bubble  and  its  maximum  width  does  not 
have  a  clear  physical  significance,  although  It  may  be  Identified  intuitively  with  the 
rate  at  which  fluid  is  pushed  aside  by  the  bubble.  Attempts  to  give  this  result  a  sound 
physical  basis  have  so  far  failed. 
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DISCUSSION 


G.  Birkhuff  (Harvard  University) 

I  agree  that  surface  tension  is  probably  an  important  stabilizing  factor  in  the 
experiments  considered,  especially  for  shorter  wavelengths  as  in  the  experiments  of 
Lewis  (1950)  on  ordinary  Taylor  Instability.  In  analyzing  Uie  experimental  data,  it 
would  be  Interesting  to  tabulate  the  dimensionless  parameter 

..V  ■  >B.l’  F  n-.'  .  )R,1  . 

This,  roughly,  expresses  tlie  ratio;  (viscous  pressure  gradient)/(gravity  pressure 
gradient),  if  <i  is  the  plate  spacing  (about  0.09  cm).  A  casual  inspection  of  Fig.  13  of 
Saffman*Taylor  (1956)  suggests  that,  perhaps,  gravity  might  explain  the  marked 
deviation  from  (17). 

As  regards  ,  it  would  be  interesting  to  sec  how  stable  the  value  -  i  2  was 
against  its  Initial  width,  which  could  be  controlled  by  forcing  an  air  bubble  into  a 
channel  from  a  narrow  orifice.  It  would  also  be  Interesting  to  see  how  stable  the 
centering  of  the  bubble  about  the  channel  axis  was.  by  forcing  air  from  an  orifice 
near  one  edge.  Further,  it  would  be  interesting  to  know  how  stable  the  bubble  shape 
i.j  against  small  variations  Inii.  For  example,  if  the  plates  are  not  parallel  how 
great  is  the  tendency  for  the  bubble  to  migrate  towards  the  side  where  the  spacing  is 
greater  ? 

Finally,  I  should  like  to  mention  that  tlie  first  demonstration  of  non^uniqueness 
in  such  problems  was  made  by  Carter  and  myself'  using  simple  considerations  of 
symmetry  (see  sketch).  I  should  also  like  to  record  my  personal  impression  that 
Garabedian's  discussion  is  not  rigorous.  As  this  point  has  been  explained^  I  shall 
not  discuss  it  further  here. 


P.  G.  Saffman 

With  regard  to  Professor  Birkhoff's  first  comment,  the  plane  of  the  Hele-Shaw 
apparatus  was  horizontal  in  most  of  the  experiments.  Ilie  dimensionless  parameter 
v  (.  -  .  is  not  relevant  to  these  experiments,  and  in  particular  the  deviation 
shown  in  Fig.  13  from  the  calculated  shapes  is  not  capable  of  being  explained  by 
gravity  effects.  Indeed,  the  same  family  of  sliapes  is  given  by  the  analysis  irrespec¬ 
tive  of  whether  the  plane  of  the  apparatus  is  vertical  or  hot'izcntal  although  the 
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velocity  field  is  different.  For  example,  in  the  case  when  tlie  viscosity  of  the  fluid 
inside  the  linger  is  negligible,  the  velocity  of  the  fluid  outside  adjacent  to  the  straight 
sides  of  the  finger  is  at  rest  relative  to  the  plates  if  the  plane  of  the  apparatus  is 
horizontal,  but  not  if  it  is  vertical. 

Systematic  information  on  the  stability  of  i  2  against  changes  in  the  initial 
conditions  or  small  variations  in  1  is  not  available.  It  should  be  noted  that  is 
expected  to  be  a  function  of  the  spacing  I.  as  well  as  of  ifT. 

In  coiuiection  with  the  sketches  shown  by  Professor  Birkhoff,  we  should  like  to 
mention  that  we  have  found  exact  solutions  in  closed  form'''  giving  asymmetric  finger 
shapes,  and  there  is  a  whole  series  of  these  shapes  which  go  continuously  from  the 
‘symmetrical  one  shown  in  the  middle  sketch  to  the  shape  shown  in  the  third  sketch. 


’’G.  I.  Taylor  and  H.  C.  Suffman.  (to  appear,  19^9)  Quart.  J.  Mech,  Appl.  Math. 
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INTRODUCTION 

The  problem  of  unsteady  flows  with  wake  formation  of  with  separated  free 
streamlines  has  recently  stimulated  some  research  interest.  To  fix  ideas,  consider 
the  flov.'  past  a  plate  with  its  broad  side  facing  the  stream  and  oscillating  about  a 
fixed  point  as  shown  in  Fig.  1.  The  flow  separates  from  the  plate  at  points  A  and  A', 
and  we  can  adopt  the  hypothesis  that  the  free  streamlines  AB  and  A'B*  bound  a  region, 
called  the  wake  or  the  cavity,  of  constant  pressure  p,.  which  may  be  different  from 
llie  pressure  at  infinity,  n . .  In  the  absence  of  the  unsteady  motion,  the  streamlines 
of  constant  pressure  in  this  incompres.<ible  irrotational  flow  imply  streamlines  of 
constant  velocity.  However,  the  velocity  on  the  free  streamlines  in  an  unsteady  flow 
is  no  Icnger  constant  since  the  pressure  depends  also  on  the  time-rate  of  change  of 
the  local  velocity  field,  and  furthermore,  the  unsteady  motion  of  the  body  causes 
vorticity  of  varying  strength  to  be  shed  from  the  body  and  carried  downstream  along 
the  free  boundaries.  When  the  plate  inclination  decreases  to  a  small  angle  with  the 
undisturbed  flow,  the  wake  may  disappear,  the  two  vortex  sheets  then  coalesce  into  a 
single  sheet,  and  the  flow  becomes  that  considered  in  the  unsteady  airfoil  theory. 
Thus  the  unsteady  flow  with  wake  formation  differs  from  the  airfoil  theory  essentially 
by  the  presence  of  two  vortex  sheets  Instead  of  one,  and  the  problem  is  thereby  con¬ 
siderably  complicated. 


Fi(>.  1  -  Flow  past  .■«  platu 


Aside  from  these  conspicuous  points,  other  new  features  may  arise  in  the  prob¬ 
lem  of  the  unsteady  motion  with  wake  formation;  they  may  be  basically  different  from 
the  corresponding  features  characterizing  the  steady  cavity  flows  and  hence  are  per¬ 
tinent  to  the  general  formulation  of  the  problem.  One  of  these  features  is  the  pos¬ 
sibility  for  the  volume  of  a  finite  or  infinite  wake  to  vary  with  time.  For  cavity  flows 
of  an  incompressible  liquid  surrounding  a  vapor  cavity,  it  is  obvious  that,  when  the 
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volume  of  the  vapor  cavity  changes,  the  conservation  of  mass  and  conservation  of 
volume  of  the  entire  flow  become  incompatible  because  of  the  difference  in  the  liquid 
density  and  the  vapor  density.  Consequently,  any  variation  of  the  cavity  volume  must 
come  from  a  source  distribution  whose  net  strength  depends  on  the  time  rate  of 
change  of  the  cavity  volume.  A  direct  consequence  of  this  source  distribution  in  a 
two-dimensional  flow  of  infinite  extent  is  that  it  generates  a  pressure  field  which  is 
logarithmically  singular  at  infinite  distances.  Thus  it  is  clear  that  the  change  in  the 
cavity  volume  depends  on  the  flow  conditions  imposed  at  infinity.  More  precisely, 
the  cavity  volume  will  change  if  the  flow  at  infinity  is  of  a  source  type,  and  it  will  not 
change  if  otherwise.  Physically  this  can  be  seen  as  follows.  Consider  an  obstacle 
moving  through  an  incompressible  liquid  contained  in  a  rigid  container,  large  enough 
to  make  the  wall  effects  negligible.  Alter  the  cavity  trailing  behind  the  body  is  estab¬ 
lished,  e.g.,  by  removing  the  liquid  through  openings  of  the  container  and  by  allowing 
the  obstacle  to  move  fast  enough,  the  container  is  then  assumed  to  be  perfectly  rigid 
and  free  from  leakage.  Then,  as  the  velocity  of  the  obstacle  changes  in  time,  the 
cavity,  whether  still  attached  to  or  detached  from'the  ol)stacle  depending  on  the  later 
state  of  the  motion,  certainly  cannot  change  its  volume.  On  the  other  hand,  if  the 
liquid  has  a  tree  surface  above  the  obstacle,  then  the  cavity  volume  may  change  with 
the  velocity  of  the  motion.  Therefore,  in  order  to  make  the  problem  completely 
specified  and  the  solution  uniquely  determinate,  the  condition  of  the  velocity  and 
pressure  at  infinity  mu.st  also  be  given  as  functions  of  the  time.  For  simplicity,  we 
shall  confine  ourselves  in  this  work  to  the  case  In  which  the  flow  at  infinity  is  source- 
iree,  and  hence  the  cavity  volume  will  remain  constant.  However,  it  should  be 
remarked  here  that  the  generalization  of  this  argument  to  the  case  of  separated  flow 
in  air  would  be  open  to  question;  for  in  this  case  of  one^phase  flow,  the  fluid  inside 
the  wake  may  actually  consist  of  fluid  particles  originally  outside  due  to  the  turbulent 
mixing  in  the  unsteady  motion.  In  any  case,  if  the  fluid  particles  outside  a  cavity 
essentially  remain  outside,  then  one  may  assume  that  the  wake  or  cavity  does  not 
change  in  volume.  This  is  perhaps  a  reasonable  assumption  when  the  unsteady  part 
of  the  motion  is  only  a  small  perturbation  of  a  basic  ste^y  flow. 


Another  question  about  the  unsteady  wake  flow  is  whether  the  wake  pressure  may 
vary  with  time.  For  a  liquid  flow  with  a  vapor-gas  cavity,  the  thermal  process  of 
changing  phase  on  the  free  boundary  and  the  process  of  any  gas  diffusion  across  the 
boundary  may  be  regarded  to  be  ;Umost  instantaneous  with  respect  to  the  unsteady 
motion.  Furthermore,  the  inertia  of  the  vapor  or  gas  Inside  the  cavity  has  negligible 
effect  on  the  outer  flow  because  of  the  large  difference  in  density  of  the  two  phases. 
Hence,  for  this  case  at  least,  the  assumption  of  constant  pressure  in  the  cavity  is  as 
realistic  as  for  the  steady  motion.  On  the  other  hand,  the  same  assumption,  when 
applied  to  a  separated  flow  of  a  single-phase  medium,  such  as  air,  seems  somewhat 
questionable,  because  the  unsteady  motion  of  the  body  imparts  acceleration  to  the 
fluid  both  outside  and  inside  the  cavity,  and  they  respond  in  turn  with  the  same  inertia. 
However,  the  assumption  of  constant  pressure  in  the  wake  may  still  be  retained  as 
the  first  approximation  The  effect  of  gravity,  which  arises  in  the  two-phase  flows, 
is  neglected  here  as  usual. 

In  the  following  we  shall  first  describe  the  particular  case  when  the  time  and 
space  variables  can  be  separated.  Next,  the  hydrodynamic  motion  shortly  after  an 
unsteady  motion  is  introduced  will  be  considered.  The  discussion  will  then  be  con¬ 
centrated  on  the  case  in  which  the  unsteady  part  of  the  motion  is  only  a  small  per¬ 
turbation  of  the  basic  steady  flow.  Two  methods  of  approach  will  be  described.  For 
a  blunt  body  with  a  wide  wake,  the  small  perturbation  is  made  on  tlie  velocity  |X)ten- 
tial;  whereas,  when  the  body-wake  system  is  very  thin,  the  acceleration  potential  is 
employed.  In  the  former  case,  the  acceleration  potential  of  course  also  exists,  but  it 
is  not  divergence  free.  Consequently  the  value  of  using  it  is  greatly  reduced. 
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FINITE  CAVITIES  WITH  CONSTANT  SHAPE 

In  134d  Von  Karman  (1)  treated  an  accelerated  flow  normal  to  a  flat  plate  which 
is  held  fixed  in  an  inertial  frame  such  that  with  given  acceleration  of  the  flow,  the 
flow  will  separate  from  the  plate  to  form  a  closed  wake  of  constant  shape  behind  the 
plate  (Fig.  2).  This  Incompressible,  irrotational  flow  has  a  velocity  potential  of  the 
form 


lx  x.y.  I  )  tl(  I  >  .  <  x.y)  (I) 

where  x  and  y  are  the  Cartesian  coordinates  in  the  flow  plane,  fixed  with  respect  to 
the  plate  and  with  the  x-axis  parallel  to  the  undifturbed  uniform  stream,  and  t  is  the 
time.  The  pressure  is  given  by 

CM,.  (2) 

Here,  .  is  a  harmonic  function  of  x  and  y,  and  satisfies  the  following  boundary 


conditions: 

(i)  at  Infinity 

(ii)  on  the  plate 

(iii)  on  the  free  boundary  of  the  wake, 


h-ii35i  -H 


. ,  «  13) 

p  const. 


K.i:.  Z  -  A*  1  t*l»‘ r.iU’d  flow  prist  .1  fixed  pl-itt-  J.-riiun^  a 
*  Uisrrl  w.ike  of  <  onsl.iiit  shape 


Tlic  only  boundary  condition  that  involves  t  is  (iiii.  Hence  .  will  not  depend  on  i ,  as 
assumed,  when  and  only  when  the  two  time  factors  in  Eij.  (2)  are  proportional  to  each 
other;  that  is. 


'k  1  r‘  I  '■  ‘  (4) 

■.vhere  i  is  a  real  constant,  i- 1  if  It  .  •  i  "  and  the  initial  velocity  of  the 
flow  at  infinity''  f  '■  is  assumed  to  be  positive  liut  othe.' wise  arhitra:  y .  liien 
condition  (iii)  liecome.s 
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0.r..,i  31;  II  on  the  free  boundary.  (5) 

The  arbitrary  constant  k  is  determined  such  that  '.he  problem  of  .  with  conditions 
(3i).  (3ii).  and  (5)  possesses  a  solution.  Now  Eq.  (4)  has  the  (General  integral 


which  characterizes  tlie  flow  velocity  at  infinity.  Von  Karman  obtained  the  solution 
of  .  fo;  a  pa:  ticular  case  in  which  the  two  branches  of  the  free  boundary  of  the  wake 
meet  and  close  the  cavity  at  a  stagnation  point,  and  showed  that  a  closed  wake  of  con¬ 
stant  shape  is  possible  only  when  the  "Froude  number" 

3  [  /  ’*  t  ^  I  1  ■  * 

!'■*  ,v  l'„  ;i„  (  %  j  ■  '2  -1)1  0.500  (7) 

where  is  the  half-width;  of  the  plate.  It  can  be  seen  that  when  the  flow  at  infinity 
obeys  (6)  and  (7).  the  velocity  on  the  free  boundary  decreases  from  3.11U  at  the 
separation  point  to  zero  at  the  rear.  This  is  the  only  case  for  which  a  stagnation 
point  can  occur  on  a  free  boundary  of  constant  pressure. 

Writing  »  if  <i3.  with  /  x  i>  and  F  the  complex  potential,  we  see  that  F  w, 
and  hence  i  as  determined  from  ap  «.  is  evidently  independent  of  t  by  virtue  of  (1). 
It  then  follows  that  the  wake  shape  is  constant  in  time.  In  fact  the  rear  end  of  the 
wake  is  at  a  distance  1.135  -  from  the  plate  (sec  Fig.  2).  Furthermore,  the  pressure 
coefficient  defined  by 


Cp 

is  also  independent  of  i  by  (2)  and  (4).  and  so  is  the  acceleration  coefficient 


This  flow  is  thus  also  characterized  by  having  and  c„  constant  in  time.  It  there¬ 
fore  follows  that  the  drag  coefficient  has  a  fixed  value  which  can  be  verified  to  be 

C„  Or.iK  t'^-  in.4K.  (8) 

The  lagnitude  m'  =  drag/acccleration  may  be  called  the  cavity-induced  mass;  then 
by  (7)  and  (8). 


■n-  6.26  (9a) 

If  the  flat  plate  had  undergone  an  acceleration  .■  normal  to  the  flow  without  wake  for¬ 
mation  (a  postulated  Dirichlct  flow),  then  the  induced  mass  would  be 

^  (9b) 

Thus. 

Ill'  (9c) 

As  pointed  out  by  Tan  (2).  the  law  of  motion  (Eq.  6)  for  preserving  the  wake  pat¬ 
tern  (with  Eq.  7  us  a  s.'ccial  case)  is  general  and  unique.  Thi'  law  is  general  in  the 
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sense  that  it  applies  to  any  body  shape  with  well-defined  separation  points,  provided 
there  exists  a  solution  for  , .  The  law  is  uni,4ue  because  no  other  fluid  motion  will 
produce  such  a  preserved  pattern  of  the  wake  flow.  For  the  case  of  the  flat  plate,  the 
class  of  flows  characterized  by  (Eq.  6)  has  been  investigated  by  Gllbarg  (3).  It  was 
shown  that  only  under  (Eq.  7)  the  flow  (which  is  that  given  by  Von  Karmdn)  has  a 
stagnation  point  in  the  rear,  whereas  for  other  values  of  acceleration  obtained  from 
‘he  solution  of  ..  the  cavity  shapes  all  have  cusps  at  the  rear.  Another  type  of  the 
flows  in  this  case  was  discovered  to  contain  a  doubly  covered  cavity  subregion  (3); 
these  flows  were  considered  as  physically  unrealistic.  The  case  of  polygonal  obsta¬ 
cles  was  also  treated  by  Gilbarg  (3). 


It  should  be  remarked  that  the  wake  flow  generated  by  a  flat  plate  accelerating 
broadwise  through  the  fluid  which  is  otherwise  at  rest  in  an  inertial  frame  is  a  prob¬ 
lem  different  from  the  present  one  since  the  pressure  equation  in  this  case  assumes 
a  different  form. 


SUDDEN  ACCELERATION  OF  CAVITY  FLOWS 

It  is  of  importance  to  note  an  esse'  al  difference  between  the  unsteady  flows  with 
and  without  free  boundaries.  In  the  determination  of  the  velocity  field  of  the  unsteady 
potential  flows  without  a  free  boundary,  the  time  appears  only  as  a  parameter  since 
no  knowledge  about  the  time  rate  of  change  of  the  physical  quatititics  is  required  in 
the  problem.  Only  when  the  pressure  field  is  calculated  docs  the  effect  of  unsteady 
motion  explicitly  appear  (through  the  term  <t>  t  in  the  Bernoulli  equation).  On  the 
other  hand,  when  the  wake  is  preseiit.  the  flow  will  depend  on  its  previous  time  his¬ 
tory,  because  the  explicit  role  of  the  time  enters  the  problem  through  the  boundary 
conditions  on  the  free  surface.  However,  when  a  basic  steady  wake  flow  is  given  a 
sudden  acceleration,  there  will  be  no  past  history  of  any  time-varying  disturbances 
at  the  moment  of  the  application  of  this  sudden  change.  Therefore,  the  problem  of 
finding  the  flow  characteristics  at  the  initial  instant  of  the  unsteady  cavity  flow  is 
expected  to  be  not  any  more  complicated  than  the  general  unsteady  flow  without  a 
cavity.  Fur  this  reason  we  shall  first  consider  the  initial  stage  of  the  reaction  of  a 
cavity  flow  to  the  sudden  acceleration  of  a  rigid  boundary  in  contact  with  it. 


Let  .<x')  be  the  velocity  potential  of  an  established  steady  cavity  flow  past  a  sta¬ 
tionary  rigid  body.  Suppose  now  the  body  is  given  a  sudden  acceleration  n  at  time 
t  n  in  the  direction  opposite  to  the  undisturbed  flow,  say.  Then  the  velocity  poten¬ 
tial  for  small  t  «  will  assume  the  form  (4) 

'!■  x'.t)  •  nf  A(>;)  •  (10) 

The  quantity  A  will  be  referredto  as  the  "initial  acceleration  potential"  for  unit  accel¬ 
eration.  Since  of  the  resulting  flow  and  .  of  the  basic  steady  flow  are  botii  har¬ 
monic  functions,  it  follows  that 


•'a  <•  (11) 

From  the  momentum  equation  we  see  at  once  that  the  pressure  will  assume  the  form 

iVx.ii  '  (>,rx)  -OMi.  p,  .iA(.o.  (12) 

where  pfx)  described  the  pressure  field  of  the  original  steady  How,  and  p,  is  the 
pressure  generated  by  the  sudden  acceleration. 
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From  the  boundary  condition  that  the  relative  normal  velocity  on  the  rigid  body 
must  vanish,  4)  'n  -  m  n,,  where  li  is  the  unit  normal  vector  on  the  body  and  n,  its 
component  along  the  direction  of  undisturbed  flow.  Since  the  displacement  of  the 
rigid  body  is  0(  t  this  boundary  condition  can  be  applied  on  its  undisturbed  position. 
Hence,  at  t  o',  we  have  from  (10), 

A  'll  -II,  on  the  rigid  boundary.  (13a) 

By  hypothesis,  the  pressure  in  the  cavity  remains  constant.  Hence,  at  t  o*,  we 
have  from  (12) 


AO  on  the  free  boundary.  (13b) 

Furthermore,  since  this  sudden  acceleration  of  the  body  cannot  affect  the  flow  at 
infinity,  we  require  that 


A  ->0  as  'x  .  in  the  flow.  (13c) 

The  acceleration  potential  A  is  then  uniquely  determined  by  (11)  and  conditions  (13a)- 
(13c).  It  may  be  noted  that  A  depends  on  the  basic  steady  flow  through  condition 
(13b),  in  which  the  location  of  the  free  boundary  must  be  specified. 


Sudden  Acceleration  of  a  Helmholtz  Flow 


A  simple  interesting  case  is  the  sudden  acceleration  of  a  flat  plate  In  the 
Helmholtz  flow,  which  has  been  treated  recently  by  Gurevich  (5).  The  steady 
Helmholtz  flow  past  a  plate  set  normal  to  the  stream  is  given  by  the  solution 


t  mill* 


(14) 


in  which  the  origin  of  2  x  iy  is  chosen  at  the  plate  center,  -  is  the  half -width  of 
the  plate,  the  region  of  the  complex  velocity  »  n  -  iv  is  c  0  and  u  '  1 ,  and 
II  1  at  z  . .  The  parametric  representation  of  the  free  boundary  is  obtained  by 
letting  »  ixrf-i  >,  since  we  have  there  u  1.  The  boundary  condition  of  Aon 
the  plate  is  now 


■A  x  -1  on  X  0,  y'  (15) 

The  solution  of  (11)  satisfying  conditions  (IS),  (13b),  and  (13c),  with  the  free  boundary 
determined  from  (14),  is  readily  obtained.  It  is  conveniently  expressed  as 


iin  Hi  ■ 

il«  -14 


1 1 
( 1 


1 01; 


i 

I 


I 'A 

iu 


(■■  ’  2) 


•  • 

I  wf  i  -  A  •  >  j 

(I  • 


where  r,  A  -  lii.  li  is  the  conjugate  harmonic  function  of  A,  and  the  real  part  of 
giv.jS  the  solution  of  the  problem. 


The  additional  drag  due  to  the  sudden  acceleration  of  the  plate  can  be  shown  to  be 


1/ 


1 


I'l  'Iy 


A  .Iv  1 .  fiHUfi  .  II  ■*  . 


(16) 
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In  this  case  the  initial  value  uf  the  cavity-induced  mass,  defined  by  Dj  n,  is 

m'  D,  n  1.6306  .  at  t  0*  .  (17) 

The  ratio  of  m'  to  the  induced  mass  of  (9b)  is  therefore 

m'  1.6R06  n  0.5377  (  7  13)  .  (18) 

The  result  that  this  ratio  is  less  than  unity  may  be  explained  in  that  the  cavitated 
side  of  the  plate,  being  located  in  the  region  of  a  constant  pressure,  has  no  capacity 
of  imparting  kinetic  energy  to  the  exterior  flow. 

It  may  be  recalled  that  the  Induced  mass  uf  an  unsteady  flow  without  a  cavity  or 
other  free  boundaries  has  always  the  same  value  whether  the  flow  in  the  past  has 
been  steady  or  not.  However,  this  is  certainly  not  the  case  in  the  presence  of  free 
boundary  for  the  reason  previously  given.  Consequently,  the  present  analysis  is  appli¬ 
cable  only  to  the  initial  instant  when  the  original  steady  cavity  flow  is  subjected  to  a 
sudden  change.  Even  though  its  application  is  limited,  this  theory  nevertheless  gives 
us  some  general  idea  about  the  reaction  of  a  cavity  flow  to  a  sudden  change  of  state. 


Basic  Steady  Flows  with  a  Finite  Cavity 

Since  the  steady  How  will  be  the  basic  reference  on  which  the  small  unsteady 
perturbations  are  to  be  superimposed,  the  use  of  the  simplest  possible  representation 
of  the  basic  flow  will  obviously  facilitate  the  analysis  of  the  problem.  There  are  sev¬ 
eral  mathematical  potential  flow  models  proposed  to  give  a  good  representation  of  the 
steady  cavity  flows,  such  as  the  Riabouchinsky  image  model,  the  reentrant  Jet  model, 
and  a  third  one  which  will  be  called  here  the  dissipation  wake  model,  as  investigated 
independently  by  Joukowsky,  Roshko,  and  Eppler.  The  physical  significance  underly¬ 
ing  these  models  and  the  accuracy  of  their  results  in  estimating  the  How  quantities 
in  comparison  with  the  experimental  observations  have  been  ^scuased  elsewhere 
(e.g.,  see  Refs.  4  and  6  and  the  references  cited  therein). 

For  a  simple  example  of  the  dissipation  wake  model,  consider  the  case  of  a  flat 
plate  set  normal  to  an  otherwise  uniform  flow,  with  the  physically  realistic  situation 
of  cavity  pressure  p,.  less  than  p.^.  The  flow  in  the  physical  space  is  represented  by 
this  model  as  shown  in  Fig.  3.  According  to  this  model,  the  flow  separates  from  the 
plate  at  points  A  and  A',  and  becomes  parallel  to  the  undisturbed  How  at  D  and  D',  the 


Kig.  i  -  1  of  flow  act  (' rtiing  to  tin*  dissipatum 

w.iko  modi'l 


299 


r.  Y.  Wii 


location  of  which  can  be  determined  from  the  theory.  The  wake  pressure  in  between 
A!)  and  A'D'  takes  the  assi^med  value  i>,.,  and  the  flow  further  downstream  of  nand  D' 
is  supposed  to  be  dissipated  in  such  a  way  that  the  pressure  increases  gradually  from 
P,.  back  to  in  a  strip  parallel  to  the  flow  at  infinity.  Outside  the  approximated  wake 
the  flow  is  assumed  to  be  everywhere  irrotational.  Thus,  from  the  complex  potential 

t(/)  .  ( x.y  t  i  .  r  K.y  I  (19) 

the  complex  velocity  w  can  be  derived  as 


Vlf  2  t  ilf  ‘ll  II  -  iv  III'  '  (20) 

where  n  and  are  the  magnitude  and  direction  of  the  velocity.  The  pressure  is 
given  by 

<2  1  .,2 

P  •  j  n  P.  •  y  I  .  (21) 

By  hypothesis,  p  on  AD  and  A'D';  hence  we  have  there  n  i  by  normaliza¬ 
tion.  Then,  in  terms  of  p^  and  -i^.  1, 

I’  q,.n  r*  ^  n  .  -  r‘  ^  -  ,p  .  p,,y/l.ii*  (22) 

where  -  is  called  the  cavitation  number,  an  important  parameter  of  the  flow.  Since 
P^.  p, .  then  0  and  t'  i.  Also  by  hypothesis,  along  DE’  and  d'e',  o,  while  q 
decreases  from  unity  back  to  the  free-stream  value  i'. 

The  boundary  condition  of  ffrt  is  that  ■  <>  on  ECADE'  and  on  ECA'D'f'.  In  view 

of  the  qualitative  shape  of  tiie  streamlines  ■  mniit.  near  the  point  w  t’  in  the 
ti.plane,  it  is  obvious  that  f  must  have  there  a  singularity  of  the  form  i*  -  lit*'. 
Hence  the  boundary  condition  on  .  can  be  satisfied  exactly  by  using  the  method  of 
images,  first  reflecting  u  -  cr*  into  the  unit  circle  and  then  into  the  line  u  o,  to 
give 


f 


'  I  «  -  ti 


where  b  is  a  real  constant.  Hence 


(23) 
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(24) 


If  '  is  the  half-width  of  the  plate,  so  that  ;  i '  at  w  -t,  then  R  is  determined  by 
the  relation 


2B  '  l  -  i' 
"111  P 
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(I  • 

tiiir’i'l  i 

The  drag  coefficient  of  this  flow  is  readily  obtained  from  the  above  solution 


(25) 
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(26) 
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For  small  values  of  (26)  may  be  expanded  to  yield 

C,,,  4  (26*) 

which  provides  a  good  approximation  of  (26)  within  2  percent  error  for  ^  I.  The 
above  result  (26)  agrees  with  the  result  of  Riabouchinsky' s  model  or  of  the  reentrant 
jet  model  within  0.5  percent  for  -  i  (or  0.707  i’  1).  In  some  other  known 
cases  of  inclined  or  curved  (or  polygonal)  obstacles,  the  result  yielded  by  using  this 
model  has  bt-en  found  also  to  be  in  good  agreement  with  the  experiments  (6,  7). 

Equations  (24)  and  (25)  are  Roshko's  solution  (6),  which  here  has  been  rederived 
conveniently  by  the  image  method.  For  the  general  case  of  the  steady  cavity  flow 
past  an  inclined  obstacle  witn  small  curvature,  it  is  possible  to  generalize  this 
method  with  linearization  of  the  curvature.  The  same  problem  solved  by  using 
Riabouchinsky' s  model  or  the  reentrant  jet  model  would  be  considerably  more  com¬ 
plicated.  Because  of  the  simplicity  of  the  mathematical  details  generally  involved  in 
the  dissipation  model  relative  to  the  other  models,  this  model  is  preferred  here  tor 
representing  the  basic  flow. 


The  Effect  of  Cavity  Size  on  Accelerated  Cavity  Flows 

Consider  now  the  problem  of  the  sudden  acceleration  of  a  flat  plate  in  a  cavity 
flow  characterized  by  the  cavitation  number  .  as  defined  by  (22).  ^  using  the  dis¬ 
sipation  model,  the  solution  of  the  basic  steady  flow  is  given  by  ^s.  (23)-(25).  When 
the  plate  is  accelerated  with  acceleration  .i,  opposite  to  the  undisturbed  flow,  the  ini¬ 
tial  acceleration  potential  A  again  obeys  the  boundary  conditions  (13b),  (13c),  and  (15). 
By  the  conformal  transformation 


M  1  -  .2 

I’  I  1,-5 


(27) 


the  entire  flow  region  is  mapped  onto  the  upper  haif  -plane,  with  the  plate  lying  on 
0,  -  1  and  the  cavity  boundary  at  '  i.  Again,  with  G  A  «  is, 

condition  (13b)  may  be  written  as 

<Ki  A  ,  , 

R.'  -  --  on  0,  !  .!  '  I  .  (28) 

On  the  plate,  by  making  use  of  condition  (15),  we  have 


<IG  <IG  >l7 

Im  Irr 

(|-  .Iz  .1 


0, 


.1  <  1 


(29a) 


where  the  value  of  y  on  the  plate  can  be  calculated  from  (23)  and  (27),  to  give 


y. 


for 


(26b) 


The  solution  of  tliis  mixed  boundary  value  problem,  prescribed  by  (28)  and  (20),  is 


rKi 


.1  ' 


with  y  given  by  (29b). 


(30) 


301 


T.  Y.  Wu 


I  he  additional  drag  due  to  the  sudden  acceleration  of  the  cavitated  plate  can  be 
calculated  from 


bj  J  I’l  'ly  J  A -7^  (I  .n  J 

Substituting  (29b)  and  (30)  into  the  above  expression  and  evaluating  the  integrals  for 
small  values  of  < ,  one  obtains 

D,  1. 6896  .  .1  !l  •  0.26‘>.  ^  •  0.075  0.049  ■  •  Of’ *)!  (31) 

where 


In  the  practical  range  of  interest,  the  cavitation  number  '  is  general’  not  large, 
hence  >  is  always  appreciably  less  titan  unity.  Consequently  (31)  ma>  be  used  to 
cover  a  wide  range  of  For  i  in  particular,  (31)  may  be  approximated  by 

D,  l.fiR96  .  ,-1  1  •  0.067  *(I  --)•  .  (32) 

As  ■  .<0,  this  result  reduces  to  the  previous  solution,  Eq.  (16). 

It  is  of  interest  to  note  that  the  effect  of  the  cavitation  number  on  the  part  of  the 
drag  due  to  sudden  acceleration,  denoted  by  D,,  starts  with  the  term  of  hence 
D,  increases  at  a  much  slower  rate  than  the  steady  part  of  the  drag,  (see  Eq.  26'), 
with  increasing  . 


PERTURBATION  OF  UNSTEADY  PLANE  FLOWS  PAST 
BLUNT  BODIES  WITH  FINITE  CAVITIES 

Since  the  general  case  of  the  unsteady  wake  flow  having  a  large  time-varying 
part  is  virtually  unsolved,  we  shall  first  consider  the  special  case  of  the  small 
unsteady  perturbations  superimposed  on  the  basic  steady  flow  past  a  blunt  body.  It 
is  convenient  to  formulate  this  latter  problem  by  dividing  the  flow  Into  two  parts, 
namely,  (a)  the  basic  steady  flow,  the  problem  of  which  is  in  general  nonlinear,  and 
(b)  the  small  unsteady  perturbations,  the  problem  of  determining  them  to  be  linear¬ 
ized.  This  method  of  approach  has  already  been  used  in  several  recent  woiks  on 
this  general  subject.  A  scheme  of  small  perturbations  of  the  basic  steady  flows  has 
been  applied  by  Ablow  and  Hayes  (9)  to  treat  two  unsteady  free  surface  flows;  the 
hollow  vortex  and  the  problem  of  the  Borda  mouthpiece.  The  problem  of  unsteady 
flow  past  curved  obsta  'les  with  an  infinite  wake  has  been  treated  by  Woods  (10-12), 
applying  small  perturbations  to  the  basic  Helmholtz-Kirchhoff  flow.  Here  this  method 
will  be  generalized  to  the  case  of  finite  cavities. 

Suppose  for  t  n  the  rigid  body  in  the  cavity  flow  is  given  an  unsteady  motion 
of  small  amplitude.  The  small  perturbation  assumption  then  implies  that  for  t  ’  o 
the  complex  potential,  complex  velocity,  and  the  pressure  of  the  resulting  flow  may 
be  expressed  as 


K(  / .  M  l.,<  /  '  •  I  ,(  /  .  I  I. 

Wf  / , !  j  <  IK  .  I  /  'A .,  *  /  »  •  w  I '  /  .  I  )  (1 

I’f  X.  y ,  t  )  p  ,(  X,  \  )  •  1»J  X  ,  y  .  t  i 


(33) 
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in  which  and  p„(x,yi  represent  the  basic  steady  flow,  which,  as  was 

discussed  in  the  section  "Basic  Steady  Flows  with  a  Finite  Cavity,"  are  assumed  to 
be  known  here.  The  time -dependent  perturbations  r,,  and  pj  are  assumed  to 
have  moduli  much  smaller  than  those  of  the  basic  flow,  except  possibly  at  some 
isolated  points.  Consequently,  relations  among  the  flow  quantities  are  assumed  to 
hold  only  to  the  first  order  in  the  small  perturbations.  Here,  the  space  variable 
following  the  Eulerian  description,  is  not  perturbed.  It  is  further  noted  tliat  f  ji z.  1 1 
and  are  both  analytic  functions  of  z  for  every  t  and  cc  atinuously  differentiable 

in  t  if  the  motion  of  the  rigid  body  has  a  continuous  time  derivative.  The  pressure 
equation  is  now 


I’ 


c 


where  . ,  is  the  real  part  of  t ,,  Q  w  ,  and  c  may  be  taken  as  a  constant. 


(34) 


To  apply  the  boundary  conditions,  it  is  convenient  to  introduce  the  new  variables; 


■1  'l  ■  1  '"i!  w"  '"K  Q  • 

Hence,  to  the  first-order  terms. 


(35a) 
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so  ttiat  represents  the  percentage  change  In  the  velocity  magnitude,  and  ,  denotes 
the  change  in  the  flow  angle,  both  with  respect  to  the  basic  flow  (see  Fig.  4).  Thus, 
,  is  an  analytic  function  of  z,  and  hence 


of  any  analytic  function  of  z,  and  |  is  a 
small  quantity  of  the  first  order.  The 
equation  for  the  pressure  disturbance, 
from  (21)  and  (34),  is 


The  boundary  conditions  of  the  per¬ 
turbed  flow  may  be  stated  as  follows; 

1.  In  general,  the  motion  of  the  rigid 
boundary  consists  of  a  small  translation 
and  a  small  rotation.  Let  (x„.y„)  be  a 
point  on  the  rigid  boundary  in  the  basic 
flow;  then  its  perturbed  position  may  be 
expressed  as 

x„  •  r  f  I  -  iv„  . 


Fit*,  q  -  Unsteady  flow  expressed  as  a 
perturbation  on  the  basir  steady  flow 


where  ,  ,  and  '  are  arbitrary  functions  of  t  with  small  magnitudes.  From  this 

expression,  the  perturbation  velocities  i|„  and  s,.  of  the  flow  normal  and  tangential  to 
the  rigid  surface  are  readily  obtained,  knee  the  motion  is  infinitesimal,  the  value 
of  ('i„.'u)  at  (X.Y)  may  be  approximated  by  their  value  al  (x„.y„).  Doing  so,  we  have, 
lO  the  first  order  in  and  -i^, 
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",  tan'*  ,  on  the  unperturbed  rigid  surface  (38) 

where  n„  is  the  component  of  the  velocity  (•’  -  v„i  -  y„’i,  •  ii„i  •  x,,!)  normal  to  the 

rigid  surface.  Hence  ",  is  known  over  the  rigid  boundary. 

2.  Over  the  free  boundary,  the  pressure  everywhere  in  the  unsteady  cavity 
wake  is  assumed  to  retain  its  value  In  the  basic  flow.  Hence,  to  the  first  order  of 
approximation, 

P,  n,  over  the  unperturbed  free  boundary.  (39) 

Hence  (33)  becomes 


-  ‘lu  ’  ”  over  the  free  boundary. 


Let  s  be  the  arc  length  along  a  streamline;  then  from 


0 


a<|i 

.is 


or 


'  ) 
*•  0 


0  - 


we  can  write  the  above  equation  as 

**  on  the  unperturbed  free  boundary.  (40) 

This  equation  may  also  be  written  as 


{•X  ■  ""  ” 

which  expresses  the  fact  that,  for  any  disturbance  in  r ,  due  to  the  unsteady  motion 
of  the  rigid  boundary,  the  quantity  ' ,  is  convected  downstream  along  the  free 
boundary  with  the  basic  flow,  unchanged  in  magnitude.  In  particular,  it  can  be 
asserted  at  once  that  for  any  t  ,  o  over  the  portion  of  the  free  boundary  for 
s  ^  s^,  where  is  given  by 


t 


'lo  • 


Since  is  a  known  function  of  s,  the  above  condition  reduces  the  problem  to  that  of 
determining  the  value  of  at  the  points  ot  separation.  The  physical  significance  of 
-I ,  can  be  shown  to  be  the  vorttclty  variation  due  to  the  unsteady  motion,  and  the 
above  condition  is  actually  the  statement  of  the  conservation  of  vorticity.  It  can  also 
be  seen  that  the  disturbance  in  ' ,  will  generate  a  surface  wave  along  tlw  free  bound¬ 
ary;  this  surface  wave  is  sustained  by  iiie  velocity  field  of  the  flow  in  much  the  same 
way  as  the  wavy  water  jet  emitted  from  an  oscillating  garden  hose. 

3.  At  z  a.,  we  further  require  that  the  perturbation  does  not  change  the  flow 
direction  and  pressure  at  infinity;  that  is. 


(:l)  ",  ..0  -IS  1/!  ..1 

-.0  lis  z!  . 


(I>)  p 
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Furthermore,  by  Kelvin's  circulation  theorem,  the  unsteady  motion  cannot,  for  any 
finite  t ,  result  in  a  net  vortex  at  infinity;  that  is, 

(rl  Ri'  ^  ■!/  n  for  1  (42) 

where  :  is  a  closed  contour  with  /  Ht .  It  is  not  difficult  to  show  that  these  con¬ 
ditions  (  n)  (c)  imply  that  theperturbatlonflow  at  infinity  has  no  net  source  or  vortex 
aiid  ,  '  1  '  i  1  may  at  most  be 


or*-’  ^ 


(43) 


The  problem  of  determining  j  '  i  '  ■  i  with  the  above  boundary  conditions  of 
a  mixed  type  (i.e.,  with  ,  given  over  a  part  of  the  boundary  and  r,  governed  by  (40) 
over  the  remaintng  part)  can  in  principle  be  solved,  sometimes  conveniently  with 
application  of  the  Laplace  transform.  Such  a  detail,  however,  will  be  omitted  here, 
^cause  many  of  the  functions  that  appeared  in  the  numerical  calculation  of  the  general 
problems  are  not  yet  tabulated,  a  few  relatively  simple  cases  have  been  carried  out 
Woods  (10)  treated  an  interesting  example  -  the  problem  of  a  flat  plate  in  the  basic 
Helmholtz  flow  undergoing  an  impulsive 
motion  and  a  harmonic  motion.  The  result 
shown  in  Fig.  S  corresponds  to  the  case 
when  the  velocity  of  the  plate  is  increased 
impulsively  from  u  to  (21  2n)ii  for  the 
time  period  ■  s  2  and  is  then  reduced 
back  to  u. 


UNSTEADY  CAVITY  FLOWS  PAST 
THIN  BODIES;  ACCELERATION 
POTENTIAL 

For  the  case  of  unsteady  cavity  flows 
past  slender  or  thin  bodies  the  method  of 
using  the  accelerationpctentialis  readily 
applicable,  provided  the  body-cavity  sys¬ 
tem  remains  slender  in  the  flow  motion. 

Thus  the  rigid  body  under  consideration 
will  be  a  thin  body  of  small  thickness  and 
camber,  held  at  a  small  angle  to  the  flow  and  with  the  finite  cavity  extending  down¬ 
stream  of  the  body.  The  unsteady  motion  may  consist  of  a  translation  and  a  rotation, 
both  of  small  amplitude.  It  is  further  assumed  that  (a)  in  the  absence  of  the  unsteady 
motion,  a  steady  cavity  of  finite  size  has  already  been  established,  with  cavitation 
number  -  o  and  hence  u  and  n,.  related  by  (22),  and  that  (b)  the  unsteady  motion  is 
again  only  a  small  perturbation  of  the  basic  flow.  Because  the  body-cavity  system 
is  very  thin,  it  is  reasonable  to  expect  that  the  flow  is  perturbed  by  the  system  only 
slightly  from  the  uniform  state,  and  the  problem  may  therefore  be  linearized  with 
respect  to  the  uniform  flow,  taking  the  steady  and  unsteady  part  as  a  whole.  Based 
on  this  approach,  a  few  cases  of  interest  have  been  treated  by  Parkin  (13)  and  Wu  (14). 


Fig.  S  .  Result  ol  im)*ulfivvly  increas¬ 
ing  the  velocity  of  a  flat  plate  in  the 
basic  Helmholtr.  flow  from  I' to  (21  20111 
for  the  time  period  •  =  Z 


The  General  Formulation 

It  is  of  interest  to  note  that,  unlike  the  thin  airfoil  theory,  there  are  in  this  prob¬ 
lem  two  characteristic  velocities  instead  of  one:  u,  the  characteristic  velocity  near 
infinity,  and  i,  ,  the  other  characteristic  velocity  in  the  basic  steady  flow  near  the 
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cavity.  Since  the  flow  quantities  near  the  body  and  cavity  are  of  direct  Interest,  it  is 
convenient  to  take  as  the  reference  for  the  entire  velocity  field. 

The  flow  outside  the  body- cavity  system  is  governed  by 


7  •  f'l  ■  >  'i  r.  (44) 

When  the  motion  is  steady,  this  equation  can  be  integrated  to  give  (21),  and  hence  the 
relation  (22)  between  U  and  q,.  follows.  For  theunsteady  flows  in  general,  (44)  Implies 
that  the  acceleration  vector  has  a  scalar  potential  ..fx. y.  t  >  such  that 

.  ' '  i  .  .  2 

;i  —  •  Co  •  >q  t|_  L.ra.1  ..  (45) 

where 

tr  -  p, )  •  <1,,^ .  (46) 

In  the  above,  the  constant  cavity  pressure  n,.  and  the  constant  velocity  on  the 
cavity  of  the  basic  flow  are  chosen  for  convenience.  For  definiteness,  we  take  the 
Cartesian  coordinates  (x.y)  in  the  flow  plane,  with  the  planar  body-cavity  system 
lying  over  a  certain  region  of  the  x-axis,  and  write  the  total  velocity  as 

q  q,.  (J  •  II. (47) 
so  that  (ii.v)  represents  the  nondlmensional  perturbation  velocity. 

Now  we  shall  introduce  the  small  perturbation  assumption  that  the  flow  is  only 
perturbed  slightly  from  a  uniform  state  (q,..o)  so  that  u  .  v  i  almost  every¬ 
where  in  the  flow  and  all  quantities  of  second  and  higher  order  in  (u.v)  may  be 
neglected.  Then  (45)  is  linearized  to  yield 

l_  _ii_  .  'll 
X  t  X 

Hence  from  the  continuity  equation  n.v  q' 


The  above  formulation  can  of  course  be  extended  to  thrp°-dlmenslonal  cavity 
flows  past  slender  bodies  as  well.  It  may  also  be  noted  that  w.tile  the  acceleration 
potential  defined  by  (45)  always  exists  (even  in  the  flows  past  blunt  bodies).  .  satis¬ 
fies  the  Laplace  equation  (49),  to  the  first-order  terms,  only  in  the  planar  or  slender 
flows.* 

For  two-dimensional  problems,  (49)  implies  the  existence  of  a  conjugate  har¬ 
monic  function  rx.v.  t  i  such  that 


1 


y  -7  I  ; 

<1.  it  follows  that 


(48) 


(• , 


(49) 


X 


(50) 


‘Ff^r  Slif  t  axf  f)t  i.'ivily  fluws  pasi  bhinl  bodies  as  iroatfd  in  ihi*  previous  section, 
'A-ritinn  anci  assuniinjj  'fj  ,  one  reatlily  obst  rves 

that  *  11,  •  II  ,iij  .1  winch  is  in  general  nut  /.ero;  lieiuf  the  nuTit  of  usin^ 

in  that  i  isc*  is  yr«  .ttly  refine  efl. 
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Hence,  the  complex  acceleration  potential  n  .  ■  i.  must  be  an  analytic  function  of 
^  X  i>  at  any  time  Instant: 


.fx,y.l)'i.(x,y,t).  (51) 

This  potential  o  is  related  to  the  complex  velocity  »  n  -  iv  by 

f  (i  -  ’li)"'-'-  <52) 

It  .may  further  be  noted  that  although  wiz.ti  is  still  an  analytic  function  of  z  for  all 
t ,  il  is  in  general  not  regular  everywhere  inside  the  flow,  because  vortex  sheets  may 
be  shed  continuously  from  the  body  due  lo  its  unsteady  motion,  whereas  arz.ti,  with 
its  real  part  corresponding  to  the  pressure,  will  certainly  be  regular  there.  It  is  for 
this  reason  that  the  analysis  is  simpler  with  the  direct  use  of  sr  z .  t  i . 

The  boundary  conditions  of  this  problem  are  as  follows; 

1.  At  upstream  infinity,  where  the  disturbances  are  required  to  die  out,  r  p, 
and  V  0.  Hence  from  (46),  (22),  and  (48), 

-  2—-.-,  •  ^  •  (53) 

2.  The  cavity  pressure  is  assumed  to  remain  constant,  r  p^..  Hence  by  (46), 
we  have  on  the  cavity  boundary 


0  (54) 

which,  after  linearization,  may  be  applied  on  the  portion  of  the  x-axis  that  is  the 
projection  of  the  cavity  boundary  from  above  or  from  below.  This  condition  is  valid 
as  long  as  the  intermediate  portion  of  the  cavity  boundary  does  not  reattach  to  the 
solid  surface.  For  simplicity,  the  body  length  is  normalized  to  unity  so  that  it  occu¬ 
pies  the  region  o  x  I  and  the  cavity  extends  from  certain  known  separation  points 
to  X  rt),  '  1  or  '  1.  The  value  -tDis  determined  as  a  part  of  the  problem 

for  given  cavitation  number  - ,  or  vice  versa. 

3.  The  motion  of  the  wetted  rigid  boundary  may  be  described  in  general  by 

y  li^x.t)  (55) 

With  ii  1  for  all  t,  and  the  motion  is  limited  to  such  a  type  that  the  wetted  por¬ 
tion  of  the  boundary  always  remains  being  wetted.  Then  the  y-component  of  the  flow 
at  the  rigid  surface,  in  the  linearized  nondtmensional  form,  is 

vfx.O.t)  -- 
'll- 

Hence  from  (48)  and  (52),  on  n  x 

—  .'  (  X  .1) ,  t  )  -  f  “  —  '  — )  vf  X .1'.  t  )  ■  I  —  ■  —  1  h(  X ,  t  I .  (57) 

X  Vo,.  '  ■’</  ■'  */ 

Here,  again,  both  the  above  conditions  may  be  applied  on  the  projection  of  the  wetted 
rigid  surface  on  the  x-axis.  The  integral  of  v  in  terms  of  may  l)e  obtained  from 
(57)  as 


(56) 
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•  / 

vf  x.O  I  ) 

I 

I!(  X  ,  V .  I 

I  ^  X  ,  y.  t  ) 

(58) 


provided,  of  course,  the  integral  converges.  In  this  integral  the  condition  that  v  o 
at  X  is  used.  It  may  be  emphasized  that  the  solution  satisfying  the  boundary 
condition  on  acceleration  (S7)  will  also  satisfy  the  boundary  condition  on  velocity  (56), 
provided  (58)  satisfies  (56)  also. 

4.  The  condition  that  the  cavity  boundary  and  the  wetted  rigid  surface  must 
form  at  every  instant  a  closed  contour  enclosing  a  constant  cavity  volume  may  be 
expressed  by 


a)  v(  X  0  ‘ ,  t  )  <lx  Im  ^  vv(  2.  t )  «lz  0,  for  nil  t 

f  t  (59) 

where  c  is  a  contour  enclosing  the  boundary  of  the  body  and  the  cavity. 

5.  The  Kutta  condition  for  the  lifting  problem,  fully  cavitated  or  not,  is  that 

is  regular  at  the  trailing  edge  for  all  t.  (60) 

This  completes  the  formulation  of  the  problem.  With  t!ie  cavitation  number  <  given 
and  the  motion  of  the  wetted  boundary  prescribed,  the  cavity  length  'tt.x)  and  the 
complex  acceleration  potential  Grz.t.-i  satisfying  these  conditions  can,  at  least  in 
principle,  be  found. 


Hydrodynamic  Force  and  Moment 

Since  Gd.t.  )  is  an  analytic  function  of  i  for  all  t,  regular  everywhere  outside 
the  body  cavity  system,  the  expansion  of  G  near  i  >■  must  assume  the  form 


n|  *  11^2 


(«i) 


in  which  the  coefficients  .1,,,  )>„  may  depend  on  t  and  -.  From  (53)  it  follows  that 


These  two  conditions  and  condition  (59)  in  general  determine  the  cavity  length  Ut.-) 
since  they  contain  no  other  unknowns  except  ■  and  . 

It  is  of  interest  to  analyze  the  singularities  of  the  solution  Gcz.t.o.  From  the 
boundary  conditions  imposed  it  is  not  difficult  to  see  that  for  x  >  n  (and  hence 
‘(t  -)  '  Gfz.t.')  may  admit  singularities  only  at  the  leading  edge  the  rigid 
body  and  at  the  rear  end  of  the  cavity.  Near  the  cavity  end  z  ' ,  we  take  a  path  >  r 
Kucircling  the  point  z  from  the  lower  to  the  upper  side  of  the  cavity  boundary; 
then  nrii(i  -  ')  increases  by  2^  along  c.’.  Since  on  the  lower  surface,  ..  0  and  i  ■-  0 

(it  can  seen  from  (48)  and  (50)  that  near  z  ' ,  ,  '  v,  and  v  is  positive)  and  on 
the  upper  surface, .  n  and  ^  ■  0,  the  image  point  in  the  n -plane  of  the  point  z  on 
,  describes  in  the  G-plane  a  path  along  which  nn-  G  decreases  by  ,  provided  along 
this  path  ..  i  'I  (so  that  f  I  i>,.).  Then  it  follows  from  the  theorem  of  conformal 
transformation  that 
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G(z.t.-1  )  '  1  ■  0(7.  -  ‘ )  m-ar  7  •’(  t  )  (63) 

where  \  is  a  real  coefficient  which  may  depend  on  t .  One  may  interpret  this  result 
by  saying  that  the  detailed  structure  of  the  wake  behind  the  cavity,  often  represented 
by  an  image  of  the  rigid  body  or  a  reentrant  jet  in  the  nonlinear  problems,  is  now 
collapsed  to  a  point  singularity  in  planar  cavity  flows.  This  singular  behavior  of  the 
.solution  also  facilitates  the  calculation  of  the  drag  force. 

If  a  sharp  leading  edge  in  a  lifting  flow  is  wetted  on  both  sides,  then  it  is  known 
in  the  airfoil  theory  that 

G(  * ,  t ,  - 1  )  z  .  1  '0(1)'  111  sr  I  0.  (64) 

However,  if  the  leading  edge  is  cavitated  on  one  side,  then  an  argument  similar  to 
the  above  leads  to  the  conclusion  that 

Cjit)/’'  !  •  0(  7)  iirnr  7  0.  (65) 

The  leading  edge  singularity  is  thus  weaker  than  in  the  former  case. 

From  3  above  solution  it  is  readily  found  that  the  lift  coefficient  is  given  by  (14) 


c 


L 


Lift 


fcliordi 


4  ft  •  ■  )  i 


(66) 


where  b,  is  defined  in  (61).  Similarly,  the  moment  coefficient  about  the  leading  edge, 
positive  in  the  nose-up  sense,  is 


^  VtOfnent _ 


-4  (1'-)  l>2(t.-). 


(67) 


The  calculation  of  the  drag  coefficient  Is  more  complicated.  However,  it  can  be 
shown  (14)  that  for  ((t)  ’  i, 


Cp  -  -  (V  -<•)„,  Cl.  '  ^  k  ( 

*■  "tt  J 

where  K  is  defined  in  (63)  and  B  denotes  the  contour  enclosing  the  rigid  surface  only. 
For  ’  1,  the  first  term  on  the  right  side  should  be  halved. 


Oscillating  Hydrofoil  at  -  o 

An  interesting  example  of  the  theory,  treated  by  Parkin  (13),  is  that  of  a  flat 
plate  held  at  a  small  angle  of  attack  ,  fully  cavitated  with  an  Infinite  cavity  («  o), 

and  performing  a  small  plunging  oscillation  normal  to  the  undisturbed  flow.  The 
hydrofoil  motion  is  given  by 

y  li„  r  f  *  O  X  «•  (69) 

where  c  is  the  chord  of  the  plate,  )■„  is  the  nondimensional  amplitude,  j  in' is  the 
imaginary  unit  for  the  time  motion,  and  2-  is  the  frequency.  The  solution  obtained 
by  Parkin  gives 
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yj'o  ’  ''o-*"')  (70) 

where  k  c  u  is  the  "reduced  frequency”  based  on  the  full  chord,  and  W(k)  is  a 
special  function  which  is  piotted  in  Fig.  6.  The  term  >  2  gives  the  steady  part  of 

the  lift  as  experienced  by  an  inclined  lamina  in  the  Helmholtz  flow.  The  second  term 
with  9k’  16,  being  independent  of  the  forward  speed  when  the  lift  coefficient  is  con¬ 
verted  to  the  iift  force,  represents  the  contribution  of  the  apparent  mass  to  the  lift. 
The  last  term  accounts  for  the  influence  of  the  cavity  upon  the  lift.  On  the  other 
hand,  the  unsteady  lift  on  a  fiat  plate  airfoil  without  separation  is 

C|.  2”  j>o  •[Ik'  -  jl‘c(|)]h„e‘“'*[  (71) 

where  C(k  2)  is  the  Theodorsen  circulation  fuiiction.  A  comparison  of  these  results 
shows  that  the  apparent  mass  of  an  inclined  flat  plate  with  an  infinite  cavity  is  only 
8/16  the  apparent  mass  of  the  plate  in  fully  wetted  flow.  Furthermore,  as  plotted  in 
Fig.  6,  wrki  is  quite  different  from  ctk  21.  This  is  probably  duetothe  wake  structure 
and  the  presence  of  two  vortex  sheets  Instead  of  one  single  sheet  as  in  the  airfoil 
problem. 

Rewrite  (70)  as 


- 


2(  ■ 


i  'j'l'oe'  * 


(72) 


Fly,  f>  -  SjH'ij.i!  function  in  Kq.  (70) 
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with 


‘  T  [is  ‘  ‘  ^  -jkKrWrk). 

The  quantity  j  Is  usually  called  the  "stiffness  derivative,"  and  'j  the  "damping 
derivative.”  In  flutter  problems  it  is  the  sign  of  ’  j  a  certain  degree  of  freedom 
which  determines  whether  the  motion  in  that  degree  of  freedom  is  damped  or  not  by 
the  hydrodynamic  forces.  The  damping  derivative  ' ,  is  plotted  in  Fig.  7,  with  its 
value  in  the  fully  wetted  flow  shown  for  comparison.  The  same  problem  with  more 
general  locations  of  the  upper  separation  point  has  been  treated  by  Woods  (11)  by 
using  the  method  described  in  the  section  "Perturbation  of  Unsteady  Plane  Flows 
Past  Blunt  Bodies  with  Finite  Cavities;"  his  result  for  the  present  case  agrees 
exactly  with  this  theory.  A  comparison  with  the  case  of  the  fully  wetted  flow  shows 
that  there  is  a  loss  of  damping  for  plunging  oscillation  in  the  cavity  flow.  In  fact,  as 


k>wc/U 


K:u.  7  -  JMul  ( lop  1. 1:  r  .  *•)  oi'  th«'  (KiiTipinu  tliTiv.tlivi*  of 
Eq,  i7i(,  c  i-fiipa PffJ  \Mth  lh«  ctirrrsjiunthni:  t{u<tnlit*.  7or 
without  r.it lo  i 
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shown  by  Woods,  when  the  How  is  allowed  to  separate  from  different  locations  on  the 
upper  surface  of  the  plate,  in  almost  alt  frequency  ranges  there  is  a  loss  of  damping 
effect  for  both  plunging  and  pitching  oscillations,  and  this  loss  increases  with  increas¬ 
ing  extent  of  flow  separation.  It  v/as  also  predicted  by  Woods  that  a  fully  stalled  air¬ 
foil  pivoted  at  its  midchord  would  tend  to  flutter  in  the  frequency  range  n.4  k  i.c 
in  our  notation. 


Supercavitating  Slender  Wedge  in  Plunging  Oscillation 

Another  example  is  the  problem  of  a  supercavitating  slender  wedge  of  half  vertex 
angle  >  performing  a  vertical  plunging  oscillation.  The  instantaneous  position  of  the 
wedge  surface  is  given  by 


'  ■%  <  h„i  '  '  on  y  *0.  n  ■  X  1.  (73) 

It  hasbeen  found  (14)  that  the  lift  and  moment  experienced  by  the cavltated oscillating 
wedge  have  the  same  expression  as  those  experienced  by  an  oscillating  airfoil,  except 
that  the  reduced  frequency  for  -  o  is  k  t'  o,  instead  of  c  u  as  lor  the  fully 
wetted  flow.  The  drag  exerted  on  the  cavitated  wedge  due  to  the  cavity  formation, 
however,  is  now 

C„  “4^  (1  •  -  )  ,  •  2  .  I  •  )  li  k^  .•*'  ■  '  (74) 

where  k  .  c  n,. ,  cr  k  2 )  is  the  Theodorsen  function,  and  -  is  cavity  length  given  by 
the  relation 

2.1^)  (75) 

The  first  term  in  (74)  gives  the  drag  coefficient  of  the  basic  cavity  flow  over  the 
wedge,  while  the  last  term  expresses  the  contribution  of  the  unsteady  motion. 
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DISCUSSION 


B.  R.  Parkin  (California  Institute  of  Technology) 

I  would  like  to  put  a  question  to  Professor  Wu  concerning  his  first  topic,  that  is, 
his  elucidation  of  the  theory  of  Von  K^rntidn.  As  Professor  Wu  has  mentioned,  the 
coordinate  system  is  chosen  in  such  a  way  that,  being  fixed  to  the  body,  it  is  net  an 
inertial  frame  of  reference,  and  thus  it  introduces  a  pressure  gradient  at  infinite, 
noticed  liu'uughuui  Hie  flow.  I  would  appieciate  Pi'ofessui  Wu's  iridicating  the  bear¬ 
ing  of  this  pressure  gradient  at  infinity  on  the  values  of  the  coefficients  which  he 
quoted  from  Von  Kirnidn's  work.  Would  these  coefficients  and  the  cavity  shape  be 
any  different  from  those  which  would  obtain  if  the  liquid  at  infinity  had  been  at  rest  ? 


P.  Kaplan  (Stevens  Institute  of  Technology) 

My  comment  is  concerned  with  the  application  of  Wu's  results,  and  results  to 
follow,  in  the  general  field  of  naval  hydrodynamics.  In  particular,  the  requirements 
of  supercavitating  devices,  which  are  being  emphasized,  are  such  that  they  have  thin 
sections,  combined  with  great  sensitivity  of  the  hydrodynamic  forces  to  the  camber. 
This  makes  the  problem  of  hydroclasticity  appear  important  for  high-speed  opera¬ 
tion.  The  forces  on  the  oscillating  supercavitating  foil  are  also  essential  for  the 
study  of  flutter,  and  I  am  happy  that  Dr.  Wu  has  mentioned  the  applicability  of  some 
of  his  results  to  this  problem. 


T.  Y.  Wu 

In  reply  to  Dr.  Parkin's  question,  I  wish  to  say  that  the  wake  flow  generated  by 
a  flat  plate  accelerating  broadwise  through  the  fluid,  which  is  otherwise  at  rest  in  an 
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inertial  frame,  is  a  problem  different  from  that  treated  by  Kdrmdn.  In  this  case  one 
may  take  a  coordinate  system  fixed  with  respect  to  the  fluid  at  infinity  so  that  at 
infinity  the  velocity  is  zero  and  the  pressure  is  equal  to  p,,  a  constant.  Then  the 
plate  will  be  moving  with  acceleration  If  the  shape  of  the  free  boundary  may  still 
be  constant  in  time,  then  when  the  condition  of  constant  pressure  is  applied  on  the 
moving  free  boundary,  one  has  a  different  expression  for  the  pressure  equation. 

Next,  I  wish  to  give  a  uniqueness  proof  with  respect  to  the  leading-edge  sin¬ 
gularity,  z  -’  *  or  z  ‘  The  first  time  I  looked  at  the  3/4-power  singularity  I 
thought  this  singularity  may  be  ruled  out  by  the  argument  that  the  anergy  is  not 
integrable  at  the  leading  edge.  Though  this  statement  is  true,  1  was  not  too  happy 
with  this  answer.  Then  I  looked  for  other  physical  requirements  and  found  a  satis¬ 
factory  one.  I  imposed  another  condition,  namely  that  the  pressure  outside  of  the 
solid  body  and  the  cavity  wake  must  not  be  less  than  the  pressure  in  the  cavity. 
That  is. 


II  Ri  ft  -  -  C  O  In  the  flow  field. 

>  P 

Suppose  that  the  solution  of  «>  has,  in  the  neighborhood  of  the  leading  edge,  the 
expansion 


.  .  •  J  4  „  -  1  4  rk/  1  ♦v 

\s  lAz  iP/  *  0(  7  ) 

where  A  n  are  two  real  coefficients  so  that  ^  o  onthe  cavity.  Then,  with  z  r  f*  , 
we  have  near  r  o, 


ft  Ar  '  ^  sin  (3  4t  Pr  *  ^  sin  (  A'l  ■  Ofr*  . 

From  this  result  we  notice  that  the  tf'm  sin  i3  d  will  change  sign,  whereas  the 
term  sin  i  4i  will  not,  as  changes  from  o  to  2  ,  Since  the  first  term  violates  this 
physical  condition  on  the  minimum  pressure,  we  must  therefore  have  A  o. 

my  own  viewpoint  witii  respect  to  the  existence  of  the  llow  source  is  as  follows. 

Suppose  we  have  a  two-dimensional  cylinder  and  let  it  pulsate  with  its  radius  r  as  a 

function  of  t  in  a  uniform  stream  of  velocity  l';  then,  the  velocity  potential  is 

.(r.  .t  1  1.7  r  r)  i-ns  •  RR  tni;  r  . 

SO  that  we  have  now  a  source  of  strength  ?  RR  which  depends  on  the  rate  of  change  of 
the  cross  section  of  the  cylinder.  For  the  problem  of  unsteady  cavity  flows,  however, 
it  seems  that  the  physical  requirement  must  be  imposed  that  the  pressure  be  finite 
at  Infinity.  Otherwise,  we  would  require  an  infinite  amount  of  energy,  and  hence  an 
infinite  time,  to  create  such  a  flow.  Thus  tlie  question  arises:  Why  don't  we  let  the 
'  avity  volume  grow  and  have  an  infinite  pressure  at  infinity  ?  At  the  first  sight  it 
seems  to  me  tH:>t  the  affirmative  is  not  the  case.  One  flow  model  which  avoids  the 
ilrjw  source  at  infinity  is  that,  when  the  volume  of  the  cavity  near  the  body  changes, 
tiicrc  will  be  a  wake  which  becomes  thinner  or  fatter  in  the  opposite  sense. 

In  regard  to  the  philosophical  quesiion  about  the  physical  backgr  nd  of  these 
:lnw  models  and  their  agreement  with  c.xperiments.  1  have  the  following  point  of  view: 
Wc  realize  that  all  the  wake  flows  ure  the  end  product  of  the  real  fluid  effect.  In 
order  tc  solve  the  problem  in  an  easy  way.  however,  we  want  to  keep  the  potential 
problem  as  a  possible  approximaticn  by  making  some  mathematical  assumptions, 
v.  iiich  we  call  mathematical  models.  If  any  mathematical  model  gives  a  goodappro.xi- 
iii.iiionof  the  flow  quantities  near  the  solid  liody  .  so  that  we  c;uii)redict  verv  accurately 
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the  total  hydrodynamic  forces  on  the  body,  then,  as  far  as  I  am  concerned,  the  hkjiIi.I 
should  be  quite  acceptable.  However,  we  should  not  expect  that  the  simple  model  i:. 
also  capable  of  providinga  good  description  of  the  complicated  wake  flow  downstream. 
The  problem  of  the  wake  flow  in  the  wake  is  entirely  different  from  those  considered 
here  and  I  believe  one  cannot  obtain  a  good  result  without  considering  the  viscous 
effect,  vortex  shedding,  the  turbulent  mixing,  and  so  forth. 

Several  experimental  results  have  been  available  lor  a  few  special  cases  of  the 
cavity  flow  past  a  flat  plate  inc"ned  at  a  small  angle.  These  results  give  substantial 
support  to  these  mathematical  models.  With  respect  to  the  present  lineari/.ed  model, 
there  are  certain  features  which  are  different  from  the  nonlinear  custf.s.  Here, 
again,  the  validity  of  this  model  depends  on  its  agreement  with  future  exjieriments. 


THE  INFLUENCE  OF  DEPTH  OF  SUBMERSION, 
ASPECT  RATIO,  AND  THICKNESS  ON 
SUPERCAVITATING  HYDROFOILS  OPERATING 
AT  ZERO  CAVITATION  NUMBER 


Virgil  E.  Jolinsun.  Jr. 

...J  .  1  .  Vt’  '  .  I  »  .  a;  t'  '  r  t 

'.If-  ’-.i .  ■!.  »  S  i  1 1  f  •  .1 '  ;  >■ 


ri.i'  hncanzt'cl  ttu'urv  Uir  inl'init*’  <lf|>ti'  i.»  a|>|>lii'<l  tixii'Kiiin  twu  ni'» 
lutt  xir.'i;  superta-.  itatiiii;  i,-. rlriiluilM  T' <•  hra'a n/vti  sD.ution  fur  tin- 
i  i'.arai  t  instil  ^  "i'  sapuri  ai  '.latiiit:  >  ilrului  Is  opr  rat  tup  at  /u  ro  i  avital  lun 
tiumiji'r  at  liniti'  ili  pti.  is  alsu  ai  i  otiiplislx-tl.  1 1  u  rlti'i.ts  uf  lamtjcr 
lil'ti' rnuni'il  fruiitlu-  liiifar  ti.uori  aru  i  uniljinvii  iiitli  tlu‘  uxa  it  nonlinear 
ilat-pl.ite  sulu'iun  to  pruiluif  tomlini-ar  l•xprt.•ssl.lns  for  the  iharai-ter- 
istii  f  111  arijil  I  ar,'  seitiuns.  1  ia-  resultiiiL  llieoretii  al  expressions  arc 
lurroititl  foraspi'it  ratio  la.  i  oir.  •■ntional  aeronatitii  al  mi’thods.  Auroe- 
iiient  bitiieen  li.oory  and  experiment  is  toiinil  to  be  iiuoil  for  the  lift 
tueffii  lent,  lirap  loeffiiient.  tenter  of  pressure,  and  lotaliun  uf  tlie 
upper  eavit',  streamline.  Ti.e  tlieori  is  used  toiompare  tlie  maximum 
lilt/drai;  ratios  obtainable  iroiii  various  laiiibered  seetions  of  equal 
streiiut..  .At  an  aspiut  ratio  oi  1  .lad  a  deplli  of  I  i  liord.  a  five-term 
section  nil:.  C|  d.  1  nas  a  ni.ixiiiiuiii  I.  D  ol  lU.S.  Ilovieier.  the 
iii.ixiinum  I.  n  IS  not  preatli  liependeiit  on  tlie  type  .a  laniber  siiiie  a 
iirtuiar  .in  s-.  ition  "t  C,  ,j  n.l  nas  a  maximum  L  0  of  about  <.5.  It 
IS  I  Jill  hided  from  tiU'  aiialisi.sti  .it  for  operation  .it  .i  ilepti.  ureater  than 
about  1  I  lord,  a  lift/drap  ratio  ..I  about  10  is  rlose  to  the  maxinium 
valu.'  ti.at  can  i*ver  be  attained  on  .i  siiiple  hydrofoil  supported  witn  one 
strut  .ind  operatine  at  zero  la'.it.ition  number. 


INTRODUCTION 

One  of  the  missions  of  the  Hydrodynuniirs  Division  of  the  National  Aeronautics 
and  Space  Administration  is  to  find  meiuis  of  improving  the  tiikeoff  and  landing  per¬ 
formance  of  seaplanes,  particularly  in  rough  water.  The  desirability  of  using  lut 
auxiliary  lifting  surface  such  as  a  hydro-.ski  for  reducing  seaplane  hull  loads  and 
improving  rougii  water  (ferfornianre  has  been  established.  It  is  (fossibie  that  hydro¬ 
foils  with  higher  aspect  ratio  and  thus  higher  efficiencies  could  be  superior  to  the 
hydro-ski:  however,  only  the  low-aspect-ratio  planing  hydro-ski  has  so  farbeen  suc¬ 
cessfully  applied  as  landing  gear  to  moeb  rn  high-speed  aircraft.  This  is  because  the 
conventional  hydrofoil  presents  prolilems  not  e.X|M'riencpd  by  a  hydro-ski. 
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As  aJiydrofoil  nears  the  free  surface  (during  a  takeoff  run)  the  low  pressure  side 
of  the  foil  almost  always  becomes  vcmilated  from  the  atmosphere.  This  phenomenon 
results  in  a  severe  and  usually  abrupt  loss  in  lift  and  reduction  in  the  lift.Mrag  ratio. 
For  conventional  airfoil  sections  the  loss  in  lift  may  exceed  75  percent.  The  speed 
at  the  inception  of  ventilation  depends  onthe  angle  o''  attack  and  depth  of  submersion: 
but,  except  for  very  small  angles  of  attack  and  relatively  low  takeoff  speeds,  the 
inception  speed  is  usually  well  below  the  takeoff  speed  of  the  aircraft. 

Even  If  the  ventilation  problem  is  overcome  by  using  small  angles  of  attack  and 
incorporating  "fences"  or  other  devices  for  suppressing  ventilation,  the  onset  of 
cavitation  presents  a  second  deterrent  to  the  use  of  conventional  hydrofoils  at  high 
speeds.  The  loss  In  lift  accompanying  cavitation  of  conventional  airfoil  sections  Is 
not  abrupt,  but  the  ultimate  reduction  in  lift  and  lift/'drag  ratio  is  comparable  to  that 
of  ventilated  flow.  Even  thin  airfoil  sections  of  small  design  lift  coefficient  enter  this 
cavltating  regime  of  poor  lift  drag  ratios  at  speeds  in  excess  of  about  80  knots. 

Since  the  takeoff  speed  of  supersonic  aircraft  may  be  in  the  range  of  150  to  200 
knots,  lifting  surfaces  with  cavitating  or  ventilating  characteristics  superior  to  those 
ot  conventional  airfoil  sections  are  desirable.  Fortunately  the  theoretical  work  of 
Tulin  and  Burkart  (1)  has  shown  that  superior  configurations  do  exist,  and  they  have 
selected  a  cambered  configuration  for  operation  in  cavitating  or  ventilated  flow  which 
has  two-dimensional  lift/drag  ratios  at  its  design  angle  of  attack  and  zero  cavitation 
number  about  six  times  that  of  a  flat  plate.  If  such  a  cambered  foil  can  be  Induced  to 
ventilate  at  very  low  speeds,  while  the  aircraft  hull  still  supports  most  of  the  load,  a 
stable  and  efficient  takeoff  run  may  be  possible.  This  new  philosophy  is  to  design 
for  operation  with  a  cavity;  whereas  in  the  past  the  philosophy  has  been  to  try  to 
avoid  cavitation  and  ventilation.  The  situation  Is  very  definitely  one  of.  "If  you  can't 
beat  it,  join  it." 

The  present  paper  is  concerned  with  some  theoretical  and  experimental  work  on 
supercavitating  hydrofoils  which  has  been  carried  out  during  the  last  few  years  at  the 
L  angley  Research  Center,  Langley  Field,  Virginia,  of  the  National  Aeronautics 
and  Space  Administration.  A  large  percentage  of  the  information  contained  in  this 
paper  has  been  previously  published  as  Refs.  2  and  3.  However,  since  these  reports 
have  only  recently  been  declassified,  the  principal  results  contained  in  them  are 
reviewed,  although  in  some  places  details  are  omitted.  The  purpose  of  the  investi¬ 
gation  has  been  to  determine  the  characteristics  of  practical  supercavitating  hydro¬ 
foils;  therefore  the  effects  of  aspect  ratio,  depth  of  submersion,  and  hydrofoil  thick¬ 
ness  are  subjects  of  particular  interest.  The  theoretical  portion  makes  frequent  use 
of  the  linearized  theory  for  cavitating  flows  developed  in  Ref.  1  and  extends  this  theory 
to  include  the  problem  of  hydrofoils  ^Ich  operate  in  a  ventilated  condition  near  the 
free  surface.  Conventional  aeronautical  corrections  for  finite  span  are  employed. 
The  theoretical  results  obtained  are  compared  with  a  variety  of  experimental  data 
obtained  in  the  towing  tanks  of  the  NASA.  These  tanks  include  the  new  high-speed 
facility  which  is  presently  capable  of  speeds  up  to  175  fps  and  which  will  soon  be 
capable  of  speeds  nearing  260  fps. 


SYMBOLS 

A  aspect  r,itio 

A^.A,,  coefficients  of  sine-series  expansion  of  vorticity  distribution  on  equiva¬ 
lent  airfoil  section,  that  is, 

■  (  x)  2V  (A||  enf  j  '  A|  sin  •  A2  sin  2'  •••  A^^  sin  !i  j 
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where 


!y  I 

cos  i»"  tr* 
dx 


^n.h'^O  .h 


^L.  1 


C, 


^N,  f 

c„.c„ 


*0  -U  ’  ■  ’  *0 

•'0 

coefficients  of  sine-series  expansion  of  vorticity  distribution  on  hydro¬ 
foil  section 

distance  from  equivalent  airfoil  leading  edge  to  center  of  pressure  in 
chords 

coefficients  of  cosine  series  defining  location  of  image  vortex  in  airfoil 
plane  using  z  -  z  transformation 

parameter  defining  location  of  spray  at  Infinity  in  t  plane  (see  Ref.  4) 
total  drag  coefficient,  0  qS 
skin-friction  drag  coefficient,  D,  qS 
total-lift  coefficient,  L  qS 

total-lift  coefficient  of  equivalent  airfoil  section,  L  qS 
lift  coefficient  exclusive  of  crossflow,  L,  qS 
crossflow  lift  coefficient.  qS 

pitching-moment  coefficient  (about  the  leading  edge),  M  qSr 

pitching-moment  coefficient  of  equivalent  airfoil  section  (about  the  leading 
edge),  V  qSc 

third-moment  coefficient  of  equivalent  airfoi*  section  fseeRef.  1),  M,  qSr* 
resultant-forcc  coefficient  on  arbitrary  section,  F  qS 
resultant -force  coefficient  of  flat  plate,  F  qS 

coefficients  of  sine-sericsexpansionof  vorticity  distribution  on  equivalent 
airfoil  section  at  arbitrary  depth  using  7  -  7  transformation 

pressure  coefficient,  i<'  •  p.»  n 

chord 

total  drag  force 

drag  force  due  to  skin  friction 

leading  edge  depth  of  submersion 
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E  Jones'  edge  correction,  ratio  of  semiperimeter  to  span  (see  Ref.  5) 

F  resultant  force 

f  distance  from  hydrofoil  leading  edge  to  stagnation  point  in  chords 

e  acceleration  due  to  gravity 

L  total  lift  force 

lift  force  due  to  crossflow 

Lj  lift  force  exclusive  of  crossflow,  t-  - 

'  perpendicular  distance  from  hydrofoil  reference  line  to  upper  cavity 
streamline 

M  moment  about  leading  edge 

M3  third  moment  about  leading  edge,  2/  pfxix^dx 

•'o 

m  Cl  : 

p  pressure,  lb/  sq  ft 

pressure  within  cavity,  lb,  sq  ft 
p„  pressure  at  mean  depth  of  hydrofoil:  lb  sq  ft 
p^  fluid  vapor  pressure,  Ib/sq  ft 
n  free*stream  dynamic  pressure,  1  3  .  v’ 

R  cavity  ordinate  -  aspect  ratio  correction  factor 
s  area,  sq  ft 
s  span,  ft 

ti  perturbation  velocity  in  X-direction 

V  speed  of  advance,  fps 

V  perturbation  velocity  in  V-directlon 
X.  V  coordinate  axes 

X  distance  from  leading  edge  along  X-axis 

X,.  ^  distance  from  leading  edge  to  center  of  pressure  of  hydrofoil 

geometric  angle  of  attack  measured  from  reference  line  radians 
unless  otherwise  specified 

angle-of-attac'x  increase  duetocamber.  radians  unless  otherwise  specified 
: ,  induced  angle  of  attack,  radians  unless  otherwise  specified 
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ip  angle  between  hydrofoil  chord  line  and  reference  line,  positive  when 
chord  line  is  below  the  reference  line,  radians  unless  otherwise  specified 

i'  angle  of  attack  measured  from  hydrofoil  chord  line,  >'  ip.  radians 

unlesi.  otherwise  specified 

circulation,  strength  of  single  vortex 

>  central  angle  subtending  chord  of  circular-arc  hytlroi'oil 

j  spray  thicknes  .  at  infinite  distance  downsiream 

t  deviation  of  resultant  force  vector  from  normal  to  hydrofoil  reference  line 
complex  airfoil  plane.  -  plane 
n  ordinate  in  the  ’  plane 

parameter  defining  distance  along  airfoil  chord,  x  c  2  fl  -  cn«  t 
-  mass  density,  lb-sec^  ft^ 
v  abscissa  In  the  '  plane 

cavitation  number,  (e,  -  p^)  o 
cavitation  number  at  inception 
’  correction  factor  for  variation  from  elliptical  plan  form 
angle  between  spray  and  horizontal 
■  vurticity 

'  '  indicates  "function  of,”  for  example,  c^,  •  ■  '  also  () 

sometimes  used 

7.  X  <  iV 
1  ^0 

•  -  tan  ‘  p  1*1 

Subscripts 

r  effective 

0  zero  depth  of  submersion 
t  total 

infinite  depth  of  submersion 
c.p.  center  of  pressure 
r  due  to  camber 
A„  due  to  Ap 

Barred  symbols  refer  to  equivalent  airfoil  section  and  unbarred  symbols  refer 
to  the  supercavitating  hydrofoil  section. 
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DFSCUIPIION  OF  SUPKRCAVnATING  Fl.OW 

The  parameter  detinlnf;  cavity  How  is  (p„  -  p^. )  -i  where  p^  is  the  pressure 
at  the  mean  depth,  p,.  is  the  pressure  within  the  cavity,  and  p  is  the  dynamic  pressure. 
The  magnitude  of  (or  the  condition  at  which  cavitation  is  incipient  is  defined  by  the 
particular  value  ..  If  ■  is  reduced  below  cavitation  becomes  more  severe;  that 
is,  the  cavitation  zone  extends  over  a  larger  area.  When  a  hydrofoil  operates  at  suf¬ 
ficiently  low  values  of  ■,  the  cavity  formed  may  completely  enclose  the  upper  or  suc¬ 
tion  surface  and  extend  several  chords  downstrean.  as  shown  in  Fig.  la.  The 
re-entrant  flow  formed  at  the  rear  of  the  cavity  is  caused  ;  y  the  •••.•cessity  for  constant 
pressure  along  the  cavity  streamline.  When  the  cavity  is  si.  .iciently  long  so  that  the 
re-entrant  i>,./W  is  dissipated  without  impl.iging  on  the  nody  creating  the  cavity  as 
shown  in  Fig.  la,  the  flow  is  defined  as  supercavitaiing  Theoretically,  if  the  cavi¬ 
tation  parameter  is  reduced  to  zero  (he  cavity  formed  will  extend  to  infinity. 

Low  values  of  cavitation  number,  and  thus  supercavitating  flow,  may  be  obtained 
by  increasing  either  velocity  or  cavity  pressure  or  both.  At  a  constant  depth  and 
water  temperature,  for  normal  vapor-filled  cavities  is  dependent  only  on  the 
velocity,  since  is  then  p„  -  p^,  and  is  constant. 

If  part  or  all  of  the  boundary  layer  of  a  configuration  is  separated,  the  eddying 
fluid  in  the  separated  region  can  be  replaced  by  a  continuous  flow  of  lighter  fluid  such 
as  air  (6.7).  Regulation  of  the  amount  of  air  suppliedwill  control  the  cavity  pressure 
and  thus  the  length  of  the  cavity  formed.  If  the  quantity  of  air  supplied  is  very  large, 
the  cavity  pressure  will  approach  the  ambient  pressure  p„  and  a  very  long  cavity  will 
result  even  at  low  stream  velocities. 

The  ventilation  of  surface -piercing  hydrofoils  is  therefore  a  siqjercavitating 
(low  due  to  large  quantities  o:  air  stq)plied  from  the  atmosphere  to  separated  flow  on 
the  suction  surface  of  the  foil.  Supercavitatlng  flow  as  a  result  of  ventilation  also 
occurs  when  a  non-surfacc-piercing  hydrofoil  of  moderate  aspect-ratio  operates 
near  the  free  surface  (Fig.  lb).  As  pointed  out  in  Ref.  8,  air  is  entrained  in  the 
trailing  vortices  and  drawn  to  the  suction  side  of  the  foil,  causing  a  long  trailing 
cavity  to  completely  enclose  the  foil  upper  surface  and  extend  far  downstream.  The 
ventilated-typc  cavity  described  in  Ref.  6  differs  in  shape  from  those  formed  in  deeply 
submerged  flow  because  of  the  proximity  of  the  free  surface.  It  is  similar  to  planing, 
with  the  spray  forming  the  upper  surface  of  the  cavity.  Since  the  cavity  pressure  is 


b  If',  i  •  Ui-finilion  sketch:  (a)  superravitating  flow  at  finite 
cavitation  number  (  '  0),  (b)  supercavitatlng  or  ventilated 

flow  near  the  free  surface  (  •  0) 
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approximately  the  same  aj  the  ambient  pressure  (at  small  depths  of  submersion), 
the  cavitation  number  for  this  type  flow  is  neatly  ^ero.  The  present  paper  is  con¬ 
cerned  with  the  theoretical  predictions  of  the  characteristics  of  practical  hydrofoils 
operating  in  the  ventilated  or  zero-cavitation-number  regime. 


FORCES  AND  MOMENTS 
Two-Dimensional  Theory 

Flat  Plate.  Infinite  Depth— The  characteristics  of  a  two-dimensional  inclined  flat 
plate  in  an  infinite  fluid,  operating  at  zero  cavitation  number,  have  been  obtained  by 
Kirchoff  and  Rayleigh  (9).  The  resultant  force  on  the  plate  is  given  by  the  well-known 
equation 

^  4  ♦  '/  sin  I  ' 


Flat  Plate.  Finl^  Depth— Similar  work  was  performed  by  A.  E.  Green  (4,10)  to 
Include  the  effect  of  the  free  surface  (but  neglecting  gravity).  The  solution  is  neces¬ 
sarily  obtained  in  terms  of  spray  thickness  rather  than  the  more  useful  depth  of 
submersion  and  is  given  as  two  parametric  equations  in  terms  of  the  parameter  b ; 


2  (I,  -  .i',* 


1)  sin  I  cos 

n 


m  I 


l>  -  cos  » 
D 


Where 


D 


n>  -  . 


li  sin 


cos 


fli  cos 


>  - 1» 


In 


I) 

b 


(2a) 

(2b) 


This  result  is  plotted  as  the  variation  of  c  with  c  for  various  angles  of  attack 
in  Fig.  2. 

Although  gravity  is  neglected  in  Green's  solution,  the  forces  on  the  plate  can 
still  be  obtained  in  terms  ot  :  c  from  Eq.  (2)  if  the  Froude  number  rc  is  large. 
On  the  other  hand,  the  relationship  between  the  spray  thickness  and  the  actual  leading 
edge  depth  of  submersion  cannot  be  determined  from  Green’s  two-dimensional 
analysis.  However,  in  the  practical  case,  at  small  angles  of  attack  the  depth  of  sub¬ 
mersion  and  spray  thickness  may  be  taken  as  identical  even  at  relatively  shallow 
depths.  From  Fig.  2  it  may  be  seen  that  for  depths  greater  than  about  1  chord  the 
depth  and  spray  thicicness  may  be  considerably  different  without  affecting  the  value 
of  m.  Thus  at  depths  greater  than  about  1  chord  the  assumption  that  .1  c  c  is 
adequate  in  determining  the  forces.  However  at  large  angles  of  attack  and  shallow 
depths  a  better  relationship  is  nec'ded  between  .1  >■  and  c  if  adequate  accuracy  is  to 
be  maintained,  t  o  theoretical  solution  for  the  relationship  has  been  obtained.  How¬ 
ever.  to  :,lve  an  idea  of  the  relationship  between  th 'se  variables,  experimentally 
obtained  lines  ol  cun.st:rit  I  >-  fur  in  aspect  ratio-1  il.at  plate  are  shown  in  Fig.  2. 
Experienc  has  ihown  ihat  these  lines  aie  sufficiently  accurate  for  determining  the 
value  of  m  for  mixlerat  aspect  ratios.  The  lines  of  constant  .i  c  were  faired  to  a 
value  of  '  90  di  grees  obtained  from  the  iquation 

<■  I  C  •  f  .■  (3) 
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4 


Z  -  (Iroen’s  solution  lor  the  lift-«urve  slope  of  a  two* 
dimensional  flat  plate  (with  approximate  lines  of  t  unstant 
(1  c) 


where  f  c  is  the  dimensionless  distance  from  the  leading  edge  to  the  stagnation  line. 
The  distance  f  <•  can  be  obtained  from  Green’s  work  and  lor 

f  >  •  2  ’  (i,  -  j)  -  1'^  -  >  (-2  »"'■ 

(1.  -  i.*  - 1)  •  In  ;  -j 

where  i>  has  been  previously  detined  in  Eq.  (2).  Equation  (3)  is  based  on  the  assump¬ 
tion  that  the  stagnation  line  for  the  condition  =  -  90  degrees  is  parallel  to  the  undis¬ 
turbed  water  surface. 

Linearized  Solution  for  Cambered  Sections  at  Infinite  Depth— The  case  of  cam¬ 
bered  surfaces  at  infinite  depth  can  theoretically  be  analyzed  in  two  dimensions  by 
the  method  of  Levi-Civita  (10).  However,  like  many  conformal  mapping  problems  the 
method  is  very  difficult  to  apply  to  a  particular  configuration  and  only  a  few  specific 
solutions  havebeen  obtained.  Amongthese  is  th^  work  of  Rosenhead  (11)  and  Wu  (12). 
Although  the  solution  of  Wu  is  applicable  inprinciple  to  arbitrary  sections,  it  has  been 
carried  out  only  for  the  circular  arc.  A  particular  advantage  of  Wu's  solution  is  that 
it  includes  the  effects  of  nonzero  cavitation  numler. 

The  most  useful  treatment  of  caml  ered  surfaces  is  the  linearized  theory  of  Tulin 
and  Burkart  (1)  which  is  readily  ap'ilicabli.'  to  any  surface  configuration  (with  positive 
lower  surface  pressures)  as  long  as  the  angle  of  attack  and  cam  'er  are  small.  The 
principal  results  of  this  lin  earized  theory  are  summarized  below. 

The  supcrcavitating  hydrofoil  problem  in  the  7  plane  is  transformed  into  an  air¬ 
foil  problem  in  the  7  plane  by  the  ri  latlonship  /  -  Denoting  properties  of  the 

equivalent  airfoil  with  barred  symbols  and  those  of  the  hydrofoil  with  unbarred 
symbols,  the  following  relationships  are  derived: 


-  90  degrees  is 


(4) 


r24 
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(5) 
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(6) 
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C-:,.  5  (••'„  •  A, 

-'f) 

(7) 

Cf, 

1  H  ,( 

(8) 

c,. 

^11  .  -1  .1? 

/Aj  ~  ^  ^ 2  1  ^ 4  2  ^  ' 

(9) 

The  corl'fificnts  A,,  are  th'  thin  airfoil  coefficients  in  the  sine  series  expansion  of  the 
airfoil  vorticity  dist-ihution 

(X>  2\’  cot  2  -  A„  sin  ii  ^  (jOa) 

where 

X  j  C  (  1  -  cos  t  (0  •  )  (JQlj) 

and  can  be  lound  for  a  given  configuration  irom  the  following  equations; 

I  /■  'ly 

K  -  J  .lx  •  •  *o  (lla) 


A  ^  I  ‘*y  1 

.lx  "  ■'  ■  (lib) 

The  first  term  in  equation  (10a),  that  is,  the  A^  term,  is  the  vorticity  due  to  angle 
of  attack  and  the  second  term  is  that  due  to  camber.  In  order  to  isolate  the  effects  o; 
camber.  .A^  will  be  considered  zero.  Any  section  profile  derived  on  this  basis  will 
also,  for  convenience,  be  orientated  with  respect  to  the  X-axis  in  such  a  manner  that 
a',  0.  From  Eq.  (9a  I  these  conditions  require  that  <  also  be  equal  to  zero.  Thus, 

the  derived  orientation  is  defined  us  the  zero-angle-of-attack  case. 

When  A^  is  set  equal  To  zero,  the  hydrofoil  lift  drag  ratio  for  a  given  lift  coeffi¬ 
cient  is  obtained  from  Fqs.  (7)  and  (8)  as  follows; 


Olniously,  for  maximum  lilt  drag  ratio.  -Aj  A,  must  be  as  large  as  possible.  How¬ 
ever,  if  the  assumed  condition  that  a  cavity  exists  only  on  the  upper  surface  is  to  be 
real,  the  vorticity  distribution  given  by  Eq.  (8)  must  be  positive  in  the  interval 
0  •,  •  •;  that  is.  the  pressure  on  the  hydrofoil  lower  surface  must  be  positive  over 
the  entire  chord,  otherwise  a  cavity  will  exist  on  the  lower  su  ce.  Thus  lor 
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maximuni  hydrofoil  lift  drug  raiio,  -A^  A,  must  be  as  largo  as  possible  and  still 
satisfy  the  condition 


(x)  2\  )  A,  sin  n  0  (0  )  . 


(13) 


Tulin-Burkart  Siction— With  the  stipulation  that  the  vorlicity  distribution  is 
defined  by  only  two  terms  In  Eq.  (13),  Ref.  1  finds  the  optimum  relationship  between 
Aj  and  Ajas  -A^  A,  1  2.  This  results  in  a  hydrofoil  configuration  given  by  the 
equation 


(14) 


From  Eq.  (7)  the  design  lift  coefficient  (that  is,  for  ’  =  0)  for  this  section  is 


5  A, 

,  .1  H 


(15) 


and  the  lift/drag  ratio  for  this  condition  as  obtained  from  Eq.  (12)  is 


L 

D 


(16) 


Since  -  represents  the  lift/drag  ratio  of  a  flat  plate,  the  configuration  given  by 
Eq.  (14)  has  a  lift/drag  ratio  25./4  times  as  great  as  that  of  the  flat  plate.  When  the 
hydrofoil  given  in  Eq.  (14)  isoperatedat  an  angle  of  attack,  the  lift/drag  ratio  becomes 


L 

0 


(17) 


In  Ref.  1  it  is  pointed  out  that  configurations  superior  to  the  one  given  byEq.  (14)  are 
possible.  In  Ref.  2  two  such  superior  configurations  are  selected. 


Three- Term  Section— If  the  vorticity  distribution  given  by  Eq.  (10)  is  assigned 
three  term.s,  it  is  shown  in  Ref.  2that  the  optimum  vorticity  distribution  for  low  drag  is 


fx)  2V  A|  (sin  ■  -  sin  2'  *  j  sin  3") 
The  shape  of  the  hydrofoil  corresponding  to  Eq.  (18)  is 
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•»\  2  1 

x\S  * 
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)  -  (. 

r)  *  ""  1 

*) 

(19) 

By  using  Eq.  (7),  the  lift  coefficient  of  this  hydrofoil  becomes 

(. .  "■) 


'L  2 


or  for  '  0  the  design  lift  coefficient  is 


i-.i 


.A  A, 


(18) 


(20) 
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The  following  drag  coefficient  may  be  obtained  by  using  Eq.  (B); 


For 


{■-lY 


0,  the  lift/drag  ratio  is 


(22) 


L 

D 


(23) 


Th.'S  value  is  nine  times  as  large  as  that  for  a  flat  plate  and  1.44  times  as  large  as 
thevalue  for  the  hydrofoil  of  Ref.  1  where  L  D  2.S  '4(i'  The  following  lift/drag 

ratio  may  be  obtained  for  finite  angles  of  attack  by  dividing  Eq.  (20)  by  Eq.  (22) 


L 
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L.rt 


(24) 


Five -Term  Section— Another  hydrofoil  section  which  theoretically  has  lower 
drag  than  either  of  the  previously  discussed  profiles  can  be  obtained  by  assigning  the 
following  value  to  Eq.  (1C) 

(x)  2V  A]  fsKi  -  4  .1  sill  2  -43  sin  3-23  sin  4  *13  sin  S’  )  .  (25) 

The  shape  of  the  hydrofoil  corresponding  to  Eq.  (25)  is 


3*15  (c)  -  (')■’  '  ■  (*)'  -  30.012  (*)'  ' 

•  (c)^  *]  • 

By  using  Eq.  (7),  the  lift  coefficient  of  this  hydrofoil  may  be  given  as 


or  for  ■  0  the  design  lift  coefficient  is 


The  following  drag  coefficient  is  obtained  by  using  Eq.  (8): 


(26) 


(27) 


(28) 


(■ 


II 


and  for  ■  "  the  lift  drag  ratio  is 


1. 

I) 


(29) 


(30) 


This  lilt  drag  ratio  is  about  11  linie.s  as  large  as  the  value  fur  a  flat  plate  and  nearly 
twice  as  ellicient  as  the  conliguration  of  Ref.  1. 
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For  finite  angles  of  attack, 


1.  (i 


(31) 


Circular- Arc  Section— Because  of  the  geometrical  simplicity  of  the  circular-arc 
profile,  it  is  desirable  to  include  its  characteristics  so  that  the  circular  arc  may  be 
compared  with  the  other  low-drag  sections.  Denoting  the  central  angle  subtending 
the  chord  as  .  and  using  the  chord  line  as  the  reference  axis,  the  coefficients  for  the 
circular  arc  determined  from  the  linearized  theory  are 


K  ~  H 

(32a) 

A,  2 

(a2b) 

*2  ■  « 

(32c) 

A„  0  (n  2). 

(32d) 

Since  for  the  reference  axis  used,  A^  is  negative,  positive  lower-surface  pres¬ 
sures  cannot  possibly  be  realized  near  the  leading  edge  unless  the  angle  of  attack  is 
Increased  at  least  to  the  point  where  <  -  .  «  o.  Because  A,^  0  for  r  >  3  and 

Aj  sill  •  Aj  sin  2  is  everywhere  positive  in  the  Interval  Os  i  r,  the  condition 

:  -  ■  0  is  sufficient  to  specify  positive  pressures  over  the  entire  chord  of  the 

hydrofoil.  A  convenient  way  of  treating  the  circular-arc  section  to  make  it  comparable 
<0  the  other  low-drag  sections  is  to  reorient  its  reference  line  an  angle  s  atovr  the 
chord  line  so  that  for  this  orientation  0  and  <  n.  Using  this  new  reference 
line  the  lift  coefficient  of  the  circular-arc  section  is 


or  for  ^  0  the  design  lift  coefficient  is 

3^  •  (34) 

The  following  drag  coefficient  is  obtained  by  using  Eqs.  (8)  and  (34): 


V  1 

H  Y 

2  ('  • 
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and  for  ’  'i  the  lilt,  drag  ratio  is 


I.  Ml 

D  16  2C,  (36) 


This  lilt  drug  ratio  is  about  5  times  as  large  as  the  value  for  a  flat  plate  and 
almost  as  great  as  the  Tulin-Durkart  section. 
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For  finite  antties  of  attack 

L 

n 


Comparison  of  Sections— The  shape  of  the  four  sections  discussed  in  the  preceding 
paragraphs  are  shown  for  comparison  in  Fig.  3a.  The  pressure  distribution  on  these 
sections  is  presented  in  Fig.  3b.  It  may  be  noted  that  the  locatioii  of  maximum  pres¬ 
sure  moves  rearward  with  increase  in  the  ratio  -A^  A,. 

The  lilt  ztrag  ratio  given  byEqs.  (17).  (24),  (31).  and  (37)  are  compared  in  Fig.  4. 
The  great  improvement  over  the  L  n  of  a  flat  plate  offered  by  positively  cambering 
the  lower  surface  and  operating  at  the  design  angle  ol  attack  is  most  encouraging. 
However,  a  comparison  at  what  amounts  to  a  fictional  design  angle  of  attack  is  not 
justified.  It  is  obvious  from  a  structural  standpoint  that  hydrofoils  with  any  strength 
must  be  operated  at  finite  angles  of  attack  (corresponding  to  the  dashed  lines  in  Fig. 
4).  Thus  the  maximum  lift  drag  ratio  for  any  section  depends  on  the  minimum  angle 
at  which  it  can  be  operated  with  a  cavity  from  the  leading  edge.  A  meaningful  com¬ 
parison  of  the  hydrofoil  sections  just  discussed  is  not  possible  unless  the  influence 
of  the  upper  surface  of  the  hydrofoil  is  also  included,  for  it  is  this  surface  which 
controls  the  maximum  lift  drag  ratio  of  the  section.  Assuming  infinite  speed  and  thus 
zero  cavitation  number,  it  is  clear  that  if  any  portion  of  the  upper  surface  becomes 
wetted,  the  lift  will  decrease  and  the  drag  increase.  Thus,  a  knowledge  of  the  profile 
of  the  given  hydrofoil  upper  surface  combined  with  the  location  of  the  upper  cavity 
streamline  at  various  angles  of  attack  will permit  the  prediction  of  the  angle  of  attack 
at  vyhich  the  maximum  lift  drag  ratio  will  occur.  Only  on  the  basis  of  maximum 
lilt  drag  ratio  can  the  best  supercaviiating  hydrofoil  be  selected.  A  comparison  of 
the  various  sections  based  on  calculated  cavity  streamline  locations  and  hydrofoil 
thickness  is  presented  in  the  last  section  of  this  paper. 
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Ct 

ri)i.  4  -  Lift/drag  ratios  fur  low-drag  hydrofoils  calculated 
from  two-dimensional  linearized  theory 


The  practical  use  of  the  formulas  presented  in  the  preceding  discussion  is  also 
limited  by  the  assumptions  made  in  their  derivation.  In  fact,  the  restrictions  imposed 
by  the  assumptions  of  the  linearized  theory  prevent  its  use  in  the  calculation  of  the 
characteristics  of  hydrofoils  suitable  for  use  as  aircraft  landing  gear.  Here,  because 
of  the  high  hydrofoil  loads  on  necessarily  thin  hydrofoils  the  aspect  ratio  may  be  as 
low  as  1  or  2.  Also  the  hydrofoil  must  operate  near  the  free  water  surface  and  in 
some  instances  at  large  angles  of  attack.  Thus,  the  effects  of  these  variables  on  the 
characteristic.s  of  Hiipercavitating  hydrofoils  (particularly  ol  cambeied  sections)  is 
needed.  Much  of  this  information  can  be  obtained  by  additional  application  of  the 
linearized  theory  combined  with  certain  modifications  to  the  two-dimensional  theory 
discussed  in  preceding  paragraphs. 


Modifications  of  Infinite  Depth  Theory 

Nonlinear  hquatlon  for  Lift  at  Infinite  Depth— It  ■  p  refers  to  the  reference  line 
which  makes  A,'  o ,  then  Eq.  Ttyinay  be  written  as 

'^i.  2  ('  '  *1  ■  i)  2  ^ (38) 

where  is  the  effective  increase  in  angle  of  attack  due  to  camber  (A,  -  A2'2).  Thus, 
the  solution  for  cambered  hydrofoils  is  merely  the  flat-plate  linearized  solution 
’■  2  2  with  >  replaced  by  ■  •  This  is  exactly  analogous  to  the  influence  of  camber 
on  airfoils  in  an  infinite  fluid  where  there  is  an  effective  increase  in  angle  of  attack 
due  to  the  camber.  By  carrying  this  procedure  further,  and  by  applying  it  to  the 
resultant  force  rather  than  the  lift,  the  nonlinear  solution  of  Rayleigh  becomes  appli¬ 
cable  to  arbitrary  configurations  simply  by  replacing  >  by  >  •  ;  that  is, 

2  '  sill  (  I  '  I,, ) 

^  4  t  ■  s ill  I  I  ♦  1^. )  (39) 
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The  lift  will  then  be 


C|. 


2n  sin  (  •  ♦ 

4  ’  V  Sill  (  »  ♦  a^y 


(40) 


InEq.  (40),  -  '  •  <^1  where  denotes  the  deviation  of  the  resultant-force  vector 

from  the  normal  to  the  hydrofoil  reference  line.  For  large  values  of  >,  c  is  email 
compared  with  >  and  ms  -  ros  >.  When  <  is  very  small,  t  is  a  maximum  and  will 
almost  always  be  less  than  about  3  degrees,  for  which  the  cosine  is  very  nearly  1  or 
cosine  i  >  •  s  ^  ros  i  1 .  Therefore,  ros  in  equation  (3B)  may  be  replaced  by 
ros  I  with  little  lose  in  accuracy  and  great  gain  in  simplicity.  Equation  (40)  then 
becomes 


Cl 


2ri  sin  (  •  4 
4  ’  •  sin  f  I  ♦  »  I 


(41) 


For  a  circular-arc  hydrofoil  of  central  angle  > ,  it  has  been  shown  in  Eq.  (33) 
that  n  I6t  ..  It  has  also  been  shown  that  for  the  circular  arc  the  reference 
line  must  be  chosen  at  an  angle  .  s  to  the  chord  line  so  that  A'  0 .  The  result 
obtained  by  substituting  tfi^  ,  Into  Eq.  (41)  is  compared  in  Fig.  5  with  the 

linear  solution  of  Tulin  and  Burkart  (Eq.  38)  and  the  nonlinear  solution  of  Wu  (12)  for 
two  circular-arc  profiles.  Vhe  agreement  of  Eq.  (39)  with  the  more  exact  solution 
of  Wu  is  good  over  the  entire  range  of  angle  of  attack  from  0  to  90  degrees.  Similar 
agreement  Is  expected  for  any  configuration  of  small  camber. 


The  successful  modification  of  the  Rayleigh  equation  to  include  cambered  con¬ 
figurations  leads  at  once  to  a  similar  modification  of  the  solution  of  Green.  However, 
in  this  case  the  argument  for  replacing  by  >  *  is  very  weak  unless  the  section 
coefficients  which  determine  >,  are  known  as  a  function  of  the  depth  of  submersion. 


I-'i;:.  ^  I  \\  ti l«ir  hi«*  litl  t  ot'riu  U'lit  i»t 
;i  t  1  n  ii!<t r •.( r«  .it  intinitt*  (li'pti. 
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Linearized  Solution  for  Lift  of  Cambered  Sections  at  Finite  Depth— An  examina¬ 
tion  of  the  linearized  expressions  for  the  lift  coefficient  of  arbitrary  foils  at  Infinite 
depth  and  at  zero  depth  reveals  that  both  the  lift-curve  slope  and  the  increase  in  angle 
of  at  ack  due  to  camber  do  change  with  depth  of  submersion.  At  infinite  depth  the 
linearized  expression  for  lift  coefficient  is  given  by  Eq.  (33).  At  zero  depth  the  lift 
coefficient  must  be  one-half  the  fully  wetted  value  obtained  from  thin-airfoil  theory 
as  pointed  out  in  Ref.  13;  that  is, 

^L.o  (*0.1,  '  i  )  (42) 


where  ,,  and  A,  ,,  are  the  thin-airfoil  coefficients  of  the  section  in  the  hydrofoil 
plane  and  arc  given  by  the  expressions 


A 


n.li 


{43a) 


1  2  /•  ■!>  , 

(43b) 

For  theTulin-Burkart  section  at  zero  angle  of  attack  these  values  maybe  determined 
as 


A„  ,,  0.227  A,  (44a) 

A,.,.  I.1.S1A,  .  (44b) 

Thus,  from  Eqs.  (38)  and  (42)  it  is  seen  that,  for  a  flat  plate  at  small  angles,  the  lift 
coefficient  goes  from  3  at  infinite  depth  to  -  >  at  zero  depth  (as  given  by  Green), 
whereas  for  the  Tulin-Burkart  section  at  vero  angle  of  attack  these  values  arc 
n.3S  A,i  2  at  infinite  depth  and  (0.so2  A,i  at  zero  depth.  Allliuugli  llie  flat-plate 
lift  coefficient  doubles  in  going  from  infinite  to  zero  depth,  the  ratio  is  only  1.28  for 
the  cambered  section.  The  important  point  to  note  is  that  the  value  of  for  the 
Tulin-Burkart  section  changes  from  1.25  A,  to  n.so2  A,. 

It  is  now  desirable  to  determine  ,.  for  finite  depths  of  submersion.  This  can  be 
accomplished  by  modifying  the  linearized  theory  of  Ref.  1  to  include  the  effects  of 
the  free  water  surface. 

Rigorous  Solution— The  effect  of  the  free  water  surface  may  be  obtained  by 
finding  the  transformation  which  wilt  map  the  free  water  surface,  .he  hydrofoil,  and 
the  cavity  streamlines  into  the  real  axis  of  an  auxiliary  or  equivalent  airfoil  plane 
denoted  as  the  plane  to  distinguish  from  the  /  plane  used  at  infinite  depth.  The 
transformation  required  is 


/  (  -  In  -  II  (45) 

where  I  is  tlie  deplti  of  submersion  of  the  leading  edge,  nr  more  exactly  the  spray 
thickness  .  The  '/  plane  and  its  transformation  in  the  plane  are  shown  in  Fig.  6. 
In  the  linearized  theory  developed  in  Ref.  1  points  of  corresponding  perturbation 
velocities  n  and  .  remain  constant  in  the  transformation;  therefore,  the  boundary 
conditions  shown  in  the  'f  |)tane  are  shown  in  the  plane  in  their  corresponding  loca¬ 
tions.  The  potential  flow  problem  shown  in  the  plane  is  exactly  th('  thin  airfoil 
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probiem.  It  is  well  known  that  tho  thin  airfoil  problem  can  be  solved  by  distributing 
vortices  along  the  chord  so  that  the  condition  v  t.iy  wtv  is  satisfied  (14).  The 
desired  distribution  of  vorticityis  (xi  as  given  in  Eq.(8).  With  fx)  known,  ufx)  and 
vtx)  are  known.  These  values  of  u  and  v  on  the  airfoil  are  exactly  the  same  as  the 
values  of  o  and  v  on  the  hydrofoil  if  the  relationship  between  y  and  x  satisfies  the 
equation 


X  .  X 


i  n  ( 1  ’  X  )  . 


(46) 


Equation  (46) is  obtained  directly  from  Eq.  (45)by  noting  that  1  •  x.  Dividing  Sq. 
(46)  through  i»y  <•  gives 


When  *  1.x 


X 


c.  therefore 


<1 


X  -  lull 


X)'  . 


d 

1-  <•  -  hi  n  ■  r  I  • 


(47) 


(48) 


Using  Eqs.  (47)  and  (48)  the  relationship  between  x  ,•  and  x  c  may  be  determined  for 
bothpositivo  and  negative  values  of  x  <  .  It  can  be  seen  in  Fig.  6b  that  negative  values 
of  X  '■  correspond  to  points  in  frop.i  of  the  airfoil  which  in  turn  arc  related  to  points 
on  the  upper  cavity  .streamline.  The  relationship  betwien  x  e  and  x  r  is  presented  in 
Fig.  7.  With  the  aid  of  Fig.  7  and  a  knowledge  of  thin-airfnil  theorythe  solution  iothe 
supercavitating  hydrofoil  problem  at  finite  depth  is  easily  determined.  The  word 
easily  refers  to  the  comprehension  of  the  solution:  the  actual  labor  is  considerably 
involved  because  of  the  nece  ssity  to  frequently  resort  loplotting  curves  and  employing 
a  planimet(>r. 
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Fiy.  7  -  Th«*  influence  of  depth  of  submersion  on  the  relation¬ 
ship  between  points  in  hydrofoil  and  equivalent  airfoil  planes 


The  procedure  for  determining  the  pressure  distribution  and  ihus  the  forces  and 
moments  on  a  hydrofoil  at  arbitrary  depth  is  as  follows; 

1.  The  shape  of  the  hydrofoil  is  known  as  y  y(*)  and  thus 


'•y 

dx 


'!>  ^x) 
ilx 


or 


2.  The  slope  of  the  equivalent  airfoil  at  the  point  x  c  is  exactly  the  same  as  the 
slope  of  the  hydrofoil  i'v'''x(x'r)  when  x  and  x  <-  arc  related  as  shown  in  Fig.  7. 
Thus  'y  '<ix(x'r)  is  found. 


3.  The  vorticitydistribution  on  the  airfoil  is  then  obtained  from  Eqs.  (8)  and  (9). 

4.  The  perturbation  velocity  u  in  terms  of  the  vorticlty  is  given  by  the  equation 


"  (:)  5  (")  («) 

Thus  the  velocity  tifx  r)  is  determined  at  every  point  along  the  airfoil. 

5.  The  perturbation  velocity  ii(x  <-)  on  the  hydrofoil  is  exactly  the  same  as  the 
velocity  ti(x  r)  if  x  V  and  x  r  are  related  as  shown  in  Fig.  7.  Thus  the  velocity 
iiCx  (- )  is  determined. 

6.  Step  5  also  determines  the  linearized  pressure  coefficient  since  is  given 
by  the  equation 
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e  -  n, 
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or 
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(c)  *<.  1  " 

where  is  related  to  x  c  by  Eq.  (10b)  and  Fig.  7. 

7.  With  a  knowledge  of  r^tx  r)  the  lift,  drag,  and  moment  coefficients  are 
determined  as 


c,. 

]  cj 

in 

l-'c 

(51a) 
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1  ‘*y  .X 

Cu 

(c) 

'd-i‘'c 

(51b) 
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1  Q 

(51c) 

Approximate  Solution— The  calculations  by  the  rigorous  method  outlined  above 
were  so  cumbersome  that  the  solution  by  this  method  was  abandoned  when  an  approxi¬ 
mate  method  was  discovered.  The  approximate  method  continues  With  the  simple 
transformation  z  - .  ?  used  in  Ref.  1.  The  advantage  of  the  simpler  transformation 
is  that  if  the  vorticity  distribution  in  the  presence  c  the  water  surface  can  be 
determined  in  the  z  plane,  the  simple  Eqs.  (7)  and  (9)  for  the  lift  and  moment  coeffi¬ 
cient  will  still  be  applicable.  It  is  shown  in  Ref.  3  that  the  influence  of  the  free  sur 
face  on  the  equivalent  airfoil  in  the  z  plane  can  be  approximated  by  locating  a  singular 
vortex  in  the  position  shown  in  Fig.  8.  The  strength  of  this  vortex  ,  is  equivalent  to 
the  total  circulation  about  the  airfoil.  Using  the  model  shown  in  Fig.  8  and  equating 
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the  airfoil  elope  at  the  point  x  to  tnc  streamline  slopes  Induced  by  the  sum  of  the 
airfoil  vorticity  and  the  image  vortex;  the  airloil  vorticity  was  determined  in 
Ref.  3  as 


.<x)  2V 

••ol  2  .  C„  sill 

(52) 

where 

A„(4  -Bi,  .  A,B„ 

4  .  B,  -  2B„ 

(53a) 

Cl 

2A,'2-B„)  -  2A„B, 

4  .  B,  -  2B„ 

(53b) 

4  •  B,  -  2B„  • 

(53c) 

The  B  coefficients  are 

given  in  Fig.  9  in  terms  ot  the  center  of  pressure 

location 

,ic  where  a  is  given  by  the  equation 


(54) 


The  A  coefficients  (Eqs.  S3)  are  the  section  coefficients  for  infinite  depth. 

The  c  coefficients  arc  computed  by  iteration;  that  is,  a  value  of  n  is  assumed, 
the  B  coefficients  arc  obtaine  I  from  Fig.  9,  and  the  c  coefficients  determined  from 
Eqs.  (33).  If  the  value  ot  determined  from  Eq.  (54)  does  not  agree  with  the  original 
assumption,  the  procedure  should  be  repeated. 


If  the  C  coefficients  are  determined  for  the  case  of  <  or  0,  the  ratio  of  the 
lift  coefficient  due  to  camber  at  finite  depth  to  the  lift  coefficient  due  to  camber  at 
infinite  depth  may  be  determined  from  the  following  equation; 


The  values  of  given  by  Eq.  (55)  for  the  four  sections  of  interest  are 

presented  in  Fig.  10. 

The  true  linearized  lift-curve  slope  m  for  finite  depths  of  submersion  in  the  equa¬ 
tion  C,  ,  in  that  shown  in  Fig.  2  for  •  n.  Therefore,  the  effective  angle 

of  attack  due  to  camber  !s  obtained  from  the  following  relationship; 


2 


(56) 
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'  and 


Thus 


Values  of  ■,  ,  arc  plotted  against  '  c  in  Fig.  11  for  the  Tulin-Burkart,  the 
circular-arc.  and  the  three-term  and  f.  -term  sections. 
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Fi^.  10  >  Influem  c  of  depth  of  submersion  on  the  lift  toeffi- 
cient  of  cambered  sections  operating  at  t!.e  desi^^n  an^le  of 
attack  (  '  0) 


Fig.  11  '  Influence  of  depth  of  submersion  on  the  effective 
angle  of  attack  i  of  cambered  sections  operating  at  the 
design  angle  of  attack  (  i  0) 


Equation  (57)  is  obviously  limited  by  the  linearizing  assumptions  made  in  its 
derivation.  An  Important  limitation  is  due  the  assumption  that  the  free  surface  is 
always  horizontal  and  thus  c  dr.  At  small  depth/chord  ratios  and  particularly 
for  large  magnitudes  of  camber  the  freewater  surface  is  not  horizontal  and  :  r  t  d  r. 
Thus,  for  small  values  of  ■)  c  and  large  magnitudes  of  camber  the  values  of  ^ 

given  In  Fig.  11  are  probably  too  low. 

Nonlinear  Equation  for  Lift  at  Finite  Di^th— With  a  knowledge  of  the  angle  of 
attack  due  to  camber  at  finite  depths  of  submersion,  Green's  solution  Is  now  modi¬ 
fied  to  include  camber  by  treating  the  effective  angle  of  attack  as  1  •  !_,,  where  Is 
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obtained  from  Fig.  11.  This  is  exactly  the  method  used  in  modifying  the  Rayleigh 
equation  to  obtain  the  nonlinear  approximation  for  the  lift  coefficient  at  infinite  depth. 
With  this  assumption,  the  resultant-force  coefficient  for  a  cambered  hydrofoil  at  any 
positive  depth  of  submersion  is  obtained  in  terms  of  the  spray  thickness  c  from 
Eqs.  (2)  as 


Equation  (58)  states  that  the  resultant  force  on  a  cambered  section  is  approximated 
by  replacing  <  in  Green's  solution  for  a  flat  plate  by  the  effective  angle  of  attack 
<  ’  .  It  will  be  shown  that  the  resultant  force  will  deviate  only  slightly  from  the 

normal  (as  previously  pointed  out  for  the  condition  of  infinite  depth)  and  the’'efore 

^l'  ■'  ^N.f  '  '  ’  V’ 

Three-Dimensional  Theory  at  Finite  Depth— Lift— The  flow  about  a  supercavitating 
hydrofoil  may  be  constructed  by  a  suitable  combination  of  sources  and  vortices.  The 
vortices  contribute  unsymmetrical  vel  ;city  components  and  lift;  the  sources  con¬ 
tribute  symmetrical  components  which  provide  thickness  for  the  cavity  but  no  lift. 
For  a  finite  span  the  vortices  cannot  end  at  the  tips  of  the  foil,  and  a  system  of  horse¬ 
shoe  vortices  must  be  combined  with  the  sources  to  describe  the  flow.  If  it  is 
assumed  that  the  influence  of  finite  span  on  the  two-dimensional  lift  coefficient  is  due 
to  the  effects  of  the  trailing  vorticlty,  then  the  resulting  effect  of  aspect  ratio  is 
exactly  the  same  as  for  a  fully  wetted  airfoil.  Jones  (15)  gives  the  lift  of  a  fully 
wetted  elliptical  flat  plate  as 


Cu  (60) 

where  E  is  the  ratio  of  semiperimeter  to  the  span  and  is  the  induced  angle  of  attack 
caused  by  the  trailing  vorticity.  Thus  the  effect  of  aspect  ratio  is  to  decrease  the 
t’vo-dlmen?loT>!il  lift  (urve  slope  by  a  factor  1  F  and  to  decrease  the  effective  angle 
of  attack  by  an  increment  Therefore  for  the  finite  aspect  ratio  supercavitating 
hydrofoil  at  infinite  depth  Eq.  (38)  is  modified  to  give 


I 


( ’ 


or  more  generally  for  finite  depth,  Eq.  (59)  becomes 


(61) 


c 


L.  1 


COS  j 


where  for  rectangular  plan  form  of  aspect  ratio  A, F  •  i)  and 


(62) 


(63) 


where  ■  is  a  correction  for  plan  form  (see  Ref.  14). 

Another  effect  due  to  finite  aspect  ratio  is  the  concept  of  additional  lift  due  to 
crossflow  (5.16).  This  irossfluw  lift  is  assumed  due  to  the  drag  on  the  hydrofoil  con¬ 
tributed  by  the  compenent  of  frec-sircam  velocity  normal  to  the  hyorofoil.  In  the 
1' resent  case  of  zero  civiiation  number,  the  crossflow' drag  coefficient  is  the  Rayleigh 
value,  0.88.  Since  this  lift  is  caused  only  by  the  spanwise  flow  (flow  around  the  ends 
of  the  plate)  it  is  also  modified  to  account  for  the  aspect  ratio  by  the  Jones’  edge 
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correction,  1  F.  Since  onlv  the  spanwise  flow  is  considered,  K  is  now  the  ratio  of 
semiperimetcr  to  chord.  Because  the  flow  being  considered  is  normal  to  the  plate, 
the  induced  angle  for  this  flow  Is  zero.  Thus  for  a  flat  plate,  the  crossflow  lift 

Cl..,,  is 

f^L,.  A  •  1  '  •  (P4) 

No  experimental  or  theoretical  information  on  the  crossflow  lift  of  cambered 
surfaces  is  available  in  the  literature.  In  order  to  approximate  this  component  the 
following  assumptions  are  made:  (a)  the  cros.'jflow  force  acts  normal  to  the  hydrofoil 
chord  line,  and  (b)  the  effective  direction  of  the  free  stream  on  the  plate  is  altered 
by  the  increase  in  angle  of  attack  due  to  camber  i^.  Thus,  the  crossfl'jw  lift  on 
cambered  sections  is  assumed  to  be 


^u.c  A  I  f  ’  'r'  ''  (85) 

where  in  which  i^ls  the  inclination  of  the  chord  line  to  the  reference 

line  of  the  section  (positive  if  the  chord  line  is  below  the  reference  line),  and  is 
obtained  from  Fig.  11  for  the  depth  of  Interest. 

The  total  lift  on  a  finite  aspect  ratio  hydrofoil  iterating  near  the  freewater  sur¬ 
face  is  therefore  obtained  by  adding  Eq.  (6S)  to  Eq.  (62)  to  give 

Cl'i'  C„  -  ij'  cos  ^  !  j  cos  i'  .  (gg) 

In  view  of  the  very  approximate  nature  of  Eq.  (65)  It  is  desirable  to  examine  the 
effect  of  this  crossflow  term  on  the  total -lift  coefficient.  For  a  Tulin -Burkart,  aspect- 
ratio-1  section  (Aj  -  0.2)  operating  at  d  c  =  0.071  the  ratio  of  the  calculated  cross- 
flow  lift,  ^  to  the  calculated  total  lift  was  0.157  at  ‘  =  4  degrees  and  0.283  at  ^  < 
20  degrees.  For  a  five-term  section  with  A,  ^  0.075,  aspect  ratio  ^  3,  and  d  r  ^  0.071, 
the  ratio  has  been  calculated  at  0.014  at  ^  -  4  degrees  and  0.072  at  ’■  =  20  degrees. 
Thus  any  inaccuracies  in  the  crossflow  lift  as  computed  by  Eq.  (65)  will  appreciably 
affect  the  total -lift  coefficient  at  targe  angles,  small  aspect  ratios,  and  large  cambers. 
On  the  other  hand  at  higher  aspect  ratios  and  small  cambers,  errors  in  the  crossflow 
component  do  not  greatly  influence  the  total  calculated  lift. 

Equation  (66)  may  be  written  In  terms  of  the  slope  m  (given  in  Fig.  2)  as 


A  '  1 


i 


- 


i  *  cost 'I 


j  cos 


(67) 


where  is  obtained  from  Fig.  11  for  the  depth-chord  ratio  of  interest  and  <i  is 
obtained  from  Eq.  (63).  In  Eq.  (63)  ,  is  the  first  term  in  Eq.  (67).  Equation  (67) 

is  soived  by  iteration  and  the  convergence  is  quite  rapid. 


Drag— The  drag  coefficient  of  a  super cavitating  hydrofoil  of  finite  aspect  ratio 
operating  at  zero  cavitation  number  and  finite  depth  of  submersion  is 


Cp  ,  lanf*  '  O  •  Cl  ^  tan  *  C,  (68) 

where  C,  |  is  the  first  term  in  Eq.  (67)  and  is  the  deviation  of  the  resultant-force 
vector  from  the  normal.  For  a  flat  plate  t  ■  o,  i'  i,  and  thus  Cp  tan  ■  ♦  C,. 
For  cambered  surfaces  similar  to  the  circular-arc  or  Tulin-Burkart  section,  •. 
becomes  very  small  at  large  angles  of  attack  and  may  be  neglected:  however,  at  small 
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angles  of  attack,  the  effect  of  .  on  the  drag  coefficient  cannot  be  neglected.  An 
approximation  to  the  value  of  •  can  he  made  by  determining  its  value  from  the  two- 
dimensional  linearized  solution  and  then  modifying  the  result  for  the  case  of  finite 
angles  of  attack  and  aspect  ratio.  Either  the  rigorous  or  approximate  methods  of 
obtaining  the  linearized  drag  coefficient  may  be  used.  Using  the  approximate  method 
of  determining  the  influence  of  the  free  water  surface  on  the  equiv^ent  airfoil  in  the 
7  plane,  it  is  shown  in  Ref.  3  that  the  value  of  <  may  be  determined  from  the  following 
equation. 


(C, 


i2C. 


2C, 


^  (<-  ■  -  '■) 


(69) 


where  the  C  coefficients  are  obtained  from  Eqs  (53).  The  value  of  »  given  by  Eq. 
(69)  is  adequate  only  for  the  case  of  small  angle  of  attack  and  camber  and  depth 
chord  ratios  larger  than  about  1.  For  large  angles  of  attack,  large  camber,  and  finite 
aspect  ratio,  it  is  pointed  out  in  Ref.  3  that  an  effective  depth  of  submersion  (H/c), 
should  be  used  in  determining  the  C  coefficients  in  Eq.  (G9).  The  value  of  fd/c),  is 
the  value  of  ii  c  on  the  >  o  line  in  Fig.  2  corresponding  to  the  value  of  m  m,.  where 


m*  f  ♦ 


Cl  ,  2 


-i'.  2- 


(70) 


The  value  of  the  c  coefficients  are  then  determined  for  M  and  .  It  has 

been  found  after  several  calculations  that  the  value  of  -  is  not  greatly  affected  by  the 
depth  of  submersion. 

Center  of  pressure-The  linearized  expression  for  the  center  of  pressure  of  a 
finlte-aspect-ratlo,  supcrcavitating  hydrofoil  operating  at  zero  cavitation  number  and 
finite  depth  of  submersion  is 


'-HI.  1 

’■c.p..*  C,., 


where  the  c  coefficients  are  determined  at  the  effective  depth  of  submersion  given 
by  Eq.  (70)  and  for  a  -  i . .  Superimposed  on  this  flow  is  the  crossflow  component 
of  lift  which  is  assumed  to  be  distributed  uniformly  over  the  chord  and  acting  in  a 
direction  normal  to  the  chord  line.  Thus,  the  distance  from  the  leading  edge  to  the 
center  of  pressure  of  the  crossflow -lift  component  v.p.  .r  given  by 


,  5C„  •  7r,  -  7Cj  .  Xj  - 

T.  O'*) 


’•cp.c  (72) 

Admittedly,  this  assumption  is  crude  and  accurate  oitlyfor  a  flat  plate.  For  cambered 
surfaces  the  crossflow  will  not  be  uniformly  distributed  and  for  low -drag  cambered 
sections  such  as  the  five -term  section  the  crossflow  is  probably  concentrated  on  the 
rearward  portion  of  the  hydrofoil. 

By  combinii^  Eqs.  (71)  and  (72)  the  center  of  pressure  of  the  combined  flows  is, 
therefore, 


X 


.p. 


O.SCl 


(73) 
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As  in  the  case  of  . ,  a  few  calculatiui.s  reveal  that  a  fair  approximation  for  p  ,  is 
obtained  by  using  C„  ■  ■  and  in  Eq.  (71). 


Comparison  Between  Theory  and  Experiment 

Lift— In  Fig.  12  the  lift  coefficient  as  given  by  Eq.  (67)  is  compared  with  experi¬ 
mental  data  obtained  on  four  different  hydrofoils  operating  ventilated  near  the  free 
surface.  These  models  were 

1.  Flat  plate,  aspect-ratlo-1,  <1  r  =  0.071 

2.  Tulln-Burkart  section,  ,,  =  0.392,  aspect-ratlo-1,  <1  c  =  0.071 

3.  Five-term  section,  ,,  =  0.392,  aspcct-ratio-1.  il  c  =  0.141 

4.  Five-term  section,  ,,  =  0.196,  aspect-ratlo-3,  d  c  =  0.141. 

The  models  were  tested  in  Langley  tank  No.  2  at  speeds  between  20  and  80  fps  and  In 
the  high-speed  facility  at  speeds  up  to  180  fps.  All  force  and  moment  coefficients 
obtained  in  the  ventilated  condition  were  found  to  be  independent  of  speed.  It  may  be 
seen  that  the  experimental  lift  coefficients  obtained  were  in  excellent  agreement  with 
the  theory. 

In  Fig.  13  the  theory  Is  compared  with  experimental  data  obtained  on  the  four 
models  at  an  angle  of  attack  of  20  degrees  operating  ventilated  for  a  range  of  depths 
of  submerslcHi.  Again  the  theory  is  in  excellent  agreement  with  the  data.  It  should  be 
noted  that  the  depth  of  submersion  over  the  range  of  <<  c  from  0  to  1.0  has  only  a 
small  effect  on  the  value  cf  Cl,  particularly  for  the  highly  cambered  model  3.  The 
greatest  influence  of  depth  is  found  for  the  flat  plate  where  the  lift  coefficient  at  zero 
depth  is  about  25%  greater  than  that  claculated  for  the  infinite  depth. 
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Fig.  \l  -  Lift  coeffirimls  of  four  low -aspect -ratio  hydrofoils 
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Fig.  H  -  The  inilufnci'  of  depth  of  submersion  on  the  lift 
coefficient  of  four  low-aspect- ratio  hydrofoils  ( !  =  20degrces) 


Drag— In  Fig.  14  the  drag  coefficients  of  the  four  models  obtained  from  experi¬ 
ment  are  compared  with  the  theoretical  values  computed  from  equation  (88).  The 
agreement  is  excellent  except  for  the  highly  curved  model  3.  The  deviation  between 
theory  and  experiment  for  model  3  is  attributed  to  the  inability  of  the  linearized 
theory  to  accurately  predict  the  pressure  distribution  when  the  camber  is  so  gross. 
On  a  shape  such  as  the  five-term  section  only  a  small  error  in  pressure  distribution 
can  greatly  influence  the  drag  without  appreciably  affecting  the  lift. 
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Center  of  Pressure— In  Fig.  15  a  comparison  is  made  between  the  centers  of 
pressure  determined  from  Eq.  (73)  and  those  obtained  experimentally  on  the  four 
models.  The  theory  is  in  good  agreement  witli  the  data  obtained  on  models  1  and  2, 
and  about  10%  too  low  on  models  3  and  4. 


LOCATION  OF  UPPER  CAVITY  STREAMLINE 

The  desirability  of  operating  as  near  the  design  lift  coefficient  as  possible  Is 
obvious  from  Fig.  4.  Therefore,  the  minimum  angle  at  which  a  hydrofoil  with  a  finite 
thickness  can  operate  with  a  cavity  from  the  leading  edge  is  needed.  The  angle  can 
be  determined  by  determining  the  location  of  the  upper  cavity  streamline.  The 
minimum  angle  at  which  this  upper  cavity  streamline  clears  the  upper  surface  of  a 
hydrofoil  of  finite  thickness  is  the  angle  desired.  An  approximate  solution  for  the 
location  of  the  cavity  streamline  is  derived  in  the  following  analysis. 


Two-Dimensional  Theory-Arbitrary  Depth 

Green's  Exact  Solution  for  Flat  Plate— The  equation  of  the  upper  cavity  stream¬ 
line  for  a  two-dimensional  flat  plate  may  be  obtained  from  the  solution  of  Green  as 
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(75) 


where  x  is  distance  from  the  leading  edge  along  the  plate,  '  is  the  perpendicular  dis¬ 
tance  from  the  lower  surface  of  the  plate  to  the  cavity  streamline,  and  -  is  the  spray 
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iliickness.  Fi>;  a  st'li'cloo  vahii’  of  .  ,  !>  is  known  from  Kq.  (21)).  Thus  c  for  a 
ilivt'ii  X  .  may  Ik'  ohtainrd  liy  usinn  the  equations 

.•  ..  (76) 

and  Fq.  (75)  l(>r  \  ;u'ioiis  values  of  the  parameter  i .  The  eavity  streamline  computed 
in  this  maimer  for  several  angles  of  attack  and  spray -thickness-to-chord  ratios  are 
presented  in  Fip.  16.  The  subscript  on  i  is  to  indicate  cavity  ordinate  due 

to  aiiple  of  attack.  It  can  be  seen  in  Flp.  16  that  for  finite  depths  the  cavity  streamline 
lapidly  approaches  a  strai^dit  line.  The  aii)rle  between  this  line  and  the  plate  is 
denoted  as  and  is  piven  in  fief.  4  as 


The  maj;nitude  of  is  shown  for  each  streamline  in  Fig.  16.  In  Fig.  10  it  may  be 
seen  that  the  cavity  ordinate  varies  almost  linearly  with  angle  of  attack  for  angles 
li'sstiian  .ibout  8  degrees.  The  value  of  t  ^  or  more  generally  ( •  A„  can  be 

readily  obtained  and  is  given  in  Fig.  17  The  value  of  ( ■  c)^  A„  for  infinite  depth  is 
the  same  as  the  linearized  result  obtained  in  Ref.  1.  Figure  17  shows  that  the  cavity 
ordinates  at  a  depth  of  about  0.5  cherd  arc  nearly  twice  as  great  as  those  obtained  at 
infinite  depth. 

The  Linearized  Solution  for  Cambered  Sections— In  order  to  determine  the  cavity 
ordinates  for  a  cambered  section  it  is  necessary  to  use  the  rigorous  linearized  solu¬ 
tion  previously  discussed  in  the  section  on  forces  and  moments.  The  problem  of 
obtaining  the  hydrofoil  cavity  ordinates  is  simple  in  principle.  All  that  is  required 
is  to  find  the  vertical  velocity  perturbations  v(-  x  <■  i  ahead  of  the  equivalent  airfoil 
shown  in  Fig,  6.  The  value  of  v  is  needed  lx>cause  from  it  the  value  of  v  on  the 
hydrofoil  cavity  streamline  can  be  found.  Since  the  linearized  slope  of  the  cavity 
streamline  ly  K  is  v  V,  the  shape  of  the  cavity  is  determined. 

The  procedure  for  determining  the  vorticity  distribution  on  the  airfoil  is  exactly 
the  same  as  the  first  three  steps  given  in  the  procedure  for  dctcrmlnlnj;  the  linearized 
solution  for  the  forces  and  moments.  The  value  of  v(  x  c  i  can  be  determined  by  inte¬ 
grating  the  increments  of  v  induced  at  a  point  -x  <•  due  to  the  distribu'.ed  vorticity 
given  Ijy  Eqs.  (10)  and  (11).  Obviously  this  integration  becomes  very  complicated, 
particularly  if  there  are  many  terms  in  A,,  stu  n  .  The  problem  can  be  simplified 
however  l)y  dividing  the  velocity  v  into  two  parks,  and  v,..  where  is  the  com¬ 
ponent  rontribi.ted  by  the  first  term  A,,  .-'.i  2.  and  v_,  the  component  contributed  by 

the  cumber  terms.  A„  mum  .  Thus  the  final  nondimensional  cavity  ordinates  -  <- 
will  1m'  broken  down  into  two  i-omponents  (  <-i  ^  and  (  •  i-\,  such  that 

'  ‘  '  '  <  ’a.,  (78J 

Thedi.stance  is  measured  from  the  reference  line  of  the  section  along  a  line  normal 
to  the  reference  line.  There  arc  two  advantages  to  dividing  the  vorticity  into  its 
angle  of  attack  and  camlxT  components.  First,  the  value  of  (  •  is  known  from 
Green's  solution  and  has  been  given  in  Fig.  16.  Tlie  linearized  version  is  shown  in 
Fig.  17.  Thus,  half  the  job  is  done  if  A,  is  known  or  can  lie  determined. 

It  is  now'  important  to  review  ihe  meaning  of  the  coefficient  A,,.  The  angle  of 
attack  is  measured  from  the  orientation  which  makes  A,_  v  o  when  the  depth  is  infinite. 
At  this  orientation  and  infinite  depth 
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Fig.  16  (Continued)  -  Green’s  solution  (or  the  upper  cavity 
stre.mdine  of  a  flat  plate,  (a)  4/c  =  0.25,  (b)  l/c  -  0.50, 
(c)  4/c  -  1.0,  (d)  4/c  ^  2.0,  (e)  4/c  =  5.0. 


2nd  for  angles  of  attack  measured  from  this  reference  orientation,  A,,  >.  However 

il  .he  angle  of  attack  is  measured  from  this  reference  line  at  finite  depths  it  is  found 
that  the  value  of  A  ^  :  n .  This  means  that  at  finite  depths  there  is  an  induced  angle 
of  attack  due  to  the  camber.  The  magnitude  of  Aj  is  directly  proportional  to  the 
slope  of  the  foil  and  thus  to  The  calculated  value  of  A„'  ,,  is  given  in  Fig.  18 

for  the  four  sections  of  interest  fora  range  of  depth-chord  ratios'.  To  obtain  the  value 
of  ■  <  )„  ,  one  obtains  a^'  from  Fig.  18  and  A,  by  adding  >;  that  is,  A„  i  •  A„' . 
Then  (  ■  <■  )*  is  obtained  from  Fig.  16  or  17. 


The  second  reason  for  dividing  the  vorticity  distribution  into  the  A^  and  camber 
contributions  is  that  the  ^  A„  nIm  n  contribution  usually  has  only  small  strength  near 
the  leading  edge.  In  fact  for  low-drag  sections,  it  is  desirable  to  distribute  (he 
vorticity  as  near  the  trailing  edge  as  possible.  'Thus  the  velocity  induced  at  points 
ahead  of  the  airfoil  due  to  the  A„  sin  n  or  camber  contribution  may  be  adequately 
approximated  by  concentrating  the  entire  camber  vorticity  at  one  point,  the  center  of 
pressure  i,  as  shown  in  Fig.  19.  The  value  of  a  is  given  by  c,  or 


(80) 


'I'he  strength  of  the  singular  vorte.x  can  lie  obtained  from  the  equations 

I.,  ,v  V-  A,.  ;,v^ 


Therefon.* 
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Kiu.  17  -  I  lu*  linoari/.ed  colutiun  lor  cavity  ordinates  due  to 
an^lt'  ot*  attack 


Fi^.  18  •  i'he  inHuence  of  depth  of  submersion  on  the  angle 
<;f  attack  induced  by  camber 


The  viTocUy  inddeed  at  a  point  on  th«>  X  axis  due  »o  is  thfreiore 


The  veiocity  v  in  front  ol  the  airfoil  at  a  point  -x  c  is  exactly  the  same  as  v  on 
the  cavity  streamline  if  the  relationship  between -x  <•  and  x  >■  niven  in  Fig.  Vis  main¬ 
tained.  Thus  V  V  and  therefore  the  slope  of  the  cavity  streamline  due  to  camber 
'v  'v  I'l  is  known.  IntegratinK  K  <lx  from  the  leading  edtie  to  a  point  x  I'ives 


(83) 
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Fiy.  *!0  -  The  influence  of  depth  of  submersion  on  tlie  cavity 
ordinates  due  to  camber:  (a)  circuiar-art  hydrofoil  (  .  8), 

(b)  Tulin*  Burkart  hydrofoil 
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Therefore,  since  Jy  ilx  (x  r) 


V  V ,  and  V  V,  combining  Eqs.  (82)  and  (83)  gives 


(84) 


where  x  o  takes  on  negative  vaiucs  and  the  relationship  between  -  x  c  and  x  c  is  found 
in  Fig.  7.  Since  c,  ,  is  a  function  of  A,,  then  (  o,.  ,,  can  be  determined  from 
Fq.  (83).  The  magnitude  of  ( •  O,.  ,,  as  a  function  of  the  depth/chord  ratio  is  pre¬ 
sented  in  Fig.  20  for  the  four  sections  at  interest.  Thus  the  total  ordinates  at  the 
upper  cavity  streamline  arc  obtained  for  the  two-dimensional  hydrofoil  operating  at 
zero  cavitation  number  and  arbitrary  depth  by  using  Figs.  16, 18,  and  20  and  Eq.  (78). 
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Correction  for  Finite  Aspect  Ratio 

Equation  (82)  shows  that  the  cavity  ordinates  are  directly  proportional  to  the  cir¬ 
culation  on  the  equivalent  airfoil  and  thus  the  circulation  of  the  hydrofoil.  Therefore, 
if  the  hydrofoil  circulation  is  reduced  from  its  two-dimensional  value  by  finite  span, 
the  cavity  ordinates  must  also  reduce.  Another  argument  for  this  decrease  in  cavity 
ordinates  is  that  if  the  two-dimensional  drag  coefficient  is  reduced  because  of  finite 
aspect  ratio  the  maximum  cavity  thickness  must  also  decrease  as  pointed  out  in  Ref. 
17.  It  is  now  assumed  that  for  finite  aspect  ratios  the  cavity  ordinates  will  be  reduced 
from  i)>e  two-dimensional  value  in  proportion  to  the  reduction  in  | .  This  reduction 
occurs  in  two  places,  first  be'  'use  of  the  reduced  angle  ' ,  and  because  of  the  reduced 
lift -curve  slope  m.  More  specifically,  assuming  the  cosine  terms  are  about  equal  to 
unity,  the  first  term  of  Eq.  (67)  can  be  written  as 
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where  the  subscripts  on  m  indicate  the  angle  at  which  m  is  determined  on  Fig.  2.  If 
,,  is  broken  into  two  components  A^'  and  >,.',thatis,  A„'  •  ,  Eq.  (85)  becomes 
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The  value  of  the  cavity  ordinates  at  infinite  aspect  ratio  and  angle  >  '  ,  is 
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where  (  '  i  is  determined  from  the  nonlinear  solution  of  Green  and  < ' 

from  the  linearized  theory.  Therefore  the  effective  lift-curve  slope  at  infinite  aspect 
ratio  and  angle  A„  -  ■,  is  lor  the  first  term  in  Eq.  (87)  and  n, ,  ,  for 

the  second  term.  Thus  at  finite  aspect  ratio  the  corrected  cavity  ordinates  are 
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The  preceding  analysis  assumes  that  the  induced  angle  is  constant  over  the 
.span.  Since  actually  varies  over  the  span,  except  for  the  rase  of  elliptic  loading, 
the  cavity  ordinates  will  also  vary  over  the  span.  This  effect  can  be  included  'jy  using 
the  appropriate  spanwise  distribution  of  'j  determined  from  finite  span  airfoil  theory 
(14).  Also  the  influence  of  the  crossflow  component  of  flow  on  the  cavity  ordinates 
has  been  assumed  to  be  negligible.  However,  near  the  tijis  the  cavity  shape  is  largely 
determined  by  the  crossflow.  For  example,  at  zero  aspect  ratio  the  cavity  is  entirely 
determined  by  crossflow.  Thus,  it  seems  that  the  true  cavity  shape  is  determined  at 
the  tips  by  the  crossflow  and  at  thecent'’r  by  the  main  flow:  the  cavity  shape  in  between 
IS  some  transition  (K'tween  me  two  extremes. 
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Comparison  Between  Theory  and  Experiment 

Figure  21a  shows  an  aspect  ratio  one  flat  plate  operating  at  a  depth  of  0.05  chord 
and  an  angle  of  attack  of  16  degrees.  The  plate  had  3  pins  located  along  the  span  so 
that  the  upper  ends  of  the  pins  were  0,34  chords  rearward  of  the  leading  edge  and  0.17 
chords  from  the  lower  surface  of  the  plate.  These  pins  were  spaced  0.021,  0.198,  and 
0.375  chords  from  the  right  tip  of  the  plate.  From  the  photograph  the  cross  section 
of  the  cavity  may  be  estimated  as  shown  by  the  solid  line  in  Fig.  21b.  The  horizontal 
dashed  line  is  the  calculated  location  based  ona  uniform  distribution  of  i , .  The  other 
dashed  curve  is  the  calculated  streamline  assuming  the  airfoil  induced  angle  distribu¬ 
tion  for  a  rectangular  plan  form  (14).  It  may  be  noted  that  near  the  tips  the  cavity 
shape  is  primarily  due  to  crossflow,  whereas  near  the  center  the  calculated  value 
oased  on  the  more  nearly  exact  distribution  of  induced  angle  of  attack  is  nearly  cor¬ 
rect  il  the  draw-down  due  to  the  strut  is  overlooked.  The  cavity  shape  based  on  uni¬ 
form  induced  angle  distribution  is  about  20  percent  too  low. 

In  Pig.  22  the  calculated  cavity  shapes  based  on  uniform  >  ^  are  presented  for 
two  aspect-ratio-one  hydrofoils  operating  at  <'  r  o.s.  It  may  be  seen  in  Fig.  22a 
that  for  the  flat  plate  the  calculated  streamline  at  an  angle  of  attack  of  4  degrees 
just  touches  the  upper  surface  of  the  model.  If  it  is  assumed  that  the  speed  is  suf¬ 
ficiently  high  so  that  no  significant  negative  pressure  coefficient  can  exist  in  the  flow 
field,  and  if  the  forward  portion  of  the  upper  surface  is  wetted  and  positive  pressures 
occur,  then  the  lift  will  decrease.  Thus  it  may  be  concluded  from  the  calculations 
that  the  maximum  value  of  the  lift  drag  ratio  for  this  flat  plate  hydrofoil  should  occur 
at  the  4-degrce  angle  of  attack.  Experimental  data  obtained  at  speeds  up  to  180  fps 
reveal  that  the  forward  portion  of  this  flat-plate  hydrofoil  does  become  wetted  at  an 
angle  of  attack  of  about  4  degrees.  The  maximum  lift  drag  ratio  also  occurred  at  an 
angle  of  attack  of  about  4  degrees. 

The  hydrofoil  section  shown  in  Fig.  22b  has  a  lower  surface  conforming  to  the 
Tulin-Burkart  profile  with  ,,  f'..192.  The  details  of  the  upper  surface  maybe 

found  in  Ref.  3.  The  calculated  location  of  the  cavity  streamline  is  slinwn  for  angles 
of  attack  of  4.  8,  and  12  degrees.  It  may  be  noted  tliat  the  calculated  streamlines  are 
almost  identical  with  those  shown  in  Fij.  22a  for  the  flat  plate.  The  reason  that  both 
foils  have  about  the  same  theoretical  cavity  streamline  location  is  peculiar  to  the 
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aspect  ratio  of  1 .  There  are  two  compensating  effects  due  to  camber  which  cause 
this  similarity  in  streamlines.  The  cambered  foil  cavity  ordinates  are  increased 
because  of  the  foil  curvature,  but  simultan.  ously  the  camter  causes  increased  lift  at 
a  given  angle  which  produces  a  greater  induced  angle  of  attack.  The  greater  induced 
angle  of  attack  results  in  a  decrease  in  cavity  ordinates,  thus  effectively  cancelling 
out  the  increased  ordinates  contributed  by  the  foil  curvature.  Experimental  data  on 
both  foils  were  in  agreement  with  this  theoretical  phenomenon;  in  fact,  at  a  20 -degree 
angle  of  attack  the  flat -plate  cavity  streamline  obtained  from  both  theory  and  experi¬ 
ment  was  slightly  higher  than  that  obtained  for  the  cambered  model. 

Figure  22b  Indicates  that  ventilation  from  the  leading  edge  of  the  cambered  model 
will  not  be  possible  at  angles  less  than  about  10  degrees.  Experiments  conducted  in 
ventilated  flow  up  to  speeds  of  180  fps  were  in  excellent  agreement  with  this  prediction; 
that  is,  at  angles  less  tlian  10  degrees  the  forward  portion  of  the  upper  surface  was 
wetted.  However,  the  maximum  iift^drag  ratio  of  the  cambered  model  occurred  at  an 
angle  of  attack  of  about  7  to  8  degrees.  The  fact  that  the  lift/drag  ratio  continued  to 
increase  even  with  the  upper  surface  wetted  is  attributed  tothe  curvature  of  the  upper 
surface  and  finite  speed.  A'  a  speed  of  175  fps  it  is  possible  to  support  a  negative 
pressure  coefficient  as  low  as  -0.07.  Thus,  it  is  possible  at  finite  speeds  for  the 
upper  surface  to  add  to  the  lift  and  possibly  decrease  the  drag.  Theoretically  at 
higher  speeds  the  maximum  lift  ^drag  ratio  will  occur  closer  tothe  predicted  10 -degree 
angle  of  attack. 


THEORETICAL  COMPARISON  OF  PRACTICAL  LOW -DRAG  SECTIONS 

The  experimental  data  given  in  the  preceding  section  indicate  that  a  reliable 
approximation  tothe  cavity  streamline  luration  on  high-speed  moderate -aspect-ratio 
surfaces  can  be  obtained  theoretic  ally.  Using  the  theory  developed,  it  is  now  possible 
to  determine  the  best  of  the  four  section  shapes  (circular -arc,  Tulln-Burkart,  three- 
te.-m,  and  five-term)  when  operating  under  practical  conditions.  Tlie  operating 


,154 


Siipert  avilatin^  Hydrofoils  Operating*  nt  Zt*ro  Cavitation  Number 


condition  chosen  for  compE-cison  was  at  a  depth  of  submersion  of  1  chord  and  an 
aspect  ratio  of  3.  The  structural  characteristics  of  the  section  were  arbitrarily 
chosen  as  (a)  thicknesc  lalio  t  r  -  0.03  at  0.2  chord  from  the  leading  edge  and  (b) 
t  c  =  0.04  ac  the  chordwisc  location  of  the  maximum  lower  surface  ordinate.  The 
leading  edge  and  these  control  iioints  were  assumed  to  be  connected  by  straight  lines 
and  the  upper  surface  rearward  of  the  latter  control  point  was  taken  as  parallel  to 
the  reference  line  of  the  section.  Because  of  the  almost  uniform  gradation  of  the 
various  characteristics  of  the  four  sections,  only  the  extremes,  the  circular-arc  and 
five -term  section,  were  compared. 


Over  the  range  cf  cambers  from  c,  j  -  0  to  0.3,  the  calculated  cavity  stream¬ 
lines  first  touched  the  upper  surface  of'tlte  assumed  hydrofoil  sections  at  the  0,2- 
chord  control  point.  Thus  the  second  point  at  the  maximum  lower  surface  ordinate 
did  not  influence  the  maximum  lift /drag  ratio  of  the  sections.  The  friction  drag 
coefficient  was  estimated  to  be  0.004.  Using  Eqs.  (67)  and  (68),  the  lift  and  drag 
coefficients  of  the  sections  were  calculated.  A  plot  of  lift/drag  ratio  versus  lift 
coefficient  is  presented  in  Fig.  23.  Also  shown  in  Fig.  23  is  the  line  denoting  the 
minimum  angle  at  which  the  control  point  at  0.2  chord  just  clears  the  calculated 
cavity  streamline.  The  area  above  this  line  is  shaded  to  indicate  that  these  regions 
are  not  attainable  under  the  design  conditions.  The  Important  result  shown  by  those 
plots  is  that  eittier  type  of  camber  can  give  higher  maximum  lift/drag  ratios  than  the 
flat  plate.  The  optimum  amount  of  camber  for  both  hydrofoils  correspond  to  a  value 
of  cY  ,1  of  about  0.1,  The  optimum  lift  coefficient  is  about  0.175  for  both  sections. 
The  (lydrofoil  cross  sections  shown  in  the  top  of  Fig.  23  are  for  ,,  =  0.1  oriented 
at  the  minimum  angle  of  attack  revealed  by  the  analysis.  The  analysis  as  presented 
in  Fig.  23  also  shows  that  the  five-term  section  is  superior  to  the  circular  arc.  The 
maximum  values  of  the  lift/drag  ratios  are  10.5  and  9.5  for  the  five -term  and  circular- 
arc  sections  respectively.  Although  I.  D  of  the  five-term  section  is  sl'.ghtly  higher 
than  that  of  the  circular  arc,  it  is  not  twice  as  high  as  predicted  from  the  two- 
dimensional  theory. 
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The  thickness  distribution  chosen  for  the  analysis  is  not  conservative,  but  a  bare 
minimum.  Structurally,  an  aspect  ratio  of  3  is  close  to  the  maximum  when  the  hydro¬ 
foil  is  supported  by  a  single  strut.  Therefore,  the  calculated  maximum  Ifft/drag  ratio 
of  about  10  at  a  lift  coefficient  of  0.18  is  very  near  the  optimum  that  can  be  obtained 
on  a  single  supercavitating  hydrofoil  supported  on  one  strut  and  operating  at  zero 
cavitation  number.  More  severe  structural  requirements  than  those  imposed  in  the 
present  analysis  will  reduce  the  maximum  attainable  llft/drag  ratio. 


CONCLUDING  REMARKS 

In  conclusion,  it  may  be  stated  that  the  concept  of  combining  the  linearized  effects 
of  camber  with  nonlinear  flat-plate  theory  has  proved  satisfactory.  The  results  of  a 
comparison  of  this  theory,  corrected  for  .ispect  ratio,  with  experimental  data  obtained 
on  four  low-aspect-ratio  sections  may  be  summarized  as  follows. 

1.  The  theoretical  lift  coefficient  was  in  excellent  agreement  with  experimental 

data. 

2.  The  theoretical  drag  coefficient  was  in  excellent  agreement  with  experimental 
data  on  all  models  except  the  highly  cambered  five-term  section  whose  C,^  ,,  =  0.392. 
The  disagreement  is  attributed  to  the  inability  of  linearized  theory  to  accurately 
predict  the  pressure  distribution  when  the  curvature  is  very  great. 

3.  The  theory  predicts  centers  of  pressures  slightly  low  for  the  five-term  sec¬ 
tion;  however,  the  agreement  may  be  Improved  by  taking  the  center  of  pressure  of  the 
crossflow  component  rearward  d  the  mid-chord. 

4.  Theoretical  cavity  shapes  based  on  a  uniform  induced  angle  of  attack  are  in 
good  enough  agreement  with  experiment  to  warrant  their  use  in  engineering 
calculations. 

Using  the  theory  presented  and  selecting  sections  of  similar  structural  geometry, 
it  is  shown  that  the  highest  lift/drag  ratio  that  car.  be  obtained  on  a  ventilated  hydro¬ 
foil  supported  by  a  single  strut  at  depths  of  1  chord  or  more  is  about  10.  The  best 
section  for  optimum  lilt/drag  ratio  is  the  five-term  design;  however,  the  camber 
profile  may  range  from  the  five-term  to  the  circular  arc  with  only  about  a  10  percent 
change  in  the  maximum  lift/drag  ratio. 
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DISCUSSION 


D.  Savitsky  (Stevens  Institute  of  Technology) 

1  would  like  to  congratulate  Mr.  Johnson  on  accomplishing  a  most  clever  com¬ 
bination  of  established  aerodynamic  and  hydrodynamic  results  to  develop  practical 
solutions  for  a  must  difficult  hydrodynamic  problem.  As  is  typical  for  semi-empirical 
approaches,  the  approximations  used  can  often  times  be  questioned  and  mure  refined 
apprci.\imations  suggested.  However,  the  choice  is  usually  tlie  author's  to  make  and 
if  the  calculated  results  agree  with  data  then  he's  chosen  correctly. 

Working  within  the  framework  developed  by  Mr.  Johnson,  I  would  like  to  address 
myself  to  the  subject  of  the  two-dimensional  cavity  shape  associated  with  the  design 
lift  coefficient  at  various  depths  of  submersion.  The  design  lift  coefficient  is,  as 
usual,  that  existing  for  the  "shock-free"  entry  condition.  The  study  of  the  cavity 
shape  is.  by  far,  the  most  pressing  one  since  the  intersection  of  the  cavity  with  the 
foii's  upper  surface  is  the  strongest  obstacie  in  the  way  to  achieving  the  very  high 
lift-drag  ratios  which  are  potentially  possible  with  super-cavitating  hydrofoils. 

In  Fig.  20  of  Mr.  Johnson's  paper  a  plot  is  shown  of  the  influence  of  depth  of 
submersion  on  the  cavity  ordinates  due  to  the  circulation  developed  by  a  cambered 
foil  when  operating  with  shock-free  or  design  lift  coefficient  at  infinite  draft.  It  is 
seen  in  Fig.  D1  that  for  a  fixed  value  of  circulation  the  cavity  opens  up  as  the  free 
water  surface  is  approached.  Now  it  can  be  shown  from  Johnson's  work  that  the 
design  angle  (shock-free)  of  attack  for  a  given  cambered  section  decrea.>eB  with 
decreasing  submersion  while  the  design  lift  coefficient  remains  essentially  constant. 
Using  this  result  then,  Fig.  D1  can  be  interpreted  as  representing  the  cavity  shape 
relative  to  the  horizon  when  a  given  circular-arc  hydrofoil  is  maintained  at  a  constant 
design  lift  coefficient  by  reducing  the  geometric  chord  line  angle  of  attack  when 
approaching  the  free- surface.  Superposed  on  Fig.  D1  is  a  circular  arc  hydrofoil 
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oriented  to  the  design  angle  of  attack  for  <i  c  >  and  ii  <-  .25.  It  is  seen  that  the 

intersection  of  the  cavity  with  the  hydrofoil  is,  within  e:  gineering  accuracy,  very 
nearly  the  same  for  the  entire  range  of  submersion. 

Figure  D2  shows  the  collapsed  results  and  points  up  that  the  cavity  interaction 
with  the  hydrofoil  can  be  represented  by  one  curve  for  all  depths  of  submersion  when 
the  foil  is  maintained  at  design  lift  coefficient.  In  effect  then,  while  the  cavity  does 
open  up  as  tlie  free-surface  is  approached,  we  rotate  the  foil  Into  the  cavity  as  the 
geometric  angle  of  attack  is  decreased  to  maintain  the  design  lift  coefficient. 

Hence,  the  problem  of  the  cavity  shape  is  equally  obstructive  at  all  drafts  and 
whatever  can  be  done  to  alleviate  the  cavity  interference  problem  at  one  draft  should 
probably  hold  at  other  drafts. 
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foil  — collapsed  results  for  hydrofoil  at  design 
angle  of  attack  corresponding  to  each  draft 


M.  C.  Fames  (Naval  Research  Establishment,  Halifax) 

I  think  I  am  correct  in  saying  that  Mr.  Johnson’s  paper  presents  more  information 
of  use  to  the  practical  designer  than  can  be  found  in  any  single  paper  on  conventional 
hydrofoils.  That  this  has  been  accomplished  so  rapidly  in  this  new  field  of  super- 
cavitating  hydrofoils  is  a  remarkable  achievement. 

I  would  like  to  supplement  Mr.  Johnson's  introduction  from  the  point  of  view  of 
the  surface  ship  -  as  opposed  to  that  of  the  aircraft. 

It  is  well  known  that  the  limit  on  speed  resulting  from  cavitation  on  conventional 
hydrofoils  implies  a  corresponding  size  limit  due  to  the  so-called  "square-cube"  law. 
That  is  to  say,  as  the  size  of  craft  is  increased,  retaining  a  constant  design  speed, 
the  required  size  of  the  hydrofoils  increases  rapidly,  and  the  weight  associated  with 
the  hydrofoils  soon  becomes  a  prohibitive  proportion  of  the  total  displacement. 

Attempts  at  dtdaying  cavitation  to  higher  speeds  are  of  limited  value  because 
they  imply  lower  lift  coefficients,  and  henc*'.  again,  large  liydrofoils. 
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Thus  to  the  surface  ship  designer,  the  successful  development  of  supcrcavitating 
hydrofoils  offers  the  possibility  -  at  least  -  of  radical  increases  in  the  size  of  vessel 
for  which  hydrofoil  support  is  feasible.  There  will  be  serious  engineering  problems 
involved  in  the  design  of  large  hydrofoil  ships,  but  there  no  longer  appears  to  be  any 
fundamental  objection  to  inci  casing  size. 

Undoubtedly  the  most  important  contribution  made  by  the  NACA  work  is  the 
concept  of  using  a  fully-ventilated  cavity.  Prior  to  this  development,  thi'ee  regimes 
of  design  were  recognized.  Below  a  speed  of  about  40  knots,  cavitation  presented  no 
problems  provided  reasonable  lift  coefficients  were  used,  and  it  is  fair  to  say  that  no 
problems  remain  in  the  design  of  hydrofoil  craft  up  to  this  order  of  speed  -  accepting 
the  size  limitations  that  1  have  referred  to.  By  careful  foil  selection  it  is  possible  to 
delay  the  onset  of  cavitation  to  about  60  knots,  still  retaining  reasonable  lift  coef¬ 
ficients,  but  in  this  regime' difficulties  begin  to  encountered  in  rough  water.  This 
is  because  the  range  of  angle  of  attack  over  which  cavitation  free  operation  can  be 
obtained  is  very  limited.  Moreover,  with  the  type  of  section  required  here,  the  onset 
of  cavitation  is  r.ct  a  gradual  process,  but  can  be  as  sudden  and  abrupt  as  complete 
ventilation. 

Above  Rb  knots  it  was  thought  that  super-cavitation  would  take  over.  At  this 
speed  a  fully  developed  vapour  cavity  would  be  feasible,  but  there  remained  the  prob¬ 
lem  of  ensuring  that  this  would  not  ventilate. 

Mr.  Johnson's  solution  to  this  problem— refusing  to  solve  it— Is  one  of  those 
delightfully  simple  touches  that  characterize  a  major  technical  break  through.  Not 
only  does  tlie  "super-ventilating"  foil,  if  I  may  use  this  term,  solve  tiie  problem  of 
stabilizing  the  cavity  in  the  presence  of  a  free  surface,  but  it  also  means  that  the 
transition  from  conventional  to  super-cavitating  operation  can  be  made  at  a  much 
lower  speed.  It  is  likely  that  the  troublesome  "cavitation  delaying"  hydrofoils 
required  for  operation  in  the  40-60  knot  range  have  no  place  in  future  developments. 

As  many  nf  you  will  be  aware,  the  Ni*”.!  Research  Establishment  In  Halif3.\  has 
been  concerned  with  tlie  development  of  hydrofoil  craft  in  the  40-60  knot  range  of 
speeds,  and  this  new  concept  is  therefore  of  very  great  interest  to  us. 

In  the  course  of  our  work,  in  addition  to  the  R-lOO  "Massawippi"  and  R-103 
"Bras  d'Or"  hydrofoil  craft,  which  have  received  a  fair  amount  of  publicity,  we  have 
developed  a  new  research  vehicle,  known  as  the  "R-X",  which  we  intend  to  use  for  an 
investigation  into  the  practical  application  of  "super-ventilating"  foils  for  surface 
craft. 

The  new  R-X  is  nut  Intended  to  represent  a  scale  model  of  any  possible  opera¬ 
tional  prototype.  It  was  designed  as  a  basic  research  vehicle  with  the  capability  of 
exploring  a  wide  range  of  hydrofoil  configurations  and  types.  A  full  descriptioii  is 
out  of  place  here,  but  it  is  felt  tliat  some  of  the  unusual  features  which  make  this 
craft  particularly  suitable  for  fundamental  studies  will  be  of  interest. 

Figure  D3  provides  a  general  view  nf  the  3-ton  boat.  The  Important  feature  of 
the  25-fuut  plywood  hull  is  the  aluminum  rail  (A)  which  runs  the  full  length  of  each 
gunwale.  By  meaiis  of  a  slide  attachment  the  main  foil  mounting  structure  (B)  can  be 
positionedat  any  point  on  the  length  of  the  hull.  In  Fig.  D3,a  three -point,  two-leading, 
configuration  is  shown  fitted.  For  a  four-point,  or  tandem,  configuration  a  second 
identical  structure  can  be  mounted  aft. 

Figure  D4  shows  a  close-up  of  one  of  the  main  foil  units.  The  mounting  structure 
consists  of  a  rigid  athwartships  beam  (C).  which  is  pivoted  Ic.  the  gunwale  slider.  (D1 
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F?n.  1)3  -  The  R-X  rtfScrtTch  craft 


port  and  starboard.  Chance  of  rake  or  fine  adjustment  of  incidence  can  be  accom¬ 
plished  by  means  of  a  screw  thread  'E).  Ri^id  cantilevers  (F)  can  be  clamped  to  the 
beam  in  any  athwartships  position  tnus  providing  for  alteration  of  foil  track,  and  of 
the  span  of  individual  foil  units.  Tiie  frames  (G)  which  carry  the  foil  struts  are  con¬ 
nected  to  the  rigid  cantilevers  (F)  only  by  way  of  dynamometer  elements  (H).  There 
are  four  such  elements  to  each  strut,  enabling  lift,  drag  and  cross  force  to  be  inde  • 
pendently  measured  and  recorded.  This,  and  other  instrumentation  is  currently  being 
developed. 

For  three-point  configurations,  the  stern  unit  (Fig.  D3.  K)  is  mounted  on  a 
telescopic  tube  fitted  into  the  stern  of  the  hull.  By  this  means  the  fore  and  aft  posi¬ 
tion  of  the  stern  unit  can  be  varied  over  a  distance  of  5  feet.  This  is  sufficient  to 
investigate  configurations  in  which  the  stern  foil  supports  between  10  percent  and  33 
percent  of  the  all-up  weight  without  changing  the  foil  base  length.  Figure  D5  is  a 
ciuse-ui>  of  the  stern  unit,  showing  the  telescopic  tube  (L).  the  steering  bearings  (Ml 
and  the  mixinting  beam  (N).  The  foil  struts  are  attached  by  clamps  (O),  thus  allowing 
lor  units  of  different  span,  while  the  beam  (N)  can  be  tilted  foi  adjustment  of  rake  or 
inciemee  by  a  screw  thread  device  not  visible  in  this  view.  Tin-  lieam  assc-mbly  is 
attached  to  the  steering  bearings  only  bv  way  of  four  dynamometer  elements  (P). 

For  three  point,  one-leading,  or  canard."  configurations  the  telescopic  ti.ibe  can 
lie  removed  from  the  stern  of  the  craft,  nnd  fitted  in  the  bow.  This  nec»  ssitates 
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Fig.  0*1  •  Onv  ui  the  main  toil  units 


removal  ol  the  false  bow  (Fig.  D3,  Q),  and  steering  would  then  be  accomplished  by 
turning  the  bow  unit.  The  same  mounting  structure  is  used  lor  the  bowr  untt. 

The  craft  is  being  powered  by  eon"cntiuaal  means  to  provide  a  speed  of  at  least 
40  knots  with  a  minimum  lift-to-drag  ratio  of  5:  instrumenUtion  will  intrude  the 
recording  of  thrust,  torque,  r.p.m.,  pitch,  roll,  vertical  accelerations  and  foil  unit 
forces  on  a  time  base.  A  strut  unit  for  measuring  altitude,  speed  and  angle  of  yaw 
is  also  being  developed. 

It  is  felt  that  the  versatility  of  this  craft  is  unique  ami  that  although  "teething 
troubles"  will  no  doubt  be  encountered,  due  to  attempting  to  fit  a  quart  into  a  pint  pot, 
its  potential  value  for  extending  laboratory  experi.Mcnts  on  ventilated  hydrofoils  to 
actual  operating  conditione  is  high. 
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P.  Ward  Drown  (Slrvms  InMitutr  of  Tfchnolufry) 

Thcrf  in  such  a  urcai  wi-allh  o{  inlurmalHtn  in  Mr.  Johnson's  inper.and  so  many 
novel  id*«s  scatti  r»-d  JiU  rullvIhrouehoul  il.that  ii  is  perhaps  unttrariouslo  coinm<>nt 
in  a>v  olh«  r  way  than  !>>  prolonm-d  applause. 

N<NM-tlM  lcss.  I  wtKilil  liki'  to  discuss  Ihi-  nuthtsl  of  ralrulalint'  lift  at  finite  depth. 
Mr.  Johnson  develops  an  inpenious,  ImK  appro.xiniate.  linear  soluliisi  for  th«-  lift  of  a 
s>iperravitat<-d  hydrofoil  at  linite  ck-pth.  In  order  to  improve  thi'  approxinialUHi  h«' 
calculatesihe  approximaii  lift  at  linite  di  plh  with  a  da  sii^n  anple  of  allark  for  infinite 
depth.  Throuuh  this  calculated |M.inl  he  draws  aline  havins  th«‘  slope-  pivenby  Cre-en's 
isKi-lim'ar  Ihi-ory  at  finite  d<  iSh  and  design  .in»;le  “I  allark  for  finite  depth.  B  wo.dd 
.si-eiii  to  Is  niori  correct  to  rulculalc  the  lilt  at  linilc  depth  and  at  Ih;  itesipn  angle  of 
.illark  for  finite  de|Sli,  aisl  tin  n  to  u.se  Ihi-  slojs-  pieeii  l>y  Crei-n's  llwory. 

A.i..  <ir.  .11,  ...  ;ti.  lo-i:  Ol  1  I’l  il.-  '*'•  surli.  .  ..I  .1  Mr.  .lo,"  I’-...  . 
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The  differenee  lJel^  con  these  two  approaches  {or  a  circular-arc  foil  is  shown  in 
1  and  2,  for  the  case  of  zero  depth.  The  lift  curve  for  infinite  depth  is  shown 
I  erence. 


Fig.  DO  -  Kffeet  depth  oii  lift 
coefficient  —  Johnson's  letShod 


Fig.  D7  -  Fffect  of  depth  on  lift 
loefficieiil  -  proposed  method 


Fi^rc  1  shows  .lohnsun's  method.  Point  B  is  the  lift  calculated  for  zero  depth 
at  the  design  angle  of  attaek  for  infinite  depth  and  the  lint  BC  lias  tlie  slope  given  by 
Green.  The  alternate  method  is  shown  in  Fig.  2.  Poinl  D  is  calculated  for  zero  draft 
and  at  the  design  angle  of  attack  for  zeni  draff.  Again.  DE  has  the  slope  given  by 
Green  but  gives  a  different  intercept  on  the  lift  axis. 

It  is  interesting  to  note  that  the  line  DE  given  by  the  second  method  is  exactly 
that  predicted  by  Wagner t  and  the  very  small  change  in  design  lift  eocfflcicnt  with 
depth  may  al.so  be  noted,  bi  fact  according  to  Wu’s  non-linear  theoryt  the  design  lift 
coefficient  of  a  circular-arc  hydrofoil  .it  infinite  depth  is  exactly  tlie  same  as  the 
design  lift  coi.  fficient  given  Ijv  Wagner  for  zero  depth. 

It  .seems  that  the  lift  at  finite  depth  might  be  written  as  follows; 


whe  re  tin-  slope.'  .  and  the  design  angle  of  attacl;.  . ,  ,  are  lioth  functions  of  the  draft- 
flioicl  ratio,  I  '  ■  (as  g.ivc  ri  by  Gn  i  ii  and  .Johnson,  respectively)  and  Ihe  design  lift 
ctieffieieiit,  r  .  is  iiuleiieiuleni  of  draft. 

'll.  V\  I."'  ''PI;.  "I  V\.1|.  '.,\i  ,\  iM  II  ■  , 

I  .  V  .  V.  . .  'A  t  I  .'(1  -  .1  i  ■  1  .  I  1  111  I .  -  I. .  i  ■ .  1 1- 1 )  I'  »  ^  1 ;  if  I '  ii  '  \  (  I  \  t  1 1  Cl  1  1 1  \  ti 

(  .1.1.  Ilv'ii-I.  L.ili.  .  .■!-  I  I''  •  . 


Suj)i'  rc  .<  \  ,l  .it  1 1.^;  1  ly  .•ulo  I  >  Cim  -  r.it  iii.c  at  /.«■  fn  (  ..i\  itat  ion 


111  1 1  In-  r 


It  is  iiDl  always  iiL'fi'ssary  m  >a)rri.'i'l  tor  tk'ptl.  I'fli’cts.  Rfccntly  at  the  Expcri- 
nietital  Towiiin  Tank,  Stevens  Institute  iif  Teehnolotty,  under  contract  with  the  Office 
of  Naval  Researcli,  tlie  lift  and  draij  ol  a  lullv  ventilated,  .surface-piercing,  dihedral 
hydrofoil,  has  lieen  measured.  Analysis  of  the  e.xperiniental  results  shows  that  after 
cliniinaiinj,'  aspect  ratio  idiects  there  is  no  residual  depth  effect.  Thus  a  surface- 
piercing.  diliedral  foil  lias  an  effective  draft-chord  ratio  of  infinity.  The  tests  also 
confirmed  tlie  linear  slope,  /2,  ol  the  lift  curve  up  to  16,  liut  there  was  no  fall  off 
in  lilt  .IS  predicted  by  Wu's  non-linear  theory.  However,  the  e.xperimental  desit'n  lift 
coeific.ient  was  only  70  percent  of  that  predicted  liy  the  linear  theory.  The  results  of 
the.se  tests  will  be  iiuliiished  shortly. 


Hirsh  Cohen  and  R.  C.  DiPrinia 

In  reply  to  Marsliall  Tulin,  we  would  like  to  say  that  we  are  in  agreement  with 
his  remarks.  Wliat  we  were  trying  to  point  out  was  simply  that  the  llnearitied  'hcory 
that  has  been  used  to  estimate  Ixiundary  effects  dees  give  the  correct  qualitative 
effects,  but  does  not.  at  letisi  in  the  cases  considered  here  (the  15"  half  angle  wedge, 
and  the  flat  plate  at  angle  of  attack  of  12').  give  the  accuracy  of  a  non-linear  theory. 

The  que.stlon  ol  slotted  wall  tunnels  has  lieen  brought  up  liy  Dr.  Silverleaf  and  by 
Prol.  Silberman.  It  seems  to  us  that  judging  from  the  results  presented  in  this  paper, 
little  effect  on  force  coefficients  is  to  be  expected.  It  seems  reasonable  to  e.x|)ecl  the 
results  for  force  coefficients  to  lie  between  those  for  solid-wall  and  free-jet  lest 
sections.  On  the  other  hand,  blockage  effects  on  cavity  dimensions  are  of  some 
interest.  For  a  given  model  and  tunnel  size,  lower  cavitation  numbers  may  be  obtained 
with  a  slotted  wall  tunnel.  It  certainly  seems  worthwhile  to  make  blockage  studies 
for  the  slotted  wall  case.  There  seems  to  be  need  of  some  caution  In  using  such  test 
sections,  as  proven  by  the  instability  problems  e.xperienced  .at  A.R.L.  The  possibility 
of  cavity-slotted  wall  Instaliility  interactions  should  be  liKiked  into. 

Professor  SlPierman  has  rai.sed  a  point  which  has,  Indeed,  troubled  us.  He 
remarks  that  for  very  low  cavitation  numbers  the  drag  on  the  IS'  and  12.5’  wedges  is 
lower  In  the  free  jot  than  the  drag  predicted  In  an  infinite  stream  by  the  exact  theory. 
But  this  is  Ixirne  out  in  his  experiments  only  by  the  single  point,  The  linear 

theory  predicts  that  the  drag  in  a  free  jet  will  Ik*  lower  than  in  the  infinite  stream  at 
all  cavitation  numbers.  One  feels  that  this  should  uLso  appear  in  the  experimental 
results.  If  there  is  an  abrupt  ri.se  in  the  drag  as  the  cavitation  number  increases 
from  zero  it  certainly  should  'v>t  become  greater  than  the  infinite  stream  value. 

i^.W.  I'rdwii,  “  t  in  l  oro  Churacti' ristics  of  S.irface-Picrt  iiig.  Fully  V<-iUilati'<l, 
l)ih<  <lral  llydrofo'l S.I.T.,  K.  i'.  r.  Ki'ji.  .No,  oVH,  (To  lii'  piibl )  shed) , 
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WALL  EFFECTS  IN  CAVITATING  FLOWS 
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INTRODUCTION 

In  this  paper  wc  would  liketo  review  some  recent  work  on  cavityilows  in  bounded 
regions.  In  pnr.icular  we  shall  consider  the  effects  of  solid  walls  and  free  surfaces 
on  finite  cavity  flows.  While  our  discussion  will  not,  of  course,  be  all  inclusive,  wc 
hope  it  will  be  sufficiently  comprehensive  to  make  certain  gt  nerul  conclusions  about 
boundary  effects. 

There  are  three  major  points  of  distinction  to  be  made  in  the  general  problem 
we  have  chosen  to  discuss.  The  first  is  the  geometry  of  the  flow.  It  is  natural  to 
distinguish  between  symmetric  flows  past  symmetric  bodies  and  unsymmetric  flows 
past  symmetric  or  unsymmetric  liodies.  The  second  point  concerns  the  types  of 
boundaries  to  be  considered.  The  boundaries  which  are  of  interest  nre  those  which 
confront  the  experimentalist  in  testing  devices  —  water  tunnel  walls  or  free  Jet  sur¬ 
faces  —  and  those  which  provide  interference  in  actual  applications.  These  would 
include  free  surface  effects  on  cavitating  bodies  traveling  near  the  surface  and  the 
interference  of  solid  bodies  such  as  hulls  near  cavitating  bodies.  Finally,  we  shall 
emphasize  in  this  discussion  finite  cavity  flows.  There  is  a  famous  and  abundant 
literature  dealing  with  cavities  or  wakes  of  Infinite  length.  Obviousiy,  infinite  cavi¬ 
ties  will  seldom  be  encountered  in  testing  procedures  or  anywhere  else.  The  infinite 
cavity  theory  does  form,  however,  an  interesting  and  often  useful  limiting  case  and 
it  will  be  pertinent  to  make  reference  to  many  of  the  results.  The  need  for  a  finite 
cavity  model  is  obvious  for  physical  reasons  and  has  been  met  in  several  ways  math¬ 
ematically.  All  of  these  finite  cavity  flow  models  have  been  employed  in  discussing 
boundary  effects  and  their  use  will  be  related  here. 

Most  of  the  discussion  to  follow  deals  with  two-dimensional  flows.  Few  studies 
have  been  made  of  three-dimensional  boundary  effects.  The  three-dimensional 
cavity  flow  theories  that  have  been  available  to  the  present  time  have  been  extremely 
difficult  to  use.  The  results  for  bounded  flows  that  are  available,  which  are  referred 
to  later  in  detail,  are  obtained  by  an  indirect  method. 

For  the  cases  reviewed  and  discussed  in  this  paper,  one  of  the  more  interesting 
conclusions  seems  to  be  that  the  presence  of  boundaries  does  not  greatly  alter  the 
force  coeffi'.'ient'i  acting  on  cavitating  bodies,  providing  the  same  cavitation  conditions 
can  be  attained  with  and  without  boundaries.’^  This  statement  must  be  carefully 


Note;  The  researth  presented  in  this  paper  was  sponsored  hy  the  Office  of  Naval 
Resear<  h. 

'•'I  his  conclusion  seems  lo  lonfirm  in  part  the  Staten, ent  of  Ihe  Principle  of  the  Sta- 
iiilily  of  the  Prc'ssure  Ooeffnient  suggested  hy  Birkhoff,  Plesset,  .iiid  Simmons  {  1), 
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understood;  for  bodies  placed  within  solid  wall  boundaries,  blockage  effects  are  often 
very  large  and  do  not  allow  for  great  freedom  in  modeling  the  cavitation  conditions 
in  an  unbounded  medium. 

Our  discussion  will  follow  the  following  outline:  A  general  formulation  of  the 
bounded  cavity  flow  problem  is  given.  The  need  for,  and  the  particular  character¬ 
istics  of,  the  various  finite  cavity  flow  models  are  discussed  and  the  general  line¬ 
arized  problem  is  set  out.  Also,  a  study  of  the  effects  of  a  free  surface  on  a  wedge 
traveling  parallel  to  it,  given  recently  by  DiPrima  and  Tu,  Is  mentioned  briefly  (2). 
The  effects  of  solid  walls  are  then  t^en  up  in  detail.  The  various  theoretical  and 
experimental  results  for  both  symmetric  and  unsymmetric  flows  are  compared.  A 
similar  discussion  of  free  jets  is  given,  followed  by  some  comparisons  of  flows  in 
solid  channels,  jets,  and  in  an  unbounded  stream  for  the  two-dimensional  case. 
Finally,  a  brief  discussion  is  given  of  bounded,  axially  symmetric  flows. 


FORMULATION  OF  THE  TWO-DIMENSIONAL  PROBLEM 

The  general  problem  under  consideration  is  that  presented  in  rather  compact 
form  In  Fig.  1.  The  solid  body  8  is  located  in  the  bounded  region  D,  which  contains 
an  incompressible,  nonviscous  fluid  whose  velocity  at  upstream  intinity  {»  -t-)  is 

ij, .  Attached  to  b  at  the  known  points  s,  and  s,  is  a  constant -pressure  region  c,  the 
cavity.  The  pressure  in  the  cavity,  p,.,  the  pressure,  p.  >  corresponding  to  u„,  and 
the  constant  fluid  density,  .  ,  define  the  cavitation  number  tp, -p,.)'ri/2)^ 

The  boundary  of  the  combination  B  and  c  is  a  streamline.  A  distance  in  the  x  direc¬ 
tion  may  be  associated  with  each  of  b  and  c  (a  chord,  r ,  and  a  cavity  length,  ')•  The 
boundaries  of  n  are  the  streamlines  „  and  . . .  The  leading  edge  of  B  is  at  dletances 
ii„  and  lu  from  and  respectively.  Besides  being  streamlines,  a  second  con¬ 
dition  is  required  on  and  ...  In  the  free  jet  case  the  pressure  is  constant  and 
known;  in  the  solid  wall  case  the  lines  themselves  are  given. 

Unfortunately,  as  is  well  known,  a  satisfactory  solution  to  the  problem  just 
sketched  does  not  exist  except  under  special  conditions,  even  for  ii,,  and  h,  both 
infinitely  large.  If  one  is  willing  to  accept  cavity  shapes  concave  to  the  flow  with 
P,.  p.,.  or  to  consider  cavities  of  infinite  length,  a  solution  may  be  found  within 

classical  potential  theory.  This  is  essentially  thp  '’ontent  of  a  "non-existence" 
theorem  of  Serrin  (3).  This  theorem,  then,  implies  that  finite  cavities  of  the  shape 
required  are  not  available  from  the  classical  theory.  The  bounded  infinite  cavity 
case,  the  Kirchhoff-Helmholtz  theory,  has  been  taken  up  at  some  length  by  various 
authors.  The  work  of  Rethy  (4),  Vaicovici  (5),  and  von  Mises  (6)  is  discussed  by 
Birkhoff,  Plesset,and  Simmons  (1).  Actually,  a  certain  amount  of  prior  credit  seems 
to  fall  to  Joukowsky  (7)  who  considered  virtually  all  of  the  cases  taken  up  by  the  other 
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authors  plus  several  not  discussed  by  them.  It  is  important  to  observe  that  as  the 
cavity  becomes  infinitely  long  the  cavitation  number  may  or  may  not  approach  zero. 
If  the  streamlines  .  „  and  .  represent  solid  walls  at  downstream  infinity,  then  ' 
approaches  a  limiting  value  and  the  water  tunnel  is  effectively  blocked  by  the  body 
and  its  infinite  dowkistream  appendage.  On  the  other  hand,  if  either  ,  „  or  .  > ,  or  both 
of  them,  represent  free  surfaces  at  downstream  Infinity,  approaches  zero  as  the 
cavity  length  becomes  infinitely  long 

We  turn  now  to  a  discussion  of  the  finite  cavity  models.  The  fundamental  element 
supplied  by  the  exact  finite  cavity  flow  models  is  a  mechanism  for  eM>iainingdissipa* 
tiop  near  the  do'vnstream  end  of  the  cavity.  The  Riabouchinsky  model  achieves  this 
by  setting  an  image  body  symmetrically  located  downstream  from  the  forebody.  The 
re 'entrant  jet  theory  allows  the  free  streamline  to  reverse  direction  at  th3  rear  of 
the  cavity  and  flow  toward  the  forebody.  The  transition  flow  model  provides  a  gradual 
"dissipation"  downstream  of  a  constant-pressure  region  along  streamlines  whose 
direction  is  prescribed.  These  models  all  prove  to  be  useful  and  to  give  comparable 
results.  An  excellent  description  of  them  and  a  comparison  of  their  usefulness  is 
given  in  a  paper  by  Wu  (8).  Further  details  will  not  be  related  here.  A  common  dif¬ 
ficulty  of  these  models  is  that  they  are  not  very  flexible  as  to  the  shape  of  the  fore- 
bodies  which  can  be  handled  with  enough  facility  to  produce  computable  data.  The 
cases  which  have  been  discussed,  even  for  unbounded  flows,  are  virtually  limited  to 
straight-line  boundaries.  Furthermore,  the  Riabouchinsky  and  re-entrant  jet  theories 
are  additionally  complicated  for  unsymmetrical  problems;  the  transition  flow  model 
does  not  have  this  difficulty.  All  of  the  flow  models  mentioned  have  been  used  to 
describe  bounded  flows;  the  results  of  these  analyses  will  be  related  in  subsequent 
sections. 

Because  of  the  difficulties  associated  with  these  models  it  would  appear  useful 
to  consider  a  non-exact  model.  Tulin  (9)  has  a{q>lled  the  ideas  of  thin  airfoil  theory 
to  finite  cavity  flows  to  obtain  a  linear  cavity  flow  theory.  The  linearization  is  in 
terms  of  a  slenderness  ratio  or  a  small  angle  of  attack  and  involves  the  usual  intro¬ 
duction  of  perturbation  velocities.  The  conditions  along  solid  contours  and  constant- 
pressure  surfaces  are  expressed  in  terms  of  these  velocities.  Instead  of  trying  to 
satisfy  conditions  along  Uie  body  or  the  unknown  constant -pressure  surfaces,  the 
boundary  conditlwis  are  satisfied  on  a  known  mean  chord  line.  A  condition  wi  .ch 
insures  that  the  body-cavity  combination  is  closed  and  another  condition,  either  pro¬ 
viding  a  smooth  body-cavity  juncture  or  a  smooth  flow  at  the  trailing  edge  of  the  foil, 
seem  to  be  sufficient  to  yield  a  useful  flow  theory. 

If  the  linearized  theory  is  applied  to  the  problem  of  Fig.  1,  the  problem  becomes 
a  mixed  analytic  function  theory  problem  defined  over  the  strip  bounded  by  . ,,  and  . . 
and  exterior  to  the  cut  along  the  x-axis.  (See  Fig.  2.)  The  cut  will  represent  the 
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distance  from  tiie  Icadii.g  edge  to  the  end  of  the  cavity  for  the  case  of  fully  cavitating 
flow.  For  partially  cavitating  flow  (the  cavity  closing  on  the  body),  the  cut  will  be  the 
mean  chord  length  of  the  body.  It  is  clear  that  unless  there  is  symmetry  about  Uie 
X-axis  or  the  cavity  is  infinitely  long  we  are  faced  with  solving  a  mixed  boundary 
value  problem  in  a  multiply  connected  domain. 


The  general  problem  can  be  represented  as  one  defined  over  the  annulus  shown 
in  Fig.  2  witli  either  the  perturbation  velocities  u  or  v  prescribed  on  tile  inner  circle* 
and  11  and  v  prescribed  in  alternate  segments  on  the  outer  circle.  Furthermore,  cer¬ 
tain  continuity  and  singularity  conditions  are  imposed  on  the  complex  velocity  func¬ 
tion  on  the  outer  circle.  It  would  seem  as  though  this  is  just  the  type  of  problem  to 
be  handled  in  very  general  form  by  the  methods  of  Muskhelishvili  (10).  As  ft  turns 
out,  however,  there  are  difficulties  in  finding  the  analytic  continuations  of  the  analytic 
functions  needed  in  Uie  Muskhelishvili  method.  This  is  also  pointed  out  by  Woods  (11) 
and  in  fact.  Woods  has  developed  an  alternative  approach  to  such  boundary  value 
problems.  The  original  cut  strip  of  Fig.  2  may  be  mapped  to  a  periodic  array  of 
rectangles,  periodic  in  both  vertical  and  liorizontal  directions,  by  elliptic  mapping 
functions.  Then,  using  a  Cauchy  Integral  method.  Woods  (12,13)  has  given  a  formula¬ 
tion  for  fully  wetted  foils  between  porous  walls  which  can  be  easily  extended  to  the 
cavity  flow  problem.  In  the  limiting  cases,  the  porous  walls  of  the  Woods  theory 
become  solid  or  constant-pressure  surfaces.  An  examination  ot  this  method,  now 
underway  at  R.P.L,  for  both  fully  cavitating  and  partially  cavitating  flows,  shows,  as 
Woods  has  warned,  that  the  expressions  obtained  for  such  required  relations  as  those 
between  and  <  and  for  and  are  very  difficult  to  handle.  However,  if  the  walls 
are  far  from  the  body  it  appears  possible  to  achieve  some  results. 

Using  the  same  mapping  to  the  periodically  repeated  rectangles,  Timmaa  (14) 
has  considered  the  problem  of  an  oscillating  airfoil  between  solid  walls  by  findlag 
appropriate  Green's  functions.  In  adopting  his  method  for  the  bounded  cavity  flow 
problems,  we  find  that  the  partial  cavity  flow  past  a  lilting  flat  plate  between  solid 
walls  requires  the  solution  of  the  following  rather  interesting  integral  equation; 
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where  K(k)  is  the  complete  elliptic  function  of  the  first  kind,  i  is  the  local  inclina¬ 
tion  of  the  forebody,  and  7  represents  a  cavity  dimension.  The  kernel  *.s  a 

singular  kernel  with  an  analytic  term  and  has  the  form 
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’’.'If  .  und  .y  refer  to  different  typesnf  boundaries,  ii  and  v  will  be  specified  on  iiepa- 
ratc  portions  of  the  inner  circle. 
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Here  is  the  elliptic  integral  nome,  q  -  pxpi-7>K‘  K).  The  modulus  'c  is  a  function 
of  channel  height  and  the  body  and  cavity  dimensions.  The  unknown  function,  /(:),  is 
related  to  the  cavity  slope  in  the  constant-pressure  region.  This  singular  integral 
equation  may  be  reduced  to  a  Fredholm  equation  with  regular  kernel  by  the  methods 
of  Carleman  and  Muskhelishvili  but  this  is  noi  very  attractive  procedure.  One  may 
also  do  a  perturbatiem  solution  starting  from  die  case  g  o ,  which  corresponds  *  o 
the  walls  at  infinity,  as  the  zero-order  solution.  This  is,  in  fact,  the  method  which 
has  been  adopted  and  is  now  being  calculated.  It  can  be  seen  that,  although  analytic 
methods  are  available  and  some  are  beingused,  the  general  linearized  boundary  value 
problem  set  forth  above  has  not  been  solved.  Furthermore,  it  can  be  anticipated  that 
its  general  solution  will  be  of  such  complexity  that  usable  data  will  be  hard  to  obtain. 
The  bounded  finite  cavity  problems  that  have  been  treated  successfully  to  date  by  the 
use  of  the  linearized  method  are  those  which  can  be  reduced  to  a  potential  problem 
in  a  simply  connected  domain,  either  by  the  use  of  symmetry  or  the  linearlzatimi  of 
a  transition  flow  model.  (See  for  instance  IS,  16, 17, 18  (i  19.)  The  results  obtained 
in  these  cases  will  be  discussed  later. 


In  this  connection,  DiPrima  and  Tu  have  recently  used  the  linearized  theory  to 
consider  the  problem  of  a  fully  cavitating  symmetric  wedge  placed  under  a  free  sur¬ 
face  or  a  solid  wall  (2).  Since  the  problem  is  unsymmetrlc,  it  is  necessary  to  use  a 
distribution  of  vortices,  as  well  as  sources  and  sinks  to  represent  the  flow  potentlaL 
The  distributions  are  coupled  by  two  simultaneous  integral  equations.  By  perturbing 
in  terms  of  a  parameter,  h  ^  chord  length  over  twice  the  distance  from  the  free  sur¬ 
face  to  the  vortex  of  the  wedge,  it  is  possible  to  find  a  first  approRimatlon  lor  C|^. 
Further,  it  was  observed  that  for  small »  the  effect  of  the  we'i  or  free  surface  on  the 
77  -  <(,  and  Cq  -  o  relations  was  O(a^).  It  Is  interesting  to  note  that  in  this  problem, 
if  the  approximate  body  boundary  condition  introduced  by  Iblln  is  used,  the  term  of 
mrder  t  in  the  expansion  of  is  identicaliy  zero.  It  was  found  that  th?  -  ’ ,  and 
<7  -  -C  relations  were  insensitive  to  the  appraximate  body  boundary  conditions,  but 
that  c,  was  very  sensitive  to  any  changes  in  the  appraximate  conditions  imposed  on 
the  body.  The  results  of  this  analysis  are  more  fuUy  discussed  in  Ref.  2. 


S(H.1D  WALL  CHANNELS 

Earlier  in  this  paper,  reference  has  been  made  to  solutions  for  two-dimensioai’ 
cavity  flows  in  solid  wall  tunnels.  We  would  now  like  to  consider  these  in  detail.  In 
the  flowing  discussion,  we  adopt  the  notation;  t  is  the  maximum  width  of  the  body, 
c  is  the  chord  length,  ^  is  the  cavity  length,  h  is  the  width  of  the  Jet  or  channel,  n  is 
ti»i*  the  maximum  cavity  width,  /  is  the  half  wedge  an^e,  and  -  >  is  the  angle  of  attack 
for  lifting  foils.  Fbrther,  if  d  is  the  drag  per  unit  span,  the  drag  coefficient  is 
defined  as  uJt,  and  if  t  is  the  lift  per  unit  span,  the  lift  coefficient  c,  li 

defined  as  L/(  1/ 2)  v  vj‘r  . 

The  finite  cavity  problems  which  htve  been  considered  theoretically  are  the  flat 
plate  set  perpendicular  to  the  walls  and  the  flow,  slender  wedges  placed  symmetri¬ 
cally  in  the  channel,  and  lifting  foils  at  small  angles  of  attackplaced  anywhere  between 
t'ie  walls.  The  first  of  these  problems  were  considered  by  Gurevich  (20),  who  made 
use  of  the  re-entrant  Jet  model;  and  by  Birkhoff,  Plesset,  and  Simmons  (21).  who 
employed  the  Riabouchinsky  model.  Slender  symmetric  bodies  have  been  studied  by 
Cohen  and  Gilbert  (22)  using  the  linearized  theory,  and  lifting  foils  have  been  con¬ 
sidered  by  a  linearized  transition  flow  model  in  a  paper  by  Cohen,  Sutherland,  and 
Tu  (19).  For  all  of  these  cases  except  the  last,  there  are  infinite  cavity  solutions 
given  by  tlie  exact  Kirchhoff-llelmholtz  theory. 
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One  of  the  central  problems  in 
water  tunnel  te&tlng  of  cavity  flows 
is  the  blockage  problem.  As  the  cavi¬ 
tation  number  decreases,  the  cavity 
lengthens  and  eventually  a  large  por¬ 
tion  of  the  channel  downstream  from 
the  body  becomes  adeadwater  region. 
For  f.  given  ratio  of  body  height  to 
channel  width,  T  ii ,  cavitation  num¬ 
bers  below  „ ,  the  cavitation  number 
at  which  an  iriinite  cavity  would  re¬ 
sult,  are  not  attainable.  Thus,  not.  all 
cavity  flow  conditions  can  be  modeled 
in  a  water  tunnel. 

In  Fig.  3,  \  has  been  plotted 
against  T  h  lor  the  flat  plate  and  lor 
a  IS-degree  lialf-angle  wedge.  These 
curves  give  an  indication  of  how 
drastic  the  blockage  is,  and  one  can 
expect  that  the  wall  effects  on  cavity  length  and  width  will  be  similarly  large.  This 
is  borne  out  in  the  calculations  made  by  Gurevich  and  by  Cohen  and  Gilbert  as  shown 
in  Figs.  4,  S,  6,  and  7. 

The  other  consideration  of  Importance  is  the  effect  of  the  tunnel  width  on  the 
relation  between  drag  coefficient  and  cavitation  number.  For  the  flat  plate,  Gurevich 
has  calculated  Cj,  vs  for  small  values  of  t  ii  and  finds  that  all  of  the  values  lie  on 
virtually  one  curve,  independent  of  t  i>  (Fig.  9).*  Now,  for  each  value  of  T  h,  there 
will  be  a  minimum  cavitation  number,  ,  corresponding  to  an  infinite  cavity.  If  one 
plots  Cq  for  these  values  of  ,  (t  ii  increases  as  increases)  even  these  minimum 
Cq  values  fall  on  the  single  curve  mentioned  above. 

There  are  at  present  no  exact  model  results  for  the  symmetric  wedge  in  a  solid 
wall  channel.  The  linear  theory  results  of  Cohen  and  Gilbert  are  sliown  in  Fig.  8  and 
will  be  discussed  presently  in  connection  with  the  experimental  data. 

There  are  experimental  results  for  both  of  the  symmetric  flows  mentioned  above. 
Wald  (23)  has  carried  out  a  set  of  tests  with  flat  plates  and  small  angle  wedges.  For 
the  flat  plate  with  a  T  h  ratio  of  0.027  the  experimental  points  agree  well  with  the 
curve  given  by  Plesset  and  Shaffer  (24)  who  used  the  Riabouchinsky  model  for  a  flat 
plate  In  an  unbounded  stream  (Fig.  9).  Also  shown  is  the  curve  given  by  Gurevich. 
The  re-entrant  Jet  theory  seems  to  give  a  slightly  better  fit  than  the  unbounded  flow 
results  in  the  partial  cavitation'  region. 

The  Plesset  and  Shaffer  results  also  give  an  excellent  fit  to  the  experimental 
daU  for  the  15-degree  wedge,  with  T  h  =  0.027  (Fig.  8).  As  can  be  seen,  the  linear 
theory  data  lie  consistently  above  the  exact  theory  and,  in  this  case,  the  experimental 
data.  This  overestimation  seems  to  occur  generally,  as  has  been  pointed  out  by 
Wu  (25).  In  the  present  case,  we  have  again  plotted  a  curve  showing  the  value  of  Cp 


Fi(j.  3  -  The  dependence  of  blockage 
cavitation  number  on  T  b 


*'.V..  h;iVe  r'.;.'lotted  Ciureviih's  curve  using  data  fr.im  Ihe  figure  in  his  paper;  hence 
it  is  possible  that  the  curve  in  Fig.  9  may  lie  veiv  alighllc  inaccurate. 

Waid  uses  the  term  partial  i  .ivilatioii  to  mean  tli.it  the  cavities  are  filled  with.i  rap¬ 
idly  moving  combination  of  bubbles  .uid  w.iler.  In  the  figures  sin  1.  lavities  are 
denoted  Ijy  .t  solid  i  ircle. 
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Fig.  4  •  The  dependence  o(  cavity  length  on  cavitation  number 
for  a  IS-degree  wedge 


at  the  ",  corresponding  to  any  given  value  of  T  h,  the  infinite  cavity  curve.  These 
values  of  CqwUI  be  the  minimum  attainable  for  the  given  value  of  ".  We  have  also 
plotted  C(,as  a  function  of  for  T  h  =  0,  the  unbounded  stream  result.  If  one  takes 
(I  constant,  then  only  those  values  of  lying  between  the  two  curves  can  be  obtained 
by  changing  T  b .  If  one  takes  T  h  constant,  a  curve  can  be  drawn  beginning  at  the 
value  corresponding  to  T  h  and  lying  always  between  the  curves  for  T  h  =  0  and  for 
the  infinite  cavity  condition.  Thus,  althou^  the  linear  result  does  overestimate  the 
drag  at  any  given  value  of  ,  it  gives  a  qualitative  confirmation  to  the  idea  that  the 
change  in  force  coefficient  is  indeed  small  for  fixed  cavitation  number. 

One  must  keep  in  mind,  however,  that  the  boundaries  do  Invoke  limitations  on 
the  cavitation  numbers.  Waid  has  measured  values  for  Cp  just  below  '  =  0.2  for  the 
15'degree  wedge  and  these  must  be  very  long  cavities  since  Cohen  and  Gilbert 
obtain  =  0.212  as  the  blockage  cavitation  number  for  the  15-degree  wedge  with 
T  li  =  0.026. 

For  cavity  width,  Gurevich's  results  obviously  follow  the  data  more  faithfully 
than  the  IHesset  and  Shaffer  result  for  the  unbounded  flow  (Fig.  7).  Gurevich  has 
computed  widths  and  lengths  for  rather  high  values  of  cavitation  number  (  >  >  0.5) 
which  is  strange,  but  it  appears  that  his  results  give  the  proper  correction  for  Wald's 
data.  For  the  15-degree  wedge,  the  Cohen  and  Gilbert  data  also  seem  to  give  the 
proper  correction  (Fig.  6). 
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Unfortunately,  Gurevich's  calculations  are  not  very  useful  for  cavity  length  com¬ 
parisons.  The  values  of  ’  used  are  so  large  that  they  fall  in  the  partial  cavitation 
range  (Fig.  5).  Gurevich's  results  are  given  in  explicit  form  and  may  be  extended 
with  some  labor.  The  Plesset  and  Shaffer  unbounded  (low  results  are  compared  with 
Wald's  nata  in  Fig.  S.  For  the  15-degree  wedge,  the  wall  effect  curves  given  by 
Cohen  and  Gilbert  again  seem  to  give  the  right  correction  (Fig.  4).  The  magnitude 
of  the  correction  is  large  here;  (or  .  -  0.3,  T  h  =  0.026,  the  correction  to  the  Plesset 
and  Shaffer  unbounded  flow  results  is  about  50  percent  and  becomes  larger  as  ' 
decreases. 

Thus  far.  we  have  considered  only  symmetrical  flows.  When  a  thin  foil  is  placed 
inside  a  water  tunnel  at  an  angle  of  attach,  the  flow  is  obviously  no  longer  symmetri¬ 
cal.  In  order  to  avoid  the  mathematical  difficulties  which  arise  for  the  multiply- 
connected  domain  involved  in  this  finite  cavity  flow,  a  linearization  of  the  transition 
flow  model  was  used  by  Cohen,  Sutherland,  and  Tu  (19). 

The  general  solution  was  obtained  (or  any  ratio  of  h„  h,  (see  Fig.  1).  Three 
special  cases  were  considered  in  detail  for  the  flat  plate  foil,  in  the  first,  the  foil  is 
located  midway  between  walls  ()i„  )•. ).  The  lift  coefficient  is  obtained  as  a  function 

of  cavitation  number  as  shown  in  Fig.  10  for  the  particular  rase,  >  =  -6  degrees; 
curves  were  plotted  for  several  values  of  <-  h.  On  the  same  graph  we  have  shown 
the  result  for  ii,  h.,  ii  2  .  > ,  and  the  results  for  the  case  of  the  infinite  cavity. 
For  the  range  of  cavitation  numbers  shown,  the  wall  effects  which  lie  between  the 
two  lx)unding  curves  are.  indeed,  small.  If  a  choice  of  .■  h  is  made,  one  begins  at 
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Fi^.  6  -  The  dipendence  of  maximum  cavity  width  on  cavitation 
number  for  a  l5-deyree  wedge  in  a  channel 


the  proper  value  of  v  on  the  infinite  cavity  curve  and  proceeds  along  the  C,  vs  ■ 
curve  as  is  shown  in  Fig.  IG.  Also  shown  in  Fig.  10  is  a  curve  of  \  vs  i-  ii  for 

Iw  h„  h  2  . 

Park:n  (26)  hits  considered  lifting  flat  plates  experitncntully.  For  the  12-degree 
flat  plate,  his  data  are  given  in  Fig.  11  along  with  Wii's  transition  model  theory 
results  (8)  for  the  unbounded  stream  and  the  results  for  the  bounded  flow  using  the 
linearized  transition  model  (19).  Here  again  the  linear  theory  overestimates  the 
lorce  coefficient:  however,  it  does  predict  only  a  small  change  in  r,  for  fixed  with 
varying  T  h. 

The  second  case  considered  in  Ref.  19  describes  the  flow  behavior  when  h.  .  ■ 
or  li„  -  ;  i.e.,  the  liftipg  foil  near  the  upper  or  lower  wall.  For  Infinite  cavities. 
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Fiy.  7  -  The  dependence  of  niaxitnuni  cavity  width  on  cavitation  run'.ber 
for  a  flat  plate  in  a  channei 


the  effect  of  the  nearness  to  one  wail  is  shown  in  Fig.  12.  The  lift  coefficient  for 
botli  li..  li„  a  '  in  the  linear  theory  is  -  2.  In  the  ease  where  the  loll  is  close 

to  the  upper  wall,  the  lift  coefficient  decreases  as  the  distance  from  the  wall  de¬ 
creases.  On  the  other  hand,  when  the  foil  is  close  lo  a  lower  wall,  the  lift  coefficient 
increases  as  the  distance  from  the  wall  decreases.  It  should  be  kept  in  mind,  how¬ 
ever,  that  these  results  are  for  the  infinite  cavity  case  with  U  (since  fur  either 
li„  or  h.  infinitt!  .here  is  no  lilockam-  cavitation  number).  The  relation  between 
and  for  values  of  ({realer  than  zero  has  lieen  obtained  (19)  fur  this  ease  but  has 
not  yet  been  computed. 

It  would  svem  that  the  latli-r  re.sults  may  lie  ol  interest  in  oliservinn  ’he  effect 
of  larger  bodies,  such  as  ships'  hulls,  on  hydrofoil  characieristics.  To  our  knowledge 
no  experiments  have  iK-eii  carried  out  on  such  problems. 


THE  FREE  .JET 

Finite  cavity  flow  in  a  jet  .seem.s  to  present  a  mure  difficult  mathematical  prob¬ 
lem  than  the  .solid  wall  case  just  discussed.  The  preliminary  re.sults  from  the  method 
of  L.  C.  Woods  nu  ntioned  previo'isly  bad  to  complicated  expressions  for  the  desired 
rjuantities  The  linear  transition  (low  model,  although  applicable,  leadi.  to  hyper- 
elliptic  integrals  which  are  cumber.soim-  lo  use  and  evaluate.  Tile  cases  which  have 
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Fig.  H  -  The  dependence  of  the  drag  coefficient  or. 
c  .IS  itatio.'i  L.iii.i  cr  f.ir  i  1 degree  wedge 


been  studied  theoretically  are  the  flat  plate  perpendicular  to  the  flow  direction  in 
terms  of  the  Riabcuchinsky  model  by  Blrkhoff,  Plesset,  and  Simmons  (21),  and  the 
slender  symmetrical  body  by  Cohen  and  Tu  (27)  using  the  tincarized  theory. 

The  exact  expressions  obtained  by  Blrkhoff,  Plesset,  and  Simmons  arc  very 
involved  and,  as  far  as  we  know,  no  calculations  have  been  made  from  them.  As  a 
matter  of  fact,  no  curves  or  data  of  any  kind  are  given  in  the  paper.  Using  the 
approximate  expressions  appropriate  for  small  cavitation  numbers  also  derived  in 
iiiC  paper,  we  have  calculated  the  relations  between  c,,,  cavity  length,  and  the  cavita¬ 
tion  number.  These  arc  shown  in  Figs.  5  and  9  and  for  several  values  of  T  h.  Aj 
can  be  seen,  a  boundary  correction  is  predicted  here  not  only  in  the  case  of  the 
changing  cavity  length,  but  also  for  the  force  coefficient. 

Cohen  and  Tu  have  used  the  linearized  theory  to  carry  out  calculations  for  the 
case  of  a  15-degree  wedge.  The  effect  on  c,,  of  changing  in  a  jet  with  T  '•  0.052 

at  infinity  is  shown  in  Fig.  t).  Tbe.se  results  are  compared  with  unfunded  flow 
re.sulls  for  the  wedge  obtained  by  Plesset  and  Shaffer  *24)  and  also  with  unfunded 
flow  resull.s  from  the  lincartheory.  In  addition,  the  experimental  resultsof  Silberman 
(28j  are  shown.  The  linear  the<iry  in  this  case  seems  to  give  the  right  correction 
and  the  agreement  with  experiment  is  good.  Silberman  was  able  to  olrtain  data  at 
0  by  venting  the  cavity  to  the  iipsir<'ani  pressure.  Hi*re  the  linear  theory  fails, 
but  the  Kirclihoff-H'lmholl/  Ihetn-y  resultsof  Siao  and  llubb.ird  (29)  ai e  not  far  off. 
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Fit!.  '•  -  Thif  dependence  of  ihe  draR  coefficient  on 
i.avilation  number  for  ii  flat  plate 


For  the  cup  (or  scoop  channel)  and  the  circular  cylinder  with  a  ratio  of  tx>dy 
width  to  jet  width  of  0.0375.  the  experimental  results  for  Cp  are  in  good  agreement 
with  the  theoretical  predictions  for  an  untx>unded  flow  (30).  For  this  value  of  T  h, 
it  appears  that  the  boundary  effects  on  r,,  for  these  bodies  are  negligible. 

In  the  case  of  the  lifting  flat  plate  in  the  jet.  experimental  data  have  been  com- 
paredwithunbounded  flow  solutions.  The  agreement  tetween  the  experimental  results 
and  the  theoretical  values  obtained  by  Wu(8)using  the  transition  flow  model  are  quite 
good  for  cavitation  numbers  above  0.15.  The  values  of  C,  predicted  by  Wu  (16)  using 
the  linearized  theory  lie  c6nsistently  above  the  experimental  data.  The  results  for 
the  drag  coefficient  are  not  in  such  good  agreement.  It  is  impossible  to  say  whether 
this  can  be  attributed  to  a  boundary  effect,  since  there  arc  no  computations  for  a 
lifting  plate  in  a  jet. 

As  for  cavity  dimensions,  the  jet  boundary  corrections  given  (or  the  decrease  of 
cavity  length  with  diminishing  jet  width  by  Cohen  and  Tu  for  a  symmetric  wedge  are 
confirmed  by  the  experimental  results  (Fig.  4).  The  (it  is  not  as  close  as  (or  the 
force  coefficient  data  but  shows  clearly  the  direction  of  the  correction.  Silberman 
has  also  rompari>d  cavity  lengths  lor  a  lifting  (oil  with  those  obtained  theoretically 
for  the  unlxiunded  .stream  flow  by  Wu  (8)  using  the  transition  model  and  Tulin  (15) 
using  the  linear  theory.  Both  theories  give  reasonable  agreement  for  greater  than 
0.1  but  are  not  consistent  with  the  experimental  data  for  less  than  this  value. 
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SOME  COMPARISONS  AND  OBSERVATIONS 

We  have  given  separately  the  details  o(  the  effects  of  solid  walls  and  of  free  jet 
boundaries  or  force  coefficients  and  cavity  dimensions  in  some  particular  bounded 
flow  problems.  In  the  present  section  we  would  like  to  compare  these  effects.  We 
will  then  discuss  the  theoretical  and  experimental  'at a  presented  thus  far  on  two- 
dimensional  flows  and  offer  some  observations  based  on  the  examples  <'onsidered. 

For  the  purpose  of  comparison  we  have  ehosen  the  15-dcgree  wedge.  If  one 
begins  with  an  unixiunded  st  ream  flowing  past  thewedge.the  cavity  length  can  increase 
from  zero  to  infinity  as  the  cavitation  number  decreases  to  zero  e.s  shown  in  Fig.  4. 
For  a  jet  bounded  by  constant -pressure  .streamlines,  the  same  is  true,  although  the 
ca"ity  length  isalways  smaller  at  any  given  value  of  .  On  the  other  hand,  if  the  flow 
i.-i  bounded  by  solid  walls,  the  cavity  length  increase.s  at  a  more  rapid  rale  than  in 
tile  unbounded  stream  and  attains  infinite  length  at  the  blockage  value  For  a 
given  cavitation  number,  .say  for  example  0.35.  there  may  be  as  much  as  100  per¬ 
cent  diffei  ence  in  cavity  lengths  for  the  same  size  wedge  in  a  jet  and  a  tunnel  of  the 
same  height  ( I'  0.052).  More  imixirlant,  however,  is  the  fact  that  cavities  of  very 
long  lengths  may  br>  modeled  in  a  solid  wall  tunnel  at  high  cavitation  numbers  if 
desired  and  at  low  cavitation  numbers  m  a  jet  if  this  is  desirable. 
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Cavity  width  behavior  in  the  jet  and  solid  wall  channel  is  similar  to  that  of  cavity 
length.  In  channels  at  blockage  cavitation  numbers,  the  cavity  width  has  its  maximum 
value.  These,  of  course,  are  strongly  limited  by  the  tunnel  height  so  that  continuity 
of  flow  maybe  maintained.  In  the  jet,  the  cavity  may  have  any  width,  becoming  infinite 
as  approaches  zero. 

In  comparing  the  drag  coefficient  for  the  wedge  in  the  solid  wall  channel  and  in 
a  jet,  it  must  be  kept  in  mind  that  the  linear  theory  seems  consistently  to  over¬ 
estimate  the  force  coefficient.  The  value  of  Cp  predicted  by  the  linear  theory  for  the 
unbounded  flow  lies  above  that  predicted  by  the  Riabouchlnsky  model.  If  one  remains 
within  the  framework  of  the  linear  theory,  howe.er,  for  a  given  value  of  ,  the  value 
of  Cp  is  lower  in  the  jet  titan  in  the  solid  wall  channel  and  both  of  these  lie  below  the 
value  predicted  by  the  linear  theory  for  the  unbounded  stream  (Fig.  8).  Actually,  the 
experimental  values  for  the  solid  wall  channel  lie  below  these  linear  results  and,  it 
will  be  recalled,  coincide  with  the  exact  Riabouchlnsky  model  results  for  the  unbounded 
stream.  On  the  other  hand,  the  experimental  results  for  the  wedge  in  the  jet  coincide 
with  those  predicted  by  the  linear  theory.  It  would  almost  appear  as  though  the  solid 
walls  do  not  affect  the  drag;  whereas  the  jet  boundaries  do.  The  effect  of  the  jet 
boundaries  for  the  flat  plate  case  (Fig.  9)  is  the  same,  although  there  is  experimental 
verification  for  the  wedge  only.  It  is  very  important  to  keep  in  mind,  however,  that 
the  solid  wall  channel  does  not  allow  the  modeling  of  all  cavitation  conditions.  For 
the  experimental  case  cited  in  this  report  where  T  h  :=  0.027,  the  minimum  cavity 
number  for  the  IS-degree  wedge  is  0.212  and  for  the  flat  plate  it  is  0.3.  Thus  there 
is  a  rather  severe  limitation  on  the  use  of  solid  wail  tunnels  for  low  cavitation  num¬ 
ber  testing. 

These  comparisons  serve  to  point  up  the  more  interesting  results  of  the  present 
survey.  First  of  all,  the  experimental  results  of  Waid  (23),  together  with  the  theoreti¬ 
cal  analyses  of  Gurevich  (20)  and  Plesset  and  Shaffer  (24)  for  the  symmetrical  flows 
past  flat  plates  and  wedges,  confirm  the  idea  that  the  drag  coefficient  is  insensitive 
to  boundary  changes  in  solid  wall  channels,  providing  is  held  constant.  The  linear 
theory  provides  the  same  result  qualitatively  for  the  wedge  flow  and  also  for  the  un- 
symmetrical  flow  past  a  flat  plate  toil  in  a  solid  wall  channel.  The  linear  theory 
results  for  these  cases  seem  characteristically  to  overestimate  the  force  coefficient 
when  compared  with  the  experiments.  For  Uie  lifting  flat  plate  foil  the  unbounded 
stream  results  given  by  Wu  (6)  using  the  non-linear  transition  flow  model  provide 
excellent  agreement  with  the  water  tunnel  data,  further  strengthening  the  remarks 
made  on  the  insensitivity  of  the  force  coefficient.  This  observation  seems  to  con¬ 
firm  at  least  a  portion  of  Blrkhoff's  Principle  of  the  Stability  of  the  Pressure  Coef¬ 
ficient  (1). 

The  theoretical  and  experimental  results  examined  do  not  yield  quite  such  con¬ 
sistent  results  in  the  case  of  the  free  jet.  Small  boundary  effects  on  C„  are  predicted 
by  the  theory  for  the  wedge  and  the  flat  plate  and,  in  the  case  of  the  15-degree  wedge, 
are  observed.  On  the  other  hand,  fairly  good  agreement  results  when  unbounded 
stream  values  of  C,  are  compared  with  the  experimental  values  fora  lifting  flat  plate 
in  the  jet. 

Thus,  in  only  one  case  do  the  experiments  show  the  need  for  Iraundary  correc¬ 
tions  fore,,.  It  might  be  pointed  out,  however,  that  these  experiments  were  run  at 
the  highe.st  value  of  r  h  of  all  those  reviewed.  Furthermore,  and  even  more  impor- 
ta.nt,  these  c,,  compari.sons  are  made  on  the  basis  of  i  onstant  cavitation  numbei .  The 
blockage  computations  show  how  difficult  it  is  to  obtain  the  cavitation  conditions 
net  essary  to  reproduce  tlie  ('i,  values  in  an  unbounded  stream.  If  ttne  is  tempted  to 
discard  wall  effect  computations  because  of  theexcelli  iit  agreement  for  values  with 
unbounded  stri.-.iin  results,  it  is  important  to  r(m('iui>i  r  that  .me  must  also  measure 
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blockage  effects.  Blockage  formulas  may  be  obtained  which  involve  Cp,  ,  and  t  ii 
by  rather  elementary  means  (see  Ref,  1)  but  d  is  more  convenient  to  have  and  T  h 
related  independently  from  Cp.  Such  a  relation  requires  the  solution  of  the  bounded 
flow  problem. 

Besides  the  flows  bounded  by  two  free  streamlines  or  two  walls,  flows  near  a 
single  boundary  have  been  discussed.  There  appears  to  be  no  experimental  data  for 
these  cases,  although  it  would  be  useful.  When  the  lifting  foil  is  nea;'  a  solid  wall 
above  the  foil,  the  lift  coefficient  decreases  as  the  foil  nears  the  wall  and  increases 
when  the  foil  nears  a  solid  wall  below  the  foil.  Further  theoretical  work  on  these 
single  wall  cases  is  probably  necessary. 

Note;  After  this  paper  h.  '  been  completed,  the  authors  obtained  a  copy  of  the 
original  Simmons  report  (35)  from  which  much  of  the  Sirkhoff ,  Plesset.  and  Simmons 
paper  (21)  has  been  derived.  The  original  report  gives  the  results  of  a  limited  num¬ 
ber  of  numerical  computations  for  the  flat  plate  in  a  channel  or  a  Jet  which  are  not 
included  in  the  published  paper  (21).  In  particular,  (or  the  case  of  the  flat  plate  in  a 
channel,  the  dependence  of  ,  on  T  h  and  Cp  on  given  by  Simmons  verifies  the  results 
of  Gurevich  (20)  mentioned  earlier.  Fur  this  same  case,  in  order  to  compare  the 
theoretical  results  with  the  experimental  results  of  Waid  (23),  the  following  points 
have  been  computed  from  Simmons*  data;  T  h  =  0.025.  =  0,416,  ■  T  =  27,5,  "11  = 

4,35;  and  T  ii  =  0.0295,  =  0.578,  '  T  =  12,  <  T  =  3.25.  (Due  to  the  complexity  of  the 

computations  it  is  impractical  to  determine  the  complete  dependence  of  a  T  and  -  T 
on  for  non-zero  values  of  T  h.)  These  points  are  Indicated  in  Figs.  5  and  7  by 
small  squares;  they  agree  well  with  the  experimental  results  for  T  !>  =  0.027, 


AXIALLY  SYMMETRIC  BODIES 

The  literature  on  boundary  effects  on  axially  symmetric  cavity  (lows  is  extremely 
limited.  In  contrast  to  the  recent  analytic  and  numerical  studies  that  have  been  made 
of  the  unbounded  flow  past  a  disk,*^  the  theory  of  bounded,  axially  symmetric  cavity 
flows  rests  on  a  combination  of  plausible  assumptions  h.Tsed  on  physical  ob.servaiion. 

Reichardt  (33.34)  observed  that  (or  an  unbounded  stream,  certain  cavity  charac¬ 
teristics  were  approximately  functions  of  only;  i.e..  they  were  essentially  inde¬ 
pendent  of  body  shape.  In  particular,  the  fineness  ratio.  2n  ,( a  now  refers  to  max¬ 
imum  cavity  radius)  and  the  drag  coefficient  based  on  maximum  cavity  radius, 
Kp  2D  .  depend  on  -  only;  and  further,  the  drag  coefficient  based  on  wetted 

frontal  area,  i.*,  can  be  written  as  Cp  Cpioxi  •  i  where  Cp(n)  is  the  dr_»  coef¬ 
ficient  at  =0.  Thus  if  CpfO),  the  a  -  relation,  and  the  Kp  -  relation  are 
known,  one  can  compute  n  b  and  '  i>  (or  given  values  of  . 

The  '  n  -  relation,  and  the  k.,  -  relation  can  be  obtained  analytically  by 
assuming  that  the  (Iot(  around  a  cavity  can  be  represented  by  an  axial  source-sink 
distribution.  The  constant  pressure  co..ditlon  on  the  closed  stream  surf.icc  will,  of 
course,  be  only  approximately  satisfied.  That  such  a  method  will  give  meaningful 
results  Is  a  consequence  of  the  "non-dependence"  of  '  !<  and  K,.  on  changes  in  the 
body  shape.  For  an  unbounded  flow.  Simmons  (35)  has  used  a  source-sink  distribu¬ 
tion  of  linearly  varying  strength  to  determine  the  above  relations.  The  value  of  rp(0  i 
can  be  taken  as  the  experimental  value,  or  may  be  computed  by  assuming  that  the 
pressure  distribution  on  the  axially  symmetric  body  is  the  same  as  on  the  equivalent 
two-dimensional  lx>dy.  ^ 


'•'In  jjnrtii  ular,  tiu'  v/tirk  tif  (  1 1  ,  l.’.J  hliouUl  Iji-  nii’nt  i.nii'cl. 

;  The  latter'  rnethad,  iit.tt  t  iir.ite,  flues  ^ive  v. lines  ni  f’pi  it  i  \eli,,  !i  .in  iu,t  Um 

mtich  in  error  for  tlii'  i  ase  of  .i  i  iri  i.'l-ir  «!isk. 
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The  methods  discussed  above  have  been 
extended  by  Campbell  and  Thomas  (36)  to 
the  axially  symmetric  cavity  flow  m  a  solid 
wall  tunnel  of  radius  r.  In  order  to  com¬ 
pute  II  h  and  •  1 1  for  this  case,  it  is  neces¬ 
sary  to  make  the  additional  assumption  that 
C[,  (1  •  1  is  insensitive  not  only  to  clianges 

in  but  also  to  the  presence  of  boundaries. 

The  results  for  the  cavity  dimensions  are 
similar  to  the  two-dimensional  case;  for  a 
given  value  of  both  n  ti  and  ii  in¬ 

crease  as  ii  R  increases. 

A  relation  between  .  and  ti  R  can  be 
obtained  by  simple  continuity  and  momeiiluin 
considerations,  and  the  above  assumption  on 
Cp.  This  relation  is  shown  in  Fig.  13  for  the 
case  of  a  circular  disk.  For  a  given  value 
of  T  h  Ii  R  it  is  clear  from  Fig.  13  that 
the  limiting  cavitation  number  is  much  less 
for  axially  symmetric  flow  than  for  two- 
dimensional  flow.  However,  a  better  meas¬ 
ure  of  blockage  lor  this  case  is  the  ratio  of  body  cross-section  area  to  tunnel  cross- 
section  area  rii  ri^.  Lf  ,  is  plotted  against  iii  Ri^,  the  resulting  curve  is  closer  to 
the  ,  vs  T  h  curve  for  the  two-dimensional  case.  Even  so,  ,  for  the  axially  sym¬ 
metric  case  is  less  than  for  .he  two-dimensional  case. 


T/h  sr  b/K 

Fig.  13  -  Tlic  depcndenci-  of  block¬ 
age  cavitation  number  on  li  R  for 
a  ciri  ulai  disk 


The  case  of  an  axially  symmetric  cavity  in  a  circular  free  jet  or  tunnel  has  been 
considered  by  Armstrong  and  Tadman  (37)  who  also  used  the  source-sink  methods 
mentioned  earlier.  One  of  their  conclusions  is  that  for  small  values  of  and  -  3R  the 
fractional  decrease,  based  on  the  unbounded  flow,  in  cavity  length  and  width  in  a  jet 
and  the  fractional  increase  in  a  solid  wall  tunnel  due  to  the  boundaries  are  propor¬ 
tional  to  ( '  2R)  ''.  The  corrections  in  a  tunnel  are  roughly  four  times  as  large  as  the 
correction  in  a  free  jet. 

Since  these  analyses  are  based  on  assumptions  on  the  role  of  c„,  they  do  not,  of 
course,  yield  any  information  about  the  drag  coefficient. 

As  far  as  we  could  ascertain,  there  is  no  experimental  work  on  boundary  effects 
on  cavity  dimensions  which  could  be  used  to  check  these  theories,  with  the  exception 
of  the  study  of  Self  and  Ripken  (38)  in  a  free  jet  tunnel.  However,  their  conclusions 
are  that  the  cavity  dimensions  arc  insensitive  to  changes  in  the  position  of  the  bound¬ 
ary.  This  is  somewhat  surprising  in  view  of  the  above  discussion,  and  the  known 
large  effect  that  boundaries  have  on  cavity  dimensions  in  two-dimensional  flow. 
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DISCUSSION 


E.  Silberman  (University  of  Minnesota) 

I  have  had  the  pleasure  of  carrying  on  a  stimulating  correspondence  with  one  of 
the  authors.  Dr.  Cohen,  in  connection  with  our  two-dimensional  free-jet  cavity  studies 
at  the  St.  Anthony  Falls  Hydraulic  Laboratory  of  the  University  of  Minnesota.  The 
comments  in  the  paper  are  in  agreement  with  our  own  experience  and  ideas,  on  the 
whole.  However,  one  point  could  stand  amplification. 

The  statement  by  the  authors  that  force  coefficients  appear  to  be  insensitivi  to 
boundary  conditions  is  apparently  correct  for  blunt  bodies  at  all  cavitation  numbers. 
The  following  figures  comparing  experimental  data  obtained  in  a  free  Jet  at  T  li  = 
0.0375  with  resultc  from  unbounded  fluid-flow  theory  and  closed-tunnel  data  illustrate 
thispoint  vthese  are  data  referred  to,  but  not  shown  by  the  authors).  Figure  D1  is  for 
the  cup  (or  scoop)  channel  and  compares  data  with  theory.  Figure  D2a  is  for  the  cir¬ 
cular  cylinder  at  small  cavitation  numbers,  comparing  data  with  theory  also.  Figure 

D2b  is  for  the  cylinder  at  larger  cavitation  numbers, 
comparing  free-jet  data  w*th  closed-tunnel  data  obtained 
by  Martyrer.’* 

On  the  other  hand,  bodies  with  sharp  leading  edges, 
wlien  operated  in  a  free  Jet  at  small  cavitation  numbers 
(that  is,  at  cavitation  numbers  generally  below  those 
obtainable  in  a  closed  tunnel),  experience  significantly 
smaller  force  coefficients  than  in  unbounded  fluid.  The¬ 
oretical  results  at  zero  cavitation  number,  illustrated 
by  Fig.  D3  for  the  flat  plate,  confirm  this  statement. 

The  following  three  figures  show  pertinent  experi¬ 
mental  data;  Fig.  D4  presents  drag  coefficient  uata  for 
the  15-degree  semiangle  wedge  in  a  free  Jet;  it  contains 
much  of  the  information  shown  in  the  authors'  Fig.  8, 
but  an  experimental  point  obtained  at  zero  cavitation 
number  has  been  included,  as  well  as  the  theoretical 
result  at  zero  cavitation  number  (indicated  by  an  arrow). 
The  solid  line  in  the  figure  represents  the  linear  theory 
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Fig.  D3  -  Effect  of  flat  olate  (at 
=  0)  on  drag  coefficient  (Cp) 
and  lift  coefficient  (C[^)  at  vari¬ 
ous  angles  of  attack 


Fig.  D2(b)  -  Effect  of  ciri  tilar  c.yl-  D"*  *  Effect  of  15- 

inder  (large  ■)  on  drag  coefficier*  degree  scmianglc  •vedgo  on 

drag  coefficient 


for  the  free  Jet  while  the  broken  line  repreaents  Wu's  linear  theory  for  infinite  fluid 
and  the  dotted  line  represents  the  infinite  fluid  solution  by  the  Riabouchinsky  modeL 
Figure  D5  gives  similar  Information  for  a  12.5> 
degree  semiangle  wedge.  The  free-Jet  linear  theory 
is  not  available  for  this  case.  Figure  D6  contains 
data  for  two  inclined  flat  plates  in  a  free  jet.  The 
uidiounded  fluid  result  is  represented  by  the  solid 
line  taken  from  Wu's  nonlinear  theory.  This  solid 
line  also  represents  closed- tunnel  data  obtained  by 
''arkin  at  cavitation  numbers  exceeding  the  mini¬ 
vans  for  the  tunnel  (as  shown  in  the  authors'  Fig. 
fli.  The  arrows  again  represent  the  theoretical 
esults  for  the  free-Jet  flow  at  zero  cavitation  num¬ 
ber.  Itappearsthat  the  free-Jet  coefficients  approach 
the  unbounded-flow  coefficients  only  at  some  finite 
cavitation  number  well  in  excess  of  zero. 


A  comment  also  appears  in  order  regarding  the 
authors'  final  statement  referring  to  experimental 
data  for  ihrec -dimensional  cavities,  ft  should  not 
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Fi^.  D6  -  Kfferl  of  flat  plate.s  on  dra^  coefficient 
(Cjj)  and  lift  coefficient  (Cj^)  compared  with  results 
of  \Vu  and  Parkin  (solid  line) 


seem  surprising  that  shape  effects  on  three-dimensional  cavities  in  a  free  Jet  are 
very  small  or  even  nonmcasurable  as  compared  to  those  on  two-dimensional  cavities. 
Nevertheless,  it  should  be  noted  that  the  experimental  work  by  Self  and  Ripken  was 
performed  in  a  free-Jet  tunnel  with  a  contact  window  touching  the  jet  for  its  full  length 
and  closing  an  eighth  of  the  jet  circumference  (45  degrees).  The  tunnel  might  thus 
be  considered  slotted  wall  rather  than  free  jet.  Self  and  Ripken  performed  a  limited 
experiment  using  two  contact  windows  opposite  each  other  and  enclosing  a  quarter  of 
the  circumference.  Close  inspection  of  their  data  shows  a  small  but  systematic 
increase  in  cavity  length  for  the  more  closed  section.  There  are,  incidentally,  some 
Interesting  problems  associated  with  cavity  flows  in  slotted-wall  tunnels,  both  two- 
and  three-dimensional. 


A.  Silverleaf  (National  Physical  Laboratory) 

In  addition  to  the  work  described  here,  1  am  particularly  interested  in  several 
cases  which  are  not  mentioned  and  do  not  appear  to  have  been  studied.  In  hydrofoil 
work  in  the  Lithgow  Tunnel  at  N.P.L.  we  have  been  using  slotted-wall  test  sections, 
and  1  feel  that  these  configurations  have  advantages  outweighing  the  difficulties  they 
introduce.  We  are  interested  in  three  cases;  first,  the  two-dimensional  foil  in  a 
two-dimensional  slotted-wall  section  having  solid  sides  and  slotted  top  and  oottom; 
second,  three-dimensional  foils,  or  wings,  in  slotted-wall  and  in  closed-throat  sec¬ 
tions;  third,  two-dimensional  foils  in  a  section  with  solid  sides,  slotted  bottom,  and 
a  free  surface,  such  as  might  be  incorpor-Ued  in  a  free-surface  water  tunnel  or  cir¬ 
culating  water  channel. 


At  N.P.L.  we  hope  to  complete  within  the  next  eighteen  months  some  compara¬ 
tive  tests  with  the  same  foils  in  a  number  of  different  test  sections  in  a  water  tunnel 
and  in  an  open  towing  tank.  Using  forced  or  artificial  cavitation  I  think  we  can  obtain 
better  experimental  data  on  wall  correction  coefficients  than  if  the  work  is  carried 
out  only  in  a  tunnel. 
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W.  A.  Clayden 

As  Professor  DiPrima  suggested,  A.  H.  Armstrong  at  ARDE  extended  the  work 
of  Simmons  and  computed  the  cavity  size  and  drag  of  a  flat  plate  as  a  function  of 
cavitation  number  and  blockage  ratio  for  a  free  jet.  In  our  work  we  measured  the  cav¬ 
ity  length  for  various  two-dimensional  flat  plates  in  our  free-jet  tunnel.  Armstrong's 
boundary  corrections  were  then  applied.  This  had  the  effect  of  collapsing  the  results 
onto  one  curve  which  is  in  close  agreement  with  the  theoretical  curve  obtained  by 
Perry,  Plesset  and  Shaffer.  A  similar  result  was  obtained  for  the  widths  of  the  cavi¬ 
ties  as  well,  although,  since  the  blockage  correction  is  considerably  less,  the  effect 
is  not  so  striking. 


M.  P.  Tulin  (Office  of  Naval  Research) 

Professor  DiPrima  has  made  a  general  remark  about  the  validity  of  linearized 
theory.  It  should  be  t  tated  in  defense  of  such  theory  that  questions  of  agreement 
between  linear  and  non-linear  theory  must  certainly  depend  upon  the  angle  of  attack, 
the  camber,  and  the  thickness  of  the  bodies  producing  the  flow,  as  well  as  upon  their 
shape.  For  example,  the  force  and  moment  predictions  made  by  a  linearized  theory 
for  the  case  of  a  flat  plate  hydrofoil  become  asymptotically  exact  as  the  angle  (rf 
attack  approaches  zero.  At  the  same  time  the  linearized  theory  becomes  increasingly 
awry  as  the  angle  of  attack  is  made  larger.  As  is  well  known  then,  the  case  for  line¬ 
arized  theory  may  thus  be  made  as  bright  or  as  gloomy  as  one  wislies,  all  depending 
on  the  angle-of-attack  ranges  chosen  for  discussion. 

The  important  fact  exists  that  linearized  theory  is  proving  quite  satisfactory  in  an 
increasing  number  of  important  applications  to  very  practical  engineering  problems. 


R.  Timman  (Technische  Hogeschool,  Delft) 

Dr.  DiPrima  mentioned  the  Winterhall  correction  we  had  been  doing  for  some 
years  previously.  We  got  the  exact  solution  in  the  integrals.  It  turned  out,  however, 
that  if  we  wanted  to  nave  numerical  results  it  was  somewhat  more  convenient  to  work 
with  integral  equations  and  do  the  thing  numerically. 

Of  course,  one  can  go  back  one  step  and  introduce  integral  equations  along  the 
walls.  1  think  that  would  be  sufficient  unless  the  walls  are  too  close  to  the  hydrofoil. 


Hirsh  Cohen  and  K.  C.  DiPrima 

In  reply  to  Marshall  Tulin,  we  would  like  to  say  that  we  are  in  agreement  with 
his  remarks.  What  we  were  trying  to  point  out  was  simply  that  the  linearized  theory 
that  has  been  used  to  estimate  boundary  effects  does  give  the  correct  qualitative 
effects,  but  does  not,  at  least  in  the  cases  considered  here  (the  15-degree,  half  angle 
wedge,  and  the  flat  plate  at  angle  of  attack  of  I2'dcgrec),  give  the  accuracy  of  a  non¬ 
linear  theory. 

The  question  of  slntted-wall  tunnels  has  been  brought  up  by  Dr.  Silverieaf  and  by 
Prof.  Silberman.  It  seems  to  us  that  judging  from  the  results  presented  in  this  paper, 
little  effect  on  force  coefficients  is  to  hr  expected.  It  seems  reasonable  to  e.xpect 
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the  results  for  force  coefficients  to  lie  between  those  for  solid  wall  and  free-jet  test 
sections.  On  the  other  hand,  blockage  effects  on  cavity  dimensions  are  of  some 
interest.  For  a  given  model  and  tunnel  size,  lower  cavitation  iiumbers  may  be 
obtained  with  a  slotted-wall  tunnel.  It  certainly  seems  worthwhile  to  make  blockage 
studies  for  the  slotted-wall  case.  There  seems  to  be  need  of  some  caution  in  using 
such  test  sections  as  proven  by  the  instability  prob'ems  experienced  at  A.R.L.  The 
possibility  of  cavity- slotted-wall  instability  interactions  should  be  looked  into. 

Professor  Silberman  has  raised  a  point  which  has,  indeed,  troubled  us.  He 
remarks  that  for  very  low  cavitation  numbers  the  drag  on  the  15-degree  and  12.5- 
degrec  wedges  is  lower  in  the  free  Jet  than  the  drag  predicted  in  an  infinite  stream 
by  the  exact  theory.  Out  this  is  borne  outir.  his  experiments  only  by  the  single  point, 
=  0.  The  linear  theory  predicts  that  the  drag  in  a  free  jet  will  be  lower  than  in  the 
infinite  stream  at  all  cavitation  numbers.  One  feels  that  this  should  also  appe  ir  in 
the  experimental  results.  If  there  is  an  abrupt  rise  in  the  dragas  the  cavitation  num¬ 
ber  increases  from  zero,  it  certainly  should  not  become  greater  than  the  infinite 
stream  value. 


SOME  AERODYNAMIC  CAVITY  FLOWS 
IN  FU6HT  PROPULSION  SYSTEMS 


Willitiiii  G,  Conifll 
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Some  exHmj)U'.s  are  yr.'en  of  the  api>licat;on  of  the  Helmliolt/- - 
Kirclioff  free  - !.t  ri'atnhne  theory  of  iiieom|>re.s.sible  luteiitial  flow,  alonu 
with  mixinu  calculations,  to  the  practical  estimation  of  separate'l  );as 
flows  ociurrini;  in  several  confimiralions  taken  from  flight  propulsion 
systems.  Configurations  •.  onstdereil  are  the  perforated  plate,  the 
compressor -hlade  castatle,  the  vee-gulter  flamehulder,  the  target-t',pe 
thrust  reverser,  the  butterfK  valve, .and  the  perforated  l  ombustor  liner. 
Results  include  cavity  shape,  drag  force  and  total -pressure  loss.  The 
theoretical  jireiiutions  are  compared  to  experimental  results  in  most 
cases  and  reasonable  agreement  is  found  in  the  areas  wherein  the 
theoretical  assumptions  are  justifiable.  The  effects  of  compressibility 
and  scale  are  discussetl. 

S  «  *  * 


INTRODUCTION 

In  the  development  cl  modern  air-breathing  flight  propulsion  systems,  powered 
by  aircrafi  gas  turbines  and  ramjets,  certain  internal  aerodynamir  problems  arise 
due  to  the  occurrence  of  separated  flow,  viz.,  streamlines  which  separate  as  a  result 
of  boundary  layer  action  from  the  contours  of  immersed  bodies  or  passage  walls. 
Similar  hydrodynamic  problems  arise  in  the  fuel  and  propellant  systems  of  liqu*d 
rocket  engines. 

In  such  separated  flows,  "dead  water”  regions  arc  formed  downstream  of  the 
points  of  separation  of  the  fluid  from  the  solid  boundaries.  Within  the  separated 
regions  the  fluid  is  more  or  less  at  rest  relalive  to  the  moving  fluid  nearby.  The 
separated  regions  mtiy  be  styled  as  "aerodynamic  cavities"  in  allusion  to  the  true 
cavity  flows  in  hj'drodynamics,  where  gas  filled  cavities  occur  in  similar  liquid 
flows,  in  some  cases,  Ihc  separated  flow  is  designed  for  ?e.g.,the  separnlion  regions 
of  hot  gas  behind  bluff-body  flame  holders  in  aircraft  gas  turbine  and  ramjet  com¬ 
bustion  systems),  in  other  cases,  the  separated  flow  is  not  desired, but  occurs  under 
certain  operating  conditions  (e.g..  the  separation  regions  of  air  iiehind  stalled  axial- 
compressor  lilades  in  aircrafi  gas  turbines  operating  at  off-design  c  inditions). 
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In  order  to  obtain  optimum  designs  of  the  configurations  in  question,  it  is  desired 
prior  to  model  tests  to  predict  the  characteristics  of  the  separated  flow  fields.  The 
desired  results  are  usually  overall  results  rather  than  the  complete  details  of  the 
flow  field  (e.g.,  force  on  and  geunielry  of  separated  region  behind  an  immersed  body, 
angular  deflection  and  mass  flow  of  a  jet  of  gas,  average  total-pressure  loss  of  gas 
flowing  through  a  passage). 

In  cases  where  flow  velocities  are  low  (incompressible  flow)  anc  the  flo'.v  con¬ 
figuration  is  made  of  or  can  be  approximated  by  solid  surfaces  composed  of  linear 
elements,  along  with  separated  streamlines  upon  which  static  pressure  is  constant, 
and  where  the  streamwise  cavity  length  is  long  compared  to  configurational  element 
size,  the  desired  results  are  conveniently  obtained  by  application  of  the  free  stream¬ 
line  method  originated  by  Helmholtz  (1)  and  Kirchoff  (2)  and  perfected  by  Michell  (3) 
and  others.  The  method  assumes  an  infinitely  long  cavity  with  steady,  two- 
dimensional,  body-force-free,  potential  llov/  of  an  incompressible,  nonviscous  fluid. 
As  a  result  one  obtains  immersed-body  force,  separated  region  geometry.  Jet  deflec¬ 
tion,  and  mass  flow.  Mixing  calculations  then  yield  total-pressure  loss  in  passage 
flow  cases.  V/ith  good  approximation,  certain  three-dimensional  flows  can  be  treated 
by  consideration  of  "equivalent"  two-dimensional  flows  having  the  same  "cross- 
sectional"  areas  for  flow.  In  passage  flow  cases  with  higher  flow  velocities,  the 
compressibility  effect  can  be  accounted  for  at  least  approximately  by  a  compressible 
generalization  of  the  mixing  calculation,  if  theory  or  experiment  is  available  for 
estimation  of  the  geometry  of  the  separated  flow  region.  Scale  effects  (viscosity 
effects)  may  be  neglected  in  cases  where  the  separation  points  arc  fixed  by  sharp 
edges  and  where  the  fluid-friction  forces  in  the  average  streamwise  direction  arc 
negligible.  In  other  cases,  the  qualitative  nature  of  the  scale  effect  maybe  estimated, 
as  discussed  elsewhere  in  the  paper. 


PHYSICAL  CONCEPTS  OF  FREE  STREAMLINE  FLOWS 

Early  work  (2)  on  free  streamline  flows  included  the  case  of  a  small  sharp- 
edged  orifice  in  iui  infinite  plate  and  the  case  of  a  flat  plate  normal  to  an  unbounded 
stream.  In  the  former  case,  the  theoretical  contraction  coefficient  agreed  well  with 
experime.ital  values  obtained  on  both  two-dimensional  slits  and  round  holes  (4).  In 
the  latter  case,  the  theoretical  drag  coefficients  were  found  to  be  far  lower  than 
experimental  values  (5).  This  discouraging  result  impeded  further  practical  appli¬ 
cations  of  I'.?  method  for  many  years. 

At  the  root  of  the  large  difference  between  the  two  cases  is  the  difference  between 
two  basic  types  of  flow:  (a)  The  relatively  restricted  flow  of  a  jet  through  an  opening, 
as  in  the  case  of  the  sharp-edged  orifice,  and  (b)  The  relatively  unrestricted  flow  of 
a  free  stream  over  an  obstacle,  as  in  the  case  of  the  flat  plate.  In  the  latter  case, 
instability  of  the  free  boundary  small  asymmetries,  entrainment,  etc.,  cause  small 
motions  in  the  cavity,  the  velocities  of  which  cannot  be  neglected  relative  to  the  free 
stream  velocity.  In  the  former  case,  velocities  likewise  occur  in  the  cavity,  but  are 
more  nearly  negligible  relative  to  the  large  velocity  of  the  jet.  Thus,  the  fundamental 
assumption  of  a  stagnant  cavity  is  more  justifiable  in  the  case  of  the  orifice  than  in 
the  case  of  Hm?  plate  and  consequently  there  is  belter  agreement  between  theory  and 
experiment.  This  important  ix)inl  c.-ui  be  understood  best  by  considering  the  two 
cases  in  question  as  limiting  cases  of  the  more  general  case  shown  in  Fig.  1.  The 
general  case  may  be  considered  as  a  cascade  consisting  of  lui  infinite  number  of 
sharp-edged  flat  plates  of  breadth  i..  spaced  apart  by  spacing  t  along  a  line  normal 
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to  the  uniform  parallel  flow  infinitely  far  upstream  of  the  plates.  The  upstream  flow 
at  Section  1  in  Fig.  1  has  velocity  Alternately,  this  case  may  be  considered  as 
an  infinite  number  of  sharp-edged  orifices  of  opening  t  -  u,  spaced  apart  by  spacing 
t .  Separation  regions  or  cavities  extend  infinitely  far  downstream  and  are  enclosed 
by  the  free  streamlines  originating  from  the  sharp  edges  t  and  T‘  of  the  solid  bound¬ 
aries.  The  static  pressure  is  assumed  to  be  consianl  at  the  downstream  value  on  the 
free  streamlines  and  within  the  cavity.  Under  the  assumptions  used,  the  fluid  velocity 
is  then  constant  on  the  free  streamlines  and  discontinuously  drops  to  zero  ii.  the 
cavity.  Infinitely  far  downstream  at  Section  2,  the  cavities  have  width  t  and  are 
interspersed  with  jets  of  velocity  »  ,  and  breadth  n  -  h,  or  alternately,  .  i  t  -  lo, 
where  .  is  the  "contraction  coefficient"  for  the  orifice  case.  The  model  is  completed 
by  visualization  of  a  mixing  region  between  Section  2  and  Section  3,  where  a  uniform 
parallel  flow  of  veluciiy  exists.  The  basic  geometric  parameter  of  the  configura¬ 
tion  is  ii  > .  The  case  of  the  single  plate  is  obtained  by  !•  t  i',  viz.,  t  .  The 
case  of  the  single  orifice  is  obtained  by  i.  t  v  . ,  viz.,  ^  . .  In  the  general  case  of 
II  1.  I  ,  the  jet  velocity  »i  by  reason  of  continuity  of  flow,  the  ratio 
increasing  as  i>  t  increases.  Thus,  the  validity  of  the  stagnant  cavity  assumption 
increases  as  i.  t  increases,  a  result  which  is  borne  out  by  comparison  of  theory  and 
test. 


Therefore,  internal  flow  configurations  having  cavities  enclosed  by  jets  having  a 
velocity  relatively  high  compared  to  the  upslreani  velocity  arc  particularly  amenable 
to  free  streamline  analysis.  Since  there  is  interest  in  other  configurations  (notably 
single  bluff  bodies)  in  which  this  is  not  the  case,  and  since  hydrodynamic  cavities  are 
frequently  of  finite  length,  numerous  other  theoretical  methods  based  on  various 
models  of  tiie  liow  have  been  developed  in  order  to  obtain  better  agreement  between 
theory  and  experiment.  Among  these  should  be  noted  the  model  of  Riabouchinsky  (6) 
whicli  employs  a  downstream  "reflection  image"  of  body  and  cavity,  the  model  of 
r.ilbari>:  and  Rock  (7)  which  has  a  finite  cavity  "ventilated"  upstream  into  air  itier 


3*J3 


rt  (it  iiriii  ll 


"Hiemann  shed."  aiul  the  model  of  Roshko  (8)  which  uses  an  infinite  cavity  havinR 
linear  boundaries  far  downstream.  ,\I1  of  these  models  suffer  from  the  requirement 
that  either  the  dran  coefficient  or  the  pressure  within  the  cavity  be  known  from 
e.xperiment  in  order  that  the  flow  model  can  be  defined.  A  model  proposed  by 
Weinip:  (9)  utilizes  free  streamlines  which  terminate  in  "winding  points"  in  order  to 
account  somewhat  for  free  boundary  inst;ibitity.  Tulin  (10)  developed  a  "linearized" 
theory  for  reiatively  slender  bodies.  Any  of  these  models  can  be  used  to  improve 
the  results  of  free  streamline  analysis  of  single  bluff  body  or  finite  cavity  cases, 
although  analytical  difficulties  are  sometimes  large.  The  fact  that  such  a  large 
variety  of  models  gives  good  results  demonstrates  Ihe  fact  that  the  exact  shape  of 
tlie  cavity  does  not  affect  the  results  too  strongly. 

The  effect  of  compressibility  and  scale  are  discussed  later  in  the  paper. 


ANALYTICAL  METHODS  FOR  DETERMINATION 
OF  FREE  STRK.\M1,INE  FLOWS 

The  classical  method  for  solution  of  free  streamline  problems  grew  "under  the 
efforts  of  Helmholtz  (1),  Kirchoff  (2).  Michell  (3).  Planck  (13),  Chrlstoffel  (14), 
Schwarz  (IS),  and  Rayleigh  (16)  to  the  presently  accepted  method  as  delineated  for 
example  by  Lamb  (17)  mid  esiK’cially  well  by  Milne-Thomson  (18).  Thus,  a  flow  field 
comprising  linear  solid  boundaries  and  separated  free  streamlines  is  represented  in 
the  "physical"  or  /  \  -  ly  pLuie  by  a  Laplacian  net  of  streamlines  ('!' ^  constant) 

and  potential  lines  ( c  -  constant),  described  by  the  complex  potential  (t  '!■  I'l'.  The 

complex  velocity  of  flow-  is  given  by  n  iv  >  f  r.v  t'.u,  w’here  i’  is  an  arbitrary 
reference  velocity.  Thus,  maybe  used  as  a  position  variable  to  define  a  "hodograph" 
or  plane  having  the  real  coordinate  n  f  proportional  to  n,  the  x  component  of  physi¬ 
cal  plane  velocity,  and  the  imaginary  coordinate  v  r  proportional  to  the  >  component, 
likewise,  a  "logarithmic  hodograph"  or  II  Im  >  plane  may  be  defined,  having  the 
position  variable  i:  in  d-  \  -i  '■->  ,  ti,,  !  v  m.  Accordingly,  the  free  stream¬ 

lines  in  the  r  plane  may  be  conformally  transformed  to  circles  about  the  origin  in 
the  plane  and  lines  parallel  to  the  imaginary  xxis  in  the  !>  plane.  Likewise,  the 
linear  solid  boundaries  transform  to  rays  from  the  origin  in  the  plane  and  lines 
paral'  1  to  the  real  axis  in  the  li  plane.  Thus,  the  physical  flow  configuration  in  the 
■’  plane  may  be  studied  in  terms  of  the  relatively  simpler  configurations  of  circular 
arcs  and  rays  in  the  plane  and  of  straight  lines  in  the  li  plane. 

The  physical  problem  involves  the  determination  of  the  complex  potential  '.v  /<, 
the  complex  velocity  /  >  and  finally  the  static  pressure  from  the  Bernoulli  relation 
(I  ■  1  Ml-'  ■  v-’i  -  constimt.  The  relation  iV(z)is  obtained  indirectly  through  an 
auxiliary  variable  7  so  defined  that  the  7  plane  is  a  half-plane  on  the  real  axis  of 
which  is  m.-ipped  the  polygonal  boundary  of  the  flow  field  in  the  ii  plane,  by  means  of 
the  Schwarz-Christoffel  transformation  function.  Also  mapped  on  the  ?  plane  is  the 
(rcctiuigular)  polygonal  l«.>undary  of  the  flow  field  in  the 'V  'i'  I'l-  plane.  Thus,  tae 
relations  lii  Zi  and  '.v.  '>  are  obtainable  from  the  mappings.  Then,  the  relation  /.  is 
obtainalile  by  integration  a.s  /  z ,  ,i  c,  .  n  zi  m,;*,  \/  ,|y_  Finally,  having  1..:-  . 
'I  ;z  .  and  /(Zi.  there  is  obtained,  at  least  iniplieitly.  "i/t  ;md.  thcrefori-.  i  andi>i/i. 

Tin.!  "classical"  method  just  described  can  be  used  in  ;uiy  free  streiuiiline  prol)- 
!eni.  although  there  is  no  guarantee  Ihal  a  elo.sed-form  solution  can  be  obtained,  since 


.ij.fi  IW  J'i'l.i'tl  i  1 '  ti*r  inii  if  Uni:  lii'xtfi'ix  .t1  ti'i.-xi  .(|  tin- 

■  .•  ! ii'  (tl  -t  ji«!  . I  I  '  t  ;  -  i ,  .  .il  ;nti . 

1  li  ••(.■  j|.'.  •'!,  T  U  ■ :  i  \  I  II*  -  '•«  ;  1. 


304 


At- n.i  mil  ;n  I  Vt>|iuisiu:)  Sv-slftii.-. 


intct?rals  sometimes  occur  wt  ich  cannot  be  evaluated  analytically.  A  less  general 
but  simpler  method  can  be  used  in  some  cases,  viz.,  when  tht-  flow  field  'v  i  in  the 
hodograph  plane  ciui  be  synthesized  by  physical  reasoning.  Then  '(  i  is  obtained  by 
integration  of  /<  ,  li  . 


EXAMPLE  OK  THE  SLAT  CASCADE 

As  an  exampie  of  the  sort  of  application  of  the  free  streamline  method  considered 
herein,  the  slat  cascade  may  be  treated.  The  two-dimensional  model  is  shown  in 
Fig.  1,  characterized  by  the  blocked  area  ratio  i.  i  .  Equivalent  configurations  of 
practical  interest  are  the  three-dimensional  (same  blocked  area  ratio)  sharp-edged 
orifice  plate,  the  sharp-edged  orilice  symmetrically  placed  in  a  channel,  the  per¬ 
forated  plate  strainer,  iuid  the  ribbon  screen.  It  is  desired  io  predict  the  total- 
pressure  loss,  the  drag  force  on  the  solid  elements,  and  the  flowthrough  the  cascade. 
The  solution  may  be  obtained  as  a  special  case  of  the  solution  for  the  stalled  flat 
plate  cascade  (19)  or,  for  illust>’ativepurjx)se£,  maybe  developed  as  follows,  utilizing 
the  alternative  physical  .synthesis  .approach  discussed  above.  Let  the  7  \  ■  iy 

plane  contain  the  slat  cascade  with  the  origin  taken  at  the  center  of  one  of  the  infini¬ 
tesimally  thin  plates.  Under  the  previously  stated  assumptions  of  the  free  streamline 
theory  there  exists  a  complex  potential  functions  i.  if,  where  •!>  and  f  are 
respectively  potential  luid  stre.'un  functions.  The  nondimensional  complex  velocity  of 
the  flow  IS  t;iken  as  u  iv>  a,  wheie  u  and  v  are  respectively  the  x  and  v  com¬ 
ponents  of  >  plane  velocity  .\nd  where  ,  is  the  uniform  velocity  of  the  jets  at  x 
Since  i't  ■  is  an  analytic  function  of  /,  assuming 'v  to  be  likewise,  the  7  plane 
may  be  conformally  transformed  to  or  mapped  upon  the  plane,  (nondimensional 
conjugate  hodograph  plane)  yielding  another  Laplacian  net  of  f  ar.d  I'  lines,  which  may 
be  vi.suali’ed  as  a  physically  fictitious  (xitential  flow  field  in  itself.  A  point-to-point 
reciprocal  correspondence  then  exists  between  the  planes  of  /  and  ,  defined  by  the 
trtuisformation  function  7  7  >.  us  yet  unknown. 

The  flow  field  in  the  plane  is  sliown  in  Fig.  2,  and  may  be  physically  deduced 
to  be  so  as  follows:  The  flow  in  each  strip  of  width  t  in  the  7  pliuie  maps  into  the 
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unit  semicircle  in  the  plane.  All  streamlines  (total  volume  of  flow  =  wjt )  emanate 
from  the  point  \,  the  transformed  image  of  the  line  /,  -  and  terminate  in 

the  point  il,  the  transformed  image  of  the  line  z,  >  '  .  The  plate  surfaces  TT' 
map  into  the  imaginary  axis.  The  free  streamlines  T2  and  T'2  map  into  the  unit 
semicircle.  All  streamlines  of  the  flow  in  the  /-plane  strip  map  into  streamlines 
contained  within  the  '  plane  semicircle.  The  mapping  is  repetitive  in  that  each  /- 
plane  strip  maps  into  the  same  -plane  semicircle. 


The  nature  of  the  flow  at  is  that  of  a  source  of  strength  (volume  flow)  »,t, 

while  at  2  there  must  exist  a  double  sink  of  strength  2»,t .  This  follows  from  con¬ 

sideration  of  the  symmetric  nature  of  the  ,  flow  and  from  the  requirement  that  the 
imaginary  axis  and  the  unit  ccmicircle  be  streamlines  of  the  -plane  flow.  The  latter 
requirement  further  demands  the  existence  of  the  sources  (strength  w,t)  at  4,  ,, 
and  ^  and  the  double  sink  (strength  2»|t)  at  The  "reflection  singularities"  added 
in  the  '  plane  are  without  (or  on)  the  boundary  of  the  unit  semicircle  and  hence  do  not 
imply  nonphysical  image  singularities  in  the  /-plane  flow.  Finally,  all  required 
boundary  conditions  in  the  /-plane  and  -plane  flows  are  satisfied  and  the  -plane 
flow  field  Is  given  by  the  complex  potential  due  to  the  six  singularities  as 

1  2  >  liK  ^  -  X"*)  •  liif  ^  -  1  -  2  IfW  ^  -  11'  .  (1) 

The  complex  velocity  of  the  -plane  flow  field  Is  then  given  by 

.1'.'  .1  (..,1  2.2  (  ^  -  \^i  •  2  i  \^!  -  4  (  ^  -  1)'.  (2) 

The  derivative  of  the  transformation  function  /(  i  is  then  given  by 


1.11  1 
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which  equation  may  be  integrated  to  yielo 

/  n.  2 .  In  \  h.  2  In  :||-  r,  (4) 

where  c,  is  an  arbitrary  constant  of  integration.  Equation  (4)  is  the  transformation 
function  /i  .  linking  points  in  the  /  and  planes. 

The  -plane  parameter  x  may  nowbe  evaluated  from  use  of  the  physical  condition 
that  the  plate  breadth  i.  is  given  by  the  relation 


1.  (1  II/,.  •  /,  1.  (5) 

Substituting  (4)  in  (5)  with  i  and  ,  yields  the  relation 

I.  I  l  X  2  I  I  x-  i  I|.  '  ,  M  (6) 

whicii  gives  liie  parameter  x  implicitly  in  terms  of  the  blockage  i.  Thus, 

the  plane  is  completely  determined  for  a  chosen  /-plane  geometry  i.  and  the  /- 
plane  complex  velocity  n  iv  can  lie  determined  at  .iny  point.  In  particular, 

at  the  point  the  complex  velocity  is  n, 
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Ae rodynarni*:  Cavity  Flows  in  t'ii^ht  Propuision  Systems 

Continuity  of  flow  in  the  z -plane  requires  that 

Wjfl  •  .  \V|t 


so  that 


(7) 


.  1  \  (8) 

is  obtained  for  the  cavity  width  parameter  and  .  d)  1 1  is  obtained  from  (6)  and  (8). 

The  result  may  be  expressed  in  terms  of  the  contraction  coefficient  defined 
geometrically  by 


(t  -  i  n  -  i>  n  (9) 

which  yields  .  .di  t )  from  (6),  (8),  and  (9). 

The  drag  force  per  unit  span  D  on  one  of  the  slats  may  be  expressed  as  a  non- 
dimensional  drag  coefficient  c,,  n  M  2>  «j“i>  as 

C|,  (1  I.)  (10) 

from  application  of  the  momentum  principle  to  one  strip  of  fluid  of  breadth  t  and 
from  consideration  of  the  Bernoulli  relation  for  the  lossfree  flow  between  Sections  1 
and  2.  Then,  (6)  and  (10)  yield  C[,ni  t ). 

The  total-pressure  loss  pjj  -  pjj  may  be  calculated  under  the  assumption 
of  constant  momentum  mixing  of  the  jets  and  cavities  at  Section  2  to  yield  a  uniform 
stream  of  velocity  «,  »,  at  Section  3.  Thus,  applying  the  momentum  principle  and 

the  continuity  principle  to  the  fluid  between  Sections  2  and  3  and  noting  that  p^j  Pt, 
as  assumed,  it  follows  that  the  total-pressure  loss  coefficient  p^  n  2i  wj  is 
given  by 


(1  - 


so  that  (tt)  and  (11)  yield  Mi  1 

Plots  of  velocity  ratio  \,  contraction 
coefficient  drag  coefficient  c„  and  loss 
coefficient  against  blockage  ii  t  are  shown 
in  Figs.  3a-3d,  compared  to  two-  and  three- 
dimensional  (same  blockage)  experimental 
data  on  various  configurations.  Figure  3a 
shows  the  theoretical  prediction  for  1 1 
compared  to  experimental  data  of  Betz  and 
Petersohn  (20)  for  the  cases  of  water  dis¬ 
charging  into  air  (circled  points)  and  air 
into  air  (x  points).  It  will  be  noted  that  the 
former  tests  agree  most  closely  with  theory. 
Figure  3b  compares  the  theoretical  •  m.  t  > 
with  pipe  orifice  water  tests  of  Weisbach(2 1) 
and  axisymnietric  nozzle  air  tests  of  Grey 
and  Wilsted  (22).  The  two-dimensional 
theory  is  compared  to  the  three-dimensional 
data  at  the  same  blockage  i.  t .  Figure 
3c  shows  the  theoretical  prediction  for 
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hiji.  -  Ct»ni*>arjson  i»t  thi’i>rv  and  i  xpnrimt'nt  tor 
t  (»ntr<t(  tion  cm  ifit  i«*nt  of  slat  cascadi’ 


Cpt'Aj  or  drag  coefficient  based  on  jet  velocity  head,  compared  to  air  tests  of 
Langer'(23),  who  measured  slut  forces  with  a  two-component  balance.  Figure  3d 
compares  the  theoreticai  (i>  t  i  to  the  test  results  of  various  investigators  (24)  on 
perforated  plate  .'trainers,  ribbon  screens,  and  strip  screens.  The  test  results  agree 
reasonably  well  with  the  theory,  esiiecially  at  high  solidilyor  blockage  ■  i.  for  which 
cases  the  stagnant  cavity  assumption  is  most  valid.  Generally,  experimental  values 
of  1  -  and  '  are  less  than  theory  predicts,  undoubtediy  due  in  part  to  the 

lack  of  perfect  sharpness  of  the  experimental  plate  edges. 


THE  STALLED  CASCADE  OF  ARBITRAHY  STAGGER 

In  oif-dosign  pei  forniaiice  iuiulysis  of  :ixi.tl-(low  compressors  for  aircraft  gas 
turbines,  it  is  important  to  be  ;U>le  to  predict  the  ix-rformance  of  blade  rows  oper¬ 
ating  in  stalled  condition.  A  .simple  model  (19)  of  a  blade  row  is  the  two-dimensional 
cascade  of  infinitc.iimally  thin  flat  plates  shov  n  in  Fig.  4  and  characteri/.ed  geonut 
ricaily  by  solidity  t  •  and  stagger  ,  The  configuration  is  a  generalization  of  that  of 
the  slat  cascade  (  -  90  .  ,  =  0  )  previously  discussed  and  may  be  analyzed  liy  a 

similar  method. 


39S 


Acrodynamu'  Cavity  Flows  in  Flight  Propulsion  Systems 


Kig.  ic  -  Comparison  of  theory  and  experiment  for 
normal-force  coefficient  of  slat  cascade 


In  the  generalized  case,  the  How  is  complicated  by  the  fact  that  the  cascade 
causes  a  deflection  ,  -  2  *he  jets,  while  the  mixing  of  jets  and  cavi'ies 
causes  a  further  deflection,  to  yield  an  overall  deflection  1  -  .<•  'I'he  situation 
is  conveniently  visualized  in  terms  of  the  conventional  "velocity  triangle"  of  the 
cascade,  as  shown  in  Fig.  5.  It  is  noted  that  »,  and  have  equal  x  components 
(normal  to  cascade  axis)  as  a  result  of  continuity  o.'  flow,  while  *2  '*3  equal 

y  components  (along  cascade  axis)  as  a  result  of  momentum  considerations.  The 
conventional  "vector  mean  velocity"  and  its  inclination  are  defined  such  that 

2  (fill  ,  t-iM  j  *  tfm  j  (12a) 

»,  “1  1  r  •  (12b) 


The  free  streamline  analysis  of  Belz  and  Pelersolui  (20)  yields  the  jet  velocity 
parameter  \  wj  and  the  jet  flow  angle  2  functions  of  cascade  geometry  I  t 
and  .  and  of  angle  of  attack  1  -  ■  The  cavity  width  parameter  ■  then  follows 
from  consideration  of  continuity  of  flow  as 

1  -  A  c  os  j  cos  2  .  (13) 

Analysis  of  the  mixing  of  jets  and  cavities  (19)  then  yields  the  overall  cascade 
performance.  Thus,  the  final  velocity  w,  and  its  inclination  ,  are  obtained  from 
continuity  and  momentum  consideration  as 


(I 


2  2 

■  )  tnn 


(14a) 


tad 


.1 


tnn  2  n  “  . 


(14b) 
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Fig.  3d  -  Comparison  of  theory  ami  expeririirnt  for 
lotal-pri'.ssiire  loss  fufiiiciint  of  sl.'it  .'.tsiadr 


The  vector  mean  velocity  «  and  its  inclination  are  then  obtained  from  (12)  and 
the  overall  changes  in  static  and  total  pressure  are  obtained  from  continuity  and 
momentum  considerations  as 

'I'l  •  I',  I  'I  2l  '•OS-'  j  2  ,I  -  i  s.e-  ,,I  \^i  (15a) 

'I’ll  I’ll'  2)  M-'  lOS-  -  ll  1-.  i'15b) 


The  force  N  on  each  plate  is  normal  to  the  plate  and  may  be  expressed  in  terms 
of  a  normal  force  coefficient  v  <  t  2)  referred  to  .i  .  Then,  conventionally, 

the  total  plate  force  may  l>e  resolved  into  the  lift  I.  and  drag  n  forces,  respectively 
normal  and  parallel  to  a  .  Then,  the  lift  and  drag  cindficients  are  given  by 


‘Y 

I.  . 

1  i  )  ‘.1  “■  1  f»*S  (  1 

(16a) 

't 

!) 

1  ^  A  “1  C  S  III  t  1  . 

(161)) 
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The  normal  force  coefficient  is 

obtained  from  momentum  considerations 
as 

(  •’OS  “  cos'  I  ^  1  ' 

i  sm  f  1  •  \“ »  \“ 

I 

'  2  t’<is  I  sill  (  I  ) 

-  (  1  1  i  s  i  II  (  j  -  ■  1  I  .  (1*^) 

Then,  (16)  and  (17)  maybe  used  to  obtain 
c,  and  c.,  . 

Typical  theoretical  results  (19)  are 
shown  in  Figs.  6a-6c  tor  the  case  of  the 
stagger  =  30 '  and  tlic  angle  of  attack 
Companion  results  for  o  (tur¬ 
bine  case)  are  given  in  Ref.  19.  Figure 
6a  shows  the  relation  among  jet  velocity 
ratio  \,  jet  turning  angle  ,  solidity  t  t , 
and  angle  of  attack  .  F  igure  6b  shows 
the  relation  among  overall  turning  , 
loss  coefficient  ,  1  i .  and  .  Figure  6c 
.shows  the  "polar  diagram"  where  lift 
coefficient  C,  •'  is  plotted 

as  a  function  of  drag  coefficient 


Fig.  4  -  Model  for  flow  in  stalled 
cascade  of  stageer 
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F:,'.  t.a  -  I  hroret  u  al  jet  turiunk*  and  jet  veloi  itv 

parameter  of  stalled  tasi  ade 


Kil-  ob  •  Theoretital  overall  turning  an'jle 
ot  stalled  t  asi  ade 


C„  for  various  i' t  and  •.  Figures  7a  and  7'o  show  comparisons  of  the 

theoretical  results  with  experimental  results  of  various  investigators.  Figure  7a 
compares  the  theoretical  predictions  of  \  and  with  experimental  air  test  data  of 
Betz  and  Petersohn  (20)  for  i  i  =  1.2.  inlet  angle  ,  =  0.  and  various  stagger  .. 
Figure  7b  shows  theoretical  normal-force  coefficient  for  various  solidity 

I  t.  and  several  values  of  angle  of  .attack  and  stagger  -  90'. compared  to  air  test 
results  of  Langer  (23).  Experimental  values  of  \  and  exceed  theoretical  predic¬ 
tions.  the  discrepancy  undoubtedly  being  due  in  part  to  the  lack  of  perfect  edge  sharp¬ 
ness.  The  low  valuc.s  ui  normal-force  coefficient  at  low  incidence  probably  imply 
the  lack  ot  fully  develoiX'd  stall.  Tlie  force  coefficient  comparison  shows  improve¬ 
ment  in  agreement  between  theory  and  lest  as  solidity  increases,  a  trend  shown  by 
t)ther  ex|)crimental  data  on  sand  (19). 
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Fig.  fjc  -  Theoretical  hi: •drag  polar  of  stalled  cascade 


Fig.  7a  -  Comparison  of  theory 
and  experiment  for  jet  'cloc  ily 
parameter  and  jet  turning  angle 
of  stalled  c  a srude  of  1  .solidity 
and  /.erri  inlet  angU' 


solidity  I/, 
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Fig.  7b  -  Comparison  of  theory  and 
experiment  for  normal -force  coef¬ 
ficient  of  stalled  cascade  of  ^0 
stagger 
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THE  VEE-GUTTER  FLAMEHOLDER 


In  afterburners  of  aircraft  gas  turbine  power  plants  and  in  ramjet  combustors, 
various  bluff  bodies  are  used  as  flamcholders,  the  downstream  cavities  being  used  to 
stabilize  combustion.  A  typical  configuration  is  composed  of  concentric  rings  of  vee 
cross-section.  A  simple  model  (25)  is  the  two-dimensional  vee-gutter  cascade  shown 
ill  Fig.  8.  'Ihe  configuration  may  be  considered  to  be  a  generalization  of  the  slat 
cascade  (  =  90  ),  with  the  additional  geometrical  variable  of  gutter-included  half¬ 
angle  .  The  desired  results  are  again  the  cavity  width  parameter  ,  the  drag  coef¬ 
ficient  Cr,  and  the  total-pressure  loss  coefficient  for  a  chosen  cascade  geometry 
given  by  blockage  1 1  t  and  half-angle  . 


The  configuration  of  the  vee-gutters  and  cavities  is  aerodynamically  equivalent, 
under  the  assumptions  made,  to  the  two-dimensional  contraction  of  wall  angle  '  and 
area  ratio  i  -  ii  t .  Tlie  contraction  was  analyzed  by  von  Mlscs  (26),  utilizing  the 
classical  method,  in  order  to  obtain  the  contraction  coefficient  .  ( 1  ~  w  1  -  i>  t ) 

as  a  function  of  i.  t  and  ,  a  result  useful  in  the  prediction  of  flow  through  conical 
exhaust  nozzles  (same  area  ratio)  of  turbojet  engines.  The  theoretical  results  of 
von  Mises  (26)  are  shown  in  Fig.  9  in  terms  of  as  a  function  of  ii  t  and 

Then,  as  in  the  case  of  the  slat  cascade,  drag  coefficient  c„  and  loss  coefficient 
arc  calculated  (25)  as  functions  of  i.  t  and  ^  by  application  of  the  continuity  and 
momentum  principles.  The  tlieoretical  results  are  shown  in  Figs.  10a  and  10b.  In 
Figs.  11a- 11c,  the  theoretical  results  are  compared  (25)  to  experimental  results  of 
various  investigators.  Figure  11a  compares  theoretical  values  of  wake  width  to 
pitch  ratio  for  various  half-angle  -  and  blockage  )>  t  to  experimental  results  of 
Grey  and  Wilsted  (22)  for  air  tests  of  conical  nozzles.  The  e-xperimentally  determined 
contraction  coefficients  are  expressed  in  terms  of  equivalent  values  of  for  the 
comparison.  Figure  lib  shows  theoretical  drag  coefficient  C|,(»i  ®  140.5° 

and  various  ii  t  compared  to  experimental  data  of  Langer  (23)  from  air  tests.  Fig¬ 
ure  11c  compares  the  theoretical  prediction  for  loss  coefficient  for  =45°  and 
various  i>  t  with  air  and  combustion  gas  test  results  of  Noreen  (27)  on  two-dimensional 
single-gutter  flam'  tolder  models,  hi  general,  theory  and  e.xperiment  compare  best 
at  high  blockage  i> 

THE  TARGET- TYPE  THRUST 
REVERSER 

In  order  to  slow  down  jet  aircraft 
upon  landing,  without  decreasing  engine 
rotative  speed  so  much  that  large 
engine  acceleration  times  would  be 
required  should  landing  plans  be  aban¬ 
doned.  a  variety  of  jet  thrust  spouers 
and  reversers  have  been  investigated. 
One  type  of  jet  thrust  reverser  is  Ihe 
target  type,  in  which  an  obstacle  of 
concave  form  on  the  upstream  face  is 
inserted  across  the  jet  in  order  to 
deflect  the  jet  upstream,  thereby  pro¬ 
viding  some  reverse  or  negative  thrust. 
For  design  purposes,  it  is  desired  to 
obtain  the  shape  of  and  velocity  in  the 
deflected  jet  as  a  function  of  target 
geometry,  so  that  effectiveness  of 
thrust  reversal  may  be  studied. 
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Fig.  ^  •  Theoretical  wake  width  to  pitch  ratio 
of  vee*gutter  cascade 


Considering  a  cylindrical  thrust  reverser  of  internal  diameter  D  and  axial  length 
<-,  positioned  symmetrically  across  a  jet  of  diameter  <i,the  equivalent  two-dimensional 
configuration  is  shown  in  Fig.  12.  The  model  reverser  has  axial  length  r  and  breadth 
ii,  the  upstream  Jet  breadth  being  .1,  where  <-  »  <-  <1  and  i>  ■-)  iD  define  the 

equivalence  of  the  two-  and  three-dimensional  configurations.  The  initial  Jet  of 
breadth  ■<  and  velocity  »,  splits  into  two  symmetrical  jets  of  width  n  2  and  velocity 
.V),  since  the  jets  are  bounded  by  the  free  streamlines  along  which  the  velocity  is 
taken  as  constant.  The  desired  result  is  the  jet  deflection  angle  as  a  function  of 
target  and  jet  geometry  i  -i  and  r  .1 .  Sarpkaya  (26)  has  analyzed  the  configuration  by 
the  classical  method  in  order  to  study  the  flow  in  water  turbine  "scoop"  buckets. 
The  theoretical  results  are  shown  in  Fig.  13,  compared  to  three-dimensional  test 
data  of  Siao  and  Hubbard  (29)  and  De  Haven  (28)  taken  with  water  jets  in  air.  The 
check  between  theory  and  test  is  best  at  low  i>  .1  and  low  r  .1,  suggesting  that  fric¬ 
tional  effects  may  be  responsible  for  the  lack  of  better  agreement. 

A  similar  analysis  may  be  made  of  a  conical  target  of  internal  diameter  D  and 
included  angle  2(  -  i  positioned  symmetrically  across  a  jet  of  diameter  <1.  The 

equivalent  two-dimensional  configuration,  shown  in  Fig.  14,  has  breadth  h  and  included 
angle  2'  •,  the  jet  breadth  being  ••,  where  '■  -i  (n  ili*  defines  the  equivalence. 

The  desired  result  is  jet  deflection  angle  as  a  function  of  target  ana  jet  geometry 
.  ,  and  .  Siao  and  Hubbard  (29)  analyzed  the  model  configuration  by  the  classical 
method  in  order  to  study  water  turbine  bucket  flows.  Their  theoretical  results  are 
.shown  in  Fig.  15,  compared  with  result.s  of  their  three-dimensional  experiments  on 
water  jets  in  air.  Measured  deflection  angles  are  lower  than  predicted  and  increas¬ 
ingly  so  at  larger  i,  .1,  presumably  due  mostly  to  the  effect  of  friction  and  possibly 
also  to  the  lack  of  perfect  sharpness  of  test  plate  edges. 
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Fig,  10a  -  Theoretical  drag  coefficient  F'ig- 

of  vee-galter  cascade 
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THE  BUTTERFLY  VALVE 

Buderfly  or  clamper  valves  arc  frequently  used  as  flow  regulators  in  liquid 
rocket  engine  piping,  aircraft  gas  turbine  control  system  piping,  and  aerodynamic 
test  facility  ducting.  It  is  desirable  to  predict  the  flow  characteristics  and  total- 
pres.sure  losses  of  such  valves,  as  well  as  the  forces  acting  on  the  regulating  plates. 
A  two-dimensional  model  of  a  butterfly  valve  is  shown  In  Fig.  16,  A  plate  of  breadth 
t  is  placed  in  a  channel  of  the  same  breadth  milking  an  angle  with  the  channel  xxis. 
Gaps  of  breadth  (1  3i'  it  .’itd  -  sm  :  e.xist  at  each  side  of  the  plate.  A  cavity 
is  formed  behind  the  plate,  having  breadth  t  1 1  2  x-,  -  >  infinitely  far  down¬ 
stream  from  the  plate.  The  asymmetry  of  the  configuration  causes  different  breadths 
. 2  and  '  2  of  the  jets  outside  of  the  cavity.  The  velocity  e.xists  in  both  jets, 
assuming  uniform  static  pressure  at  Section2.  The  "average" contraction  coefficietu 
of  the  valve  may  be  regarded  as  <  1  2  m  ‘  .  . 

Ehrich  (30)  made  an  approximate  analy.sis  of  the  model  configuration  b>  treating 
the  flow  in  two  parts  as  shown  in  Fig.  17.  The  two  approximate  component  conl'igu- 
rations  have  unknown  upstream  breadths  respectively  equal  to  i  '  2  and  i  2.  where 
I  ■  •  t  I  ;  otherwise  boundary  conditionc  are  the  satne.  Then.  Ehrich  recognized 
that  the  configurations  of  F'g.  17  were  equivalent  to  von  Mises'  (26)  two-dimensional 
contractions  (or.  likewise,  the  author's  (25)  vee-gutter  cascades).  Thus  the  con¬ 
traction  coefficients  'and  maybe  obtained  a*-'  .'i--'  i  ’.’nd  .  .  >,  where 

1  ,.  I  and  s  1  .  i  "  are  respectividy  the  blocked  area  ratios  of  the  two 

approximate  cunfijturations  and  and  are  the  wall  angles.  Then,  the  contraction 

cocfficien  ■  t  2  '  '  'is  otitained  in  terms  of  valve  » losure  angle  f  'dch 
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(ibtiiiiiL'd  the  (normal)  lorci'  acting  on  llie  valve  plate  by  eonsideratiun  of  momentum 
and  contlnuits.  in  termH  ot  eumponenl  .uxiul  and  lati  ral  foree  eotiffieients  us; 

I  ,,  I  J  ’j'l  ■  ’I  ■  I  (I8a) 

c,  ,,  1.  1  •  ■  j’l  Ji  .  ■  . '  1  >  ”i  (18b) 

vi’lierc  ■  '  1  Ml.  .  'lluis,  tlu’  valve  I'orei’  is  obtained  as  a  fiinetion  of  valve 

closure 


Ihe  loial-pres.surc  loss  .icioss  llie  valv<’  ma\  be  olitaineil  liy  a.'i.suniiii!..  i  omplete 
mi.\iMi',  ol  Hie  cavitv  and  jels  lo  Metd  .i  unilonii  How  o[  velocilv  •,  at  Sections 


Ai‘ rodvnaniic  CavUy  Flows  in  Flight  PropiilsKiii  Syslfm 


as  shown  in  Fig.  16.  Thus,  from  continuity  and  momentum  considerations  (as  in  the 
case  of  the  slat  cascade  analysis),  the  total-pressure  loss  coefficient  is  given  by 

'I>T1  (1  2)  I  2t  l['‘  (19) 


which  yields  f  ). 

Figures  18a  and  18b  show  the  theoretical  results  of  contraction  coefficient  and 
loss  coefficient  as  functions  of  valve  closure  angle  The  theoretical  loss  coef¬ 
ficient  is  compared  to  three-dimensional  test  data  of  Wcisbach  (31),  with  the  latter 
being  largest,  presumably  because  of  the  approximation  introduced  in  the  analysis 
(compare  vee-guttcr  cascade  results). 


Other  interesting  valve  configurations  analysed  by  Ehrich  (30)  include  flapper, 
needle,  orifice  plate,  gate,  and  spool  valves. 
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vAive  CLOSuKe  ot  in  oeonecs 


Fii!.  !'•  -  Mudfi  fur  ilow  in  mtIc.  r.i'.td 
cuml)ii»!cir  liiuT 


THE  I’EKFORATED  COMBUSTOR 
LINER 


Fil;  Irth  -  Ciini ;-tt r: min  i>I  ii'tntrv  and 
rxM- rirni'n!  I  n  r  Idlal - p rt'> sum  U»ss 
rut'f : :  i  i  fill  I'l  hutUTlly  \4il\f 


In  primary  combustion  systems  for 
aircraft  gas  turbines  the  combustor  con¬ 
figuration  usually  consists  of  one  or  more 
cylindrical  containers,  each  having  a  con¬ 
centric  inner  cylinder  perforated  with 
various  holes,  slots,  and  louvers.  Air 


flowing  axially  in  the  annular  space  between  the  cylinders  enters  the  inner  cylinder 
through  the  perforations,  is  mixed  with  fuel,  and  burned,  leaving  downstream.  Thus. 


there  is  considerable  practical  interest  in  the  flow  of  air  through  a  sharp-  dged 
opening  in  a  wall  having  air  flow  along  it.  It  is  desired  to  precict  the  flow  through 
the  ojicning  and  the  "penetration"  (described  by  flow  angle)  of  the  jet  into  the  down¬ 
stream  space.  McNown  and  Hsl  (32)  have  .studied  the  model  shown  in  Fig.  19.  A  two- 


dimensional  channel  of  lireadth  n  has  uniform  velocity  "  ,  ;  t  infinity.  A  slot  of  breadth 
t  in  one  wall  forms  a  jcl  having  area  i  and  velocity  at  infinity.  The  jet  is 


deflected  through  an  angle  .  relative  to  the  upstream  flow  at  Section  1.  The  remain¬ 


der  of  the  flow  passes  out  of  the  channel  with  velocity  at  Section  4  at  infinity.  It 
is  desii  ed  to  predict  ilu'  contraction  coefficient  .  and  the  jet  deflection  angli>  for 
various  slot  'channel  bi-eadlh  ratios  i  .■  and  various  amounts  of  jet  flow  as  charac¬ 


terized  by  the  velocity  ratio  Jj.  McNown  and  Hsu  obtained  the  solution  by  the 
classical  method.  Tiie  theoretical  results  are  shown  in  Fig.  20.  where  ami  are 


shown  as  functions  of  i  i  an.'i 
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AKCA  RATIO 
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Ehrich  (33)  analyzed  a  different  ease  liavlni;  eombustion  interest,  wherein  air  is 
fed  throiit.h  a  sharp-edised  slot  into  a  parallel  flow  which  is  directed  alon^;  the  wall. 
For  the  case  of  equal  total -pressures  of  the  two  streams,  the  surface  of  separation 
between  the  streams  was  calcuiated,  as  well  as  the  free  streamline  separating  the 
jet  from  the  downstream  solid  bou..dary.  Qualitative  agreement  wasolitaincd  between 
theoretical  jet  .shapes  and  those  otilained  experinientally. 
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COMPRESSIBILITY  EFFECTS  m  AERODYNAMIC  CAVITY  FLOWS 

The  various  solutions  discussed  above  assume  incompressible  flow  and  yield 
reasonable  results  as  long  as  this  and  the  other  assumptions  are  justifiable.  How¬ 
ever,  in  cases  of  high  blockage  or  high  inlet  Mach  number  (ratio  of  flow  velocity  to 
velocity  of  sound)  or  both,  results  are  a  strong  function  of  Mach  number,  since  very 
high  velocities  then  occur  in  the  jets.  In  such  cases,  the  compressibility  effei't  is 
important.  Analytical  methods  arc  not  available  for  handling  the  general  case. 
However,  for  specific  configurations,  solutions  can  be  made  in  a  manner  entirely 
similar  to  the  incompressible  calculations. 

An  e.xample  of  a  compressible  case  is  that  of  the  slat  cascade,  treated  by  the 
author  (24)  in  the  study  of  flow  through  sharp-edged  screens  In  this  case,  the  con¬ 
traction  coefficient  was  estimated  as  a  function  of  blockage  b  t  and  jet  Mach 
number  '! ,.  The  e.stimation  of  was  iiased  on  air  test  data  on  conical  flow  nozzles, 
takenover  a  range  of  nozzle  pressure  ratios.  Then,  compressible  mixing  calculations 
yielded  the  theoretical  results  shown  in  Fig.  21.  where  loss  coefficient  is  shown  as 
a  function  of  inlet  Macn  number  M,  for  various  blocKages  <  ..  t.  The  loss  coel- 

ficient  ri.ses  with  for  a  given  ■.  t.  a-'  might  he  i)lv,  sicallv  expected.  A  subsonic 
flow  limit  curve  is  shown,  the  locus  of  conditions  siu  r  that  ^  1  The  curves  are 
shown  da.shed  beyond  this  limit  because  they  are  extra:  .^lations.  the  one-dimensional 
iiiLKing  c.iiculations  used  being  invalid  in  this  region,  "urther.  additional  shock  wave 
sses  will  occur  in  supersonic  jets.  The  curves  ar  ■  terminated  by  the  envelope 
live  labeleiluppei  bound  foi  ihoke.'  liie  locus  of  coni' ilioas  such  lhal  sonic  velocitv 
.\ists  across  the  entire  opening  of  breadth  i  A.tual  choking  conditions  will 

obtain  somewhere  between  the  subsonic  flow  limit  am.  the  upper  bound  for  chok“ 
Additional  calculations  could  be  made  to  yield  compressible  drag  coefficients  fo:  .lU 
slat  cascaiie. 

A  comparison  ol  theoretical  predictions  of  loss  cot  fficiint  with  experime  .t! 
results  (24)  is  shown  in  Fig.  22.  for  air  tests  of  two  p.cj  foraled  plates.  Heason.iiilc 
agreement  is  found  between  theory  and  test. 


SCALF  tFFECTS  IN  AERODYNAMIC  CAVITY  FLOWS 

In  cases  wliere  .separation  jioints  are  deliniteiv  '.i.xf  i  ’tv  the  geometre  (s'  ■  -(i 
edges)  and  where  Iluid-friction  forces  in  the  averagt  ueam'wise  direction  actin  on 
solid  surfaces  are  negligible,  e.g. ,  the  slat  cuscudi  tile  se  ilc  effect  is  found  ■. 

At  very  low  Reynolds  numbers  (based  on  upstream  i  city  /  ^  and  slat  breiidih  ".e 
loss  coefficient  may  be  expected  to  fall  ;uid  then  rise  agaiti  is  the  Reynolds nui.e'i  r 
is  decreased,  and  likewise  for  the  diag  coeffir.enl  (  .  The  ■  ontraciion  ceifficii  t 
may  be  expected  to  rise  and  then  fall  again  as  Hie  Rewiolds  n  inibii  falls,  .siiuila;  to 
the  case  of  the  single  sharp-edged  orifice. 

In  cases  where  separation  points  are  geometrically  fi.xed.  iiiit  lluid-friclion  foir,  :. 
in  ll'e  aver  ige  streaniwise  diiection  are  not  negligible,  e.g..  '.he  vee-gulter  case  u!t  . 
some  scale  effect  is  to  iie  exix’cted  At  low  Ri>\nolds  numbeis  the  Ins«  .  oetfi-.  leni 
may  be  expe  ted  to  ;  i.se  with  falling  Reynolds  number,  and  likew's.  for  tile  dr  •  . 
coefficient  ''f.  The  ■omiaciion  coeffii  ient  mav  lie  ixpecied  to  fall  with  falloir 
Reynolds  number,  similar  to  the  easi'  of  the  rounded  flow  iioz/h. 

In  cases  where  llu'  separ.ili'in  points  are  not  geomelru  ally  li.xed  .ind  fli. 
fiiction  fortes  in  the  average  si  reainwise  direction  an  not  negligiiile.  e  g.  .i  c.isi  ..de 
o|  lilHlers,  a  lai'ge  scale  effi'rt  is  to  be  evpi..  led  As  Ml  tie  ca.se  of  tile  siiicle 
cir  tila.  1  \  liiider.  the  locations  of  the  sepaii  lion  jioints  willv.ir  with  the  Heyiiohls 

U  • 


LOSS  COCFFtCiCNT 


^■^L:  •iw  -  <  omp.ii  ist)!'.  u!  Ou»t»rv  .ind  runfMt  ft»r  (  oniprt 

I  ol  .1 1  ■  j>rr  s»*u  rt*  loss  itH'ltuicn!  ol  po  r  tor.il  rd  jjlntt's 
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number  ;uul,  i)(issibly.  thi’  ’ntirc  (■luir;K!i'r  of  tlu'  flow  will  likewise  vary.  For 
example.  exi)ei  iniental  data  on  round-wire  screens  (24)  show  a  stronn  increase  in 
drai;  eoeffi  ient  as  the  Reynt'lds  number  decreases  in  the  eepion  of  low  Reynolds 
number.s. 


C'OiN’Cl  .IJGIONS 

In  aerodynamic  cavity  flows,  viz. .  long  cavities  or  Wiikes  of  lelatively  low  veloc¬ 
ity  trailing  liehind  solid  obstacles  in  gas  flows,  reasonable  results  can  be  obtained  in 
predicting  cavity  sltape.  d;ag  force,  and  total -pres.sure  loss  by  use  of  the  free 
streamline  method  of  Helmholtz-Kirchoff,  along  with  mixing  calculations,  if  the  flow 
velocities  are  low  enough  to  justify  the  assumption  of  incompressible  flow,  solid 
surfaces  can  be  c.pproximated  by  linear  elements,  the  Reynolds  number  is  not  too 
low, and  jot  velocities  adjacent  to  thecavitles  are  highenough  to  justify  the  assumjjtion 
of  a  stagnant  cavity. 

Results  can  be  ontained  foi  higner  velocity  flows,  if  the  effect  of  compressibility- 
on  cavity  shape  can  be  estimated  analytically  or  otherwise.  Scale  effect  (Reynolds 
number  effect)  will  not  be  large  in  caseswhere  the  separation  points  (cavity  inception) 
are  fixed  by  sharp  edges  and  where  one  may  neglec*  the  fluid-friction  forces  in  the 
average  streamwise  direction  on  the  solid  surfaces.  In  other  cases,  the  qualitative 
nature  of  t.he  scale  effect  may  be  estimated. 
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NOMENCLATURE 

(  =  jet  breadth  upstream  of  thrust  reverser  (ft) 

=  breadth  of  configuration  element  in  direction  transverse  to  ujjstream  flow 
direction  (ft) 

>  =  axial  depth  of  cylindrical  thi-aist  reverser  (ft) 
c,  =  drag  force  coefficient,  referred  to  upstream  velwity  head 
C,  =  lift  force  coefficient,  referred  to  upstream  velocity  head 
(\  =  normal  force  coefficient,  referred  to  upstream  velocity  head 
n  =  drag  force  per  unit  span  length  (Ib/ft) 

,.  =  opening  of  butterfly  valve,  measured  normal  to  valve  axis  (ft) 

I  -  breadth  of  bleed  slot  in  wall  of  combustor  liner  (ft) 

breadth  of  channel  up.stream  of  bleed  slot  in  combustor  lim-r  (ft) 

,  =  ■>'-! 
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I  =  chord  of  flat  ..  late  cascade  'ft) 

1.  -  lift  force  per  unit  span  length  (Ib/ft) 

II  =  I  n  =  non-dimensional  complex  position  variable  in  the  logarithmic 

hodngraph  plane 

M  =  Mach  number 

N  =  normal  force  per  unit  span  length  (Ib/ft) 
r  =  static  pressure  (Ib/ft 
=  total-pressure  (Ib/ft 

s  =  blocked  area  ratio  of  butterfly  valve  or  perforated  plate 
t  =  pitch  or  spacing  between  configuration  elements  (ft) 
u  =  X  component  of  fluid  velocity  (ft/sec) 
f  =  reference  velocity  (ft/sec) 

V  -  y  component  of  fluid  velocity  (ft/sec) 

*  a  fluid  velocity  (ft/sec) 
n  =  <1  4-  i  'l'  =  complex  potential  (ft  Vsec) 

X  =  abscissa  in  the  physical  plane  (ft) 

\  =  irdinatc  in  the  physical  plane  (ft) 

z  =  X  +  I  \  =  complex  position  variable  in  the  physical  plane  (ft) 

/  =  complex  position  variable  in  the  auxiliary  half-plane  (ft) 

=  included  half-angle  of  vee-gut'er  cascade  or  valve  closure  angle  of  but¬ 
terfly  valve  or  external  half-angle  of  conical  thrust  reverser 

=  fluid  angle  measured  relative  to  normal  to  cascade  axis 

.  =  stagger  angle  of  flat  plate  cascade 

=  ,  -  =  angle  of  attack  in  flat  plate  cascade 

''i  “  I'll  ■  I’ll  ”  total-piessure  loss  (Ib/ff’) 

=  I  -  ,  =  overall  deflection  angle  of  flat  plate  cascade 

=  fij  IV  M  =  nundimensional  complex  position  variable  in  the  hodograph 

plane 

-  j  =  jet  deflection  angle  of  flat  piale  cascade 
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-  1'^  ii  i!)  «^  =  total -pressure  loss  coefficient,  referred  to  upstream 
velocity  head 

\  =  =  velocity  ratio 

.  -  cavity  breadth  as  a  fraction  of  pitch  t 

=  jet  deflection  angle  of  thrust  reverser  or  combustor  liner 

.  -  contraction  coefficient  (jet  breadth  as  a  function  of  configuration  aperture 
breadth) 

=  fluid  mass  density  (slug/ft^) 

I'  =  potential  function  (ft  Vsec) 

=  stream  function  (ft  Vsec) 


Subscripts 

nx  =  subscript  referring  to  axial  force  in  butterfly  valve  analysis 
1.11  s  subscript  referring  to  lateral  force  in  bui  erfly  valve  analysis 
1  =.  subscript  referring  to  conditions  infinitely  far  upstream  of  configuration 

3  s  subscript  refer  ring  to  conditions  infinitely  far  downstream  of  configuration 
.t  3  subscript  referring  to  conditions  after  mixing  of  jets  and  cavities 

4  =  subscript  referring  to  conditions  downstream  of  bleed  slot  in  combustor 

liner 

=  scbscript  referring  to  vector  mean  velocity  in  flat  plate  cascade 
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DISCUSSION 


G.  Birkhoff  (Harvard  University) 

This  is  an  e.'ccellent  review  of  the  favorable  side  of  the  Icdgci ,  as  regards  pre¬ 
dictions  of  real  wake  behavior  from  mathemaiicui  soiuiions  of  the  Helmholtz  Probiem. 
Perhaps  in  Dr.  Cornell's  discussion  of  general  conformal  mapping  methods  more 
emphasis  might  have  been  put  on  the  parameter  problem:  in  most  cases,  the  greatest 
difficulty  comes  in  determining  the  auxiliary  constants  (parameters)  of  the  Schwarz- 
Christoffel  transformations  involved, 

I  was  unable  to  understand  clearly  the  "coiist.uit  muinentuiii  mixing"  hypothesis 
used,  and  wonder  if  it  is  mathematically  equivalent  to  the  following  naive  metliod  of 
calculation.  Let  two  parallel  streains  of  equal  d'lisity  ,  thicknesses  r,,  r,,  and 
velocities  \  mi.\  ns  they  flim  di  wiistream  iiiulei  Helmliolt/.  instability.  The 
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mean  downstream  velocity,  v„  (T,v,  (T,  ’Tj),  should  be  regarded  as  zero 

relative  to  this,  by  the  Bernoulli  equation 

(>,12  (V,  Pj  •  1  2  .  ii  j  . 

In  1943,  I  suggested  this  method  of  calculation  to  the  late  John  von  Neumann  as  a 
basis  for  calculating  wake  underpressure  (in  this  case,  -  and  vj).  He 
pointed  out  that  for  most  cases  (though  not  for  a  broadside  flat  plate)  it  seriously 
over-  estimated  the  wake  ui.derpressure. 


M.  Tulin  (Chfice  of  Naval  Research) 

Has  there  been  any  application  of  cavity-flow  models  to  the  prediction  of  flameout? 


W.  G.  Cornell 

With  respect  to  flameout,  I  would  say  no.  So  far,  most  applications  have  been  to 
predict  so-called  dry  losses  in  the  flameholders  which  are  put  in  to  stabilize 
combustion. 
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MECHANICS  OF  VENTILATION  INCEPTION 


Kenneth  L.  Wadlln 
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Jjl  « 

The  research  programs  conducted  by  NACA  in  connection  with 
ventilation  are  reviewed  to  provide  examples  of  ventilation  and  to  indi¬ 
cate  some  significant  parameters  influencing  its  inception.  It  is  shown 
that  low  pressure  is  not  a  sufficient  requirement  for  ventilation  but  that 
separation  of  the  boundary  layer  is  also  required.  Th‘»  influence  of  the 
freewater  surface  on  boundary  layer  separation  is  presented  as  a  deter¬ 
mining  factor  involved  in  ventilation  inception.  An  image  system  is 
presented  for  a  surface-piercing  strut  to  indicate  the  manner  in  which 
the  free  water  surface  may  influence  separation  of  the  boundary  layer 
and  therefore  the  inception  of  v entilatiui.. 

Is  «  y.*  V  « 


INTRODUCTION 

Ventilation  is  an  interesting  and  important  subject  which  has  been  associated  with 
seaplane  hull  steps  (or  some  time.  However,  only  recently  with  the  renewed  interest 
in  hydrofoils  and  the  advent  of  hydro>skis  has  .nuch  effort  been  made  to  understand  it. 
By  ventilation  is  meant  the  entrance  ot  air  from  the  atmosphere  to  low  pressure 
areas  on  lifting  surfaces  or  bodies  operating  in  water.  The  NACA  interest  in  ventila¬ 
tion  has  been  primarily  In  connection  with  seaplane  hull  steps,  hydrofoils  and  hydro¬ 
skis.  However,  ship  hulls,  rudders  and  propellers  are  also  susceptible  to  this 
phenomenon.  When  ventilation  occurs,  areas  which  previously  were  experiencing  Ica' 
pressures  arc  subjected  to  the  relatively  high  atmospheric  pressure  or  pressures 
approaching  atmospheric  pressure.  This  results  in  significant  changes  in  the  flow 
patterns  and  the  force  characteristics  of  the  elements  involved.  These  force  changes 
may  result  only  in  a  simple  change  In  static  equilibrium.  However,  in  many  cases 
the  flow  reverts  to  the  unventilated  condition  before  equilibrium  is  reached  and 
instability  occurs.  Such  inst.'tbllitles  may  be  manife.  ted  as  porpoising  or  skipping  oi 
a  seaplane  and  heaving,  yawing,  or  stumbling  of  a  hydro  ski  cr  hydrofoil  equipped 
craft.  It  therefore  becomes  important  to  define  those  areas  where  ventilatiop.  may  be 
expected  in  order  to  avoid  them  or  to  make  modifications  to  provide  a  stable  transi 
"lion  from  the  unvcntilated  to  the  ventilated  condition. 


Ventilation  is  also  of  interest  in  connection  with  supercavitating  liydrofoilw  since 
the  fully  ventilated  condition  is  analogous  to  the  zero  cavitation  number  case.  As  a 
matter  of  (act  data  (or  the  zero  cavitation  number  case  are  obtained  in  NACA  e.xperi- 
mentul  investigations  by  inducing  ventilation.  The  lilt-drag  ratios  J  hydrofoils 
designed  for  supercavitating  flow  arc  generally  deprcci.atod  if  operated  in  tht  fully 
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\vrt!<d  (’ondition.  Tht'rritirr  i-arly  vi'niilulior  may  be  ul  interetit  for  efficiency  as 
well  us  stability  ri-asuns  when  suixTcavitaiint;  hydrofoils  arc  required  for  hi|;h-spccd 
applications.  This  paper  presents  a  review  of  some  of  the  work  done  by  NACA  in 
connection  .ith  the  ventilation  ol  hydroloils.  hvdro-skis.  and  struts.  A  possible 
I'xplanation  ol  th«'  cause  ol  ventilation  ineep'ion  is  also  developed. 


EXAMPl.iCS  AND  F.Kf  LCTS  C’F  VKNTILATION 

On  surfaee-pierciiitt  hydroloils  and  struts  ventilation  generally  occurs,  as  might 
be  expected,  by  air  entering  along  the  hydrofoil  from  the  water  surface.  Experi- 
mi  ntal  st'idirs  in  conm-ction  with  this  typ<'  of  ventilation  have  been  carried  out  by 
scver.il  investigators  (sec  Refs.  1-5).  Figure  1  is  an  example  of  such  a  hydrofoil 
that  has  ventilated  The  photograph  is  of  a  surface-piercing  dihedral  hydrofoil  having 
an  NACA  64  A  series  airtoil  section.  It  can  be*  seen  that  the  ventilated  area  extends 
Ironi  the  water  surface  to  a  point  near  the  tip  of  the  hydrofoil.  Ventilation  in  this  case 
started  at  tht  water  surface  and  rapidly  extended  toward  the  tip  of  the  hydrofoil. 
The  cavity  is  open  to  the  atmosphere  and  is  very  long. 

On  tully  submerged  lifting  surfaces,  however,  ventilation  occurs  through  the 
trailing  vortices.  Ventilation  ol  this  type  has  been  investigated  by  NACA  in  conme- 
lion  with  experimental  studies  of  hydro-sk**  operating  in  the  fully  subme  rged  condi¬ 
tion  (6-b).  Such  ventilation  resulted  in  large  and  sudden  changes  in  the  force  charac¬ 
teristics  Ol  the  hydro-ski  and  thus  stimulated  further  investigation  of  the  subject. 
The  development  ol  the  vortex  type  of  ventilation  and  the  resulting  flow  changes  are 
shown  Echematiraily  in  Fig.  2.  Air  enters  the  low  pressure  area  in  the  core  of  the 
trailing  tip  vortices  at  a  point  some  distance  aft  of  the  lifting  surface  and  travels  up 
the  vortex  core  to  a  poim  which  draws  closer  to  the  lifting  surface  as  the  speed  is 
increased.  This  continues  umil  the  aerated  portion  of  the  vortex  contacts  tht  surface 
and  the  flow  separates  completely  from  the  leading  edge  of  the  surface  and  complete 
yeiiliUltun  occurs.  Photographs  of  two  phases  of  this  process  are  shown  in  Fig.  3. 
The  surface  shown  is  a  flat  plate  havirai  an  aspect  ratio  of  0.2S.  The  upper  photograph 
shows  the  flow  wfler  the  low  pressure  in  the  vortex  core  has  vented  to  the  atmosphere. 
The  air  appears  to  t  nler  the  vortex  at  the  turbulent  area  at  the  basr  ol  the  ronch 
and  extends  to  a  point  well  forward  but  not  In  contact  with  the  plate.  The  lower 
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photutiii^ih  shows  tht  fl'jw  after  the  aeration  uf  the  vortex  core  had  moved  prui;re«- 
sively  forward  until  r  cuntarted  the  plate  and  complete  ventilation  occurred. 

Tht-  imluence  of  such  ventilation  on  the  lift  of  the  plate  is  shown  in  Fit;.  4.  The 
lilt  im  -c  a»e<i  with  speed  with  no  mxiceable  influence  of  the  vortices  beconiiiv 
aerated  at  s|M-eds  below  70  feet  per  second.  However  at  70  feet  p<-r  second  when 
ventilation  occurred  the  lift  immediately  drup|M-d  lo  a  much  iavrr  value. 

PARAMFTFIth  fNI- lA'KNCINti  VFNTILATION  INCFPTION 

It  i.s  api  ".rent  from  Kii;.  4  that  the  eilects  of  ventilation  caniK'  quite  importam  in 
any  particular  application  ol  liltint:  surfaces.  TTu-refore  it  is  important  toknow  when 


427 


K.  L  Wadlin 


Fig.  4  -  Influence  of  vortex  ventilation  on 
the  lift  of  a  submerged  flat  plate  having  an 
aspect  ratio  of  0.2S 


ventilation  may  be  expected  to  occur.  Figure  5  presents  the  ventilation  inception 
boundaries  for  the  surface  considered  in  the  previous  figures.  These  boundaries 
define  the  speed  at  which  ventilation  occurred  for  a  given  angle  of  attack  for  several 
depths  of  submersion.  The  boundaries  divide  into  two  definite  areas.  At  the  high 
angles  of  attack  the  ventilation  inception  speed  is  almost  independent  of  the  angle  of 
attack.  However,  the  change  in  Inception  speed  with  depth  of  submersion  is  appre¬ 
ciable,  increasing  rapidly  with  increasing  depth  of  submersion.  At  the  loiver  angles 
of  attack  this  is  reversed.  Here  the  incipient  ventilation  speed  is  significantly 
affected  by  the  angle  of  attack.  However,  the  change  with  depth  of  submersion  is 
reduced  to  a  small  value.  From  these  tests  it  appeared  that  ventilation  inception 
was  influenced  by,  if  not  the  direct  result  of.  boundary  layer  separation.  It  appeared 
that  ventilation  at  high  angles  might  be  related  to  stall  or  turbulent  separation.  The 
ventilation  at  low  angles  appeared  to  be  related  to  laminar  separation  near  the  leading 
edge. 
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MtH'h'tnics  uf  Ventilation  Inception 

VENTILATION-SEPARATION  RELATIONSHIP 

When  ventilation  inception  is  assumed  to  be  associated  with  boundary  layer 
separation,  it  immediately,  as  do  all  boundary  layer  problems,  becomes  a  complex 
problem.  The  simplest  case  of  ventilation  is  that  of  the  surface-piercing  strut.  This 
case  will  be  considered  in  an  effort  to  gain  some  understanding  of  the  ventilation- 
separation  relationship. 

For  blunt-trailing-edge  bodies  such  as  cylinders  intersecting  the  water  surface 
there  appears  to  be  a  definite  relationship  between  the  depth  of  ventilation  and  the 
Froude  number  based  on  the  depth  of  submergence.  This  is  shown  in  Fig.  6  where 
data  presented  by  Wetzel  In  Ref.  4  have  been  replotted.  The  Froude  number,  based 
on  the  depth  of  submergence,  at  which  cylinders  of  diameters  ranging  from  0.031  to 
2.00  inches  ventilated  to  the  bottom  are  presented  for  varying  depths  of  submergence. 
It  can  be  seen  that  beyond  a  depth  of  submergence  of  about  2  inches  the  Froude  num¬ 
ber  based  on  the  depth  of  submergence  at  which  ventilation  occurred  was  about  1.7. 
This  is  a  value  which  has  also  been  found  by  others  (5,0).  The  relationship  between 
the  base  pressure  coefficient  at  the  lower  end  of  the  strut  and  this  Froude  number  is 
^p,o  ~  fFh)^.  Figure  6  therefore  indicates  that  at  submergence  depths  greater 
thain  2  inches  the  pressure  coefficient  at  the  tip  was  constant.  However  at  depths  less 
than  2  inches  the  pressure  coefficient  at  the  tip  decreased  rapid)".  This  is  as  would 
be  expected  since  as  the  lower  tip  of  the  cylinder  approaches  the  water  surface  it 
approaches  a  constant  pressure  or  free  stream  velocity  boundary  and  therefore  a 
of  zero.  Since  the  pressure  coefficient  is  decreasing,  it  is  necessary  for  the  speed 
or  Froude  number  to  be  increased  to  provide  the  dynamic  pressure  head  required  to 
overcome  the  static  water  head. 

Though  this  relationship  between  the  pressure  coefficient  and  the  Froude  num¬ 
ber  based  on  the  depth  of  submergence  applies  to  the  bluff  sections  such  as  cylinders, 
flat  plates,  or  wedges,  this  is  not  the  case  for  streamline  sections.  This  is  demon¬ 
strated  in  Fig.  7  which  was  presented  in  Ref.  10,  The  strut  shown  has  a  chord  of  4 
inches  and  an  NACA  664-021  airfoil  section  at  zero  angle  of  attack.  It  penetrated  the 
water  surface  to  a  depth  of  8  inches  and  was  being  towed  at  a  speed  of  75.8  feet  per 
second.  Extensive  cavitation  can  be  seen  which  approached  to  within  about  0.75  inch 
of  the  water  surface.  Thepresenceof  cavitation  indicates  lowpressures  approximating 
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va|Kr  pressure  within  0.75  inch  of  the  water  surface.  Such  pirsaures  correspond  to 
water  heads  ol  over  30  feet  and  yet  no  ten-iency  toward  ventilation  was  apparent.  Such 
observations  lead  to  the  conclusion  that  the  turbulent  wake  behind  the  cylinder  pro¬ 
vided  tow  enerev  paths  through  which  air  could  enter  the  low-pressure  regions.  Iii 
the  ease  ul  the  airfoil  section  the  flow  about  the  foil  was  smooth  and  of  high  energy 
with  no  turbulent  wake  in  its  immediate  vicinity  and  therefore  no  low  energy  path 
through  which  the  air  could  enter.  Of  course,  such  sections  do  ventilate  at  higher 
angh.'s  ol  attack.  In  such  cases  the  chordwise  pressure  gradient  may  have  pr-.-ssure 
peaks  lu-ar  the  leadint:  ••dge  followed  by  an  adverse  pressure  gradient  which  could 
result  in  boundary  layer  sefiaratiun  and  susceptabiliiy  to  ventilation. 


>;XPKR1M£NTAI.  PLOW  STUC.1ES 

In  an  eifort  to  •  orrelate  the  presi'nce  of  separation  with  the  occurrence  ol  venti¬ 
lation.  an  uil-flow  technique'  developed  at  NACA  by  Donald  Loving  was  used.  The 
technique  was  dr /eloped  for  use  in  air  b'jl  worked  as  srell  in  water.  It  consists  of 
putting  a  thin  film  of  oil  on  the  surface  to  be  investigated  and  then  towing  it  at  a 
constant  speed.  The  oil  lends  to  wipe  off  more  rapidly  in  high-energy  attached  flow 
and  turbulent  areas  than  it  dues  in  low-energy  separated  areas.  This  results  in  a 
greater  concentration  of  oil  in  the  separated  areas.  The  oil  putteni  is  highly  visible 
under  ultraviolet  light  which  c.iiis<'8  the  oil  to  fluoresce.  Figure  8  is  a  photograph  of 
a  typical  oil  pattern  obtained  on  an  un'.-entilated  surface  pieicing  hydrofoil  havii^  an 
NACA  64  series  section.  AI>ove  the  water  surfa.  e  the  oil  moved  Inward  the  trailing 
edge  Below  the  water  surface  th*-  oil  accumulated  in  the  center  iiortion  ol  the  chord 
and  was  wiped  clear  in  the  virimty  of  the  leading  and  trailing  eilges.  A  laminar 
separation  bubble  is  imlii-aled  by  the  accumulated  oil.  As  indicated  by  the  sketch 
thi  accumulation  ul  oil  wgj  due  to  the  forward  motion  of  the  boundary  layer  at  ihi' 
aft  end  of  the  bubble  mocing.  the  oil  forward  rather  than  pi-rmittiiu:  it  to  be  swept 
downstream  by  the  turbulent  How  aft  ol  the  bubble. 

Figure  9  IS  a  phutogrtq.'h  '.-f  tiH'  same  model  where  air  wa.s  .->rtilicially  inir'<<luc>-d 
into  the  area  which  Ihi'  oil  pattern  indicaleil  to  l«'  siparaii-d.  Th»'  air  remained  ir.  an 
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arta  whose  forward  portion  closely  rcsenibtes  that  of  the  laminar  bubble  iialicated 
by  the  oil-flow  pattern  shown  in  Fig.  H.  This  indicates  that  ventilation  will  occur  if 
the  foil  has  a  sepaiated  flow  region  and  air  can  get  to  this  region.  However,  ventila¬ 
tion  did  not  occur  naturally  in  Fig.  9  but  was  induced  by  disturbii^  the  water  surface 
in  the  vicinity  of  the  foil  leading  edge.  When  the  disturbance  was  removed  the  cavity 
closed  at  the  water  surface  as  car  he  seen  byrlose  inspection  of  the  photograph.  The 
a.,  in  the  cavity  was  then  entrained  by  the  water  and  the  cavity  gradually  dissipated 
until  fully  wetted  flow  was  again  attained.  The  (act  that  the  foil  had  separated  flow 
regions  of  low  pressure  on  it  and  still  did  not  ventilate  naturally  or  even  maintain 
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ventilation  after  initial  ventilation  wa3 
induced  indicates  that  the  separated  region 
did  not  extend  to  the  water  surface.  This 
could  bo  expected  since  separation  of  the 
boundary  layer  is  strongly  influenced  by 
pressure  gradients,  and  the  water  surface 
has  no  such  gradient  since  it  is  a  constant 
pressure  boundary. 


MATHEMATICAL  MODEL 

In  an  effort  to  gain  some  insight  as  to 
the  extent  to  which  the  proximity  of  the 
water  surface  might  retard  separation  the 
method  of  images  was  employed.  The 
image  system  shown  in  Fig.  10  was  set  up 
to  satisfy  the  condition  of  constant  pressure 
at  the  freewater  surface.  A  single  horseshoe  vortex  was  substituted  for  the  hydrofoil. 
The  bound  vortex  was  located  at  the  quarter-chord  and  the  trailing  vortices  were 
located  at  the  tip  and  at  the  water  .surface.  The  image  vortex  was  located  in  a  similar 
manner  except  above  tlic  water  surface.  The  vorticity  of  the  image  was  of  opposite 
rotation  as  that  of  the  hydrofoil  vortex.  Such  a  simplified  image  system  cannot  be 
expected  to  calculate  the  flow  accurately,  especially  in  areas  close  to  the  vortices. 
However  flow  directions  calculated  in  the  vicinity  of  the  leading  edge  should  provide 
an  indication  of  the  distribution  of  the  load  along  the  span. 

Figure  11  presents  the  spanwise  distribution  of  theparameter  rn'  v',  2  )  wh^ch 

defines  the  flow  direction  at  the  leading  edge  of  the  hydrofoil,  where  w  is  the  flow 
velocity  normal  to  the  undisturbed  stream  velocity  V  and  c,  is  the  lift  coefficient  of  the 
hydrofoil.  It  can  be  seen  that  the  angle  of  flow  rapidly  decreases  in  the  vicinity  of  the 
water  surface,  becoming  zero  at  the  water  surface.  Since  this  flow  angle  is  an  indica¬ 
tion  of  the  loading,  it  indicates  that  the  loading  alsobecomes  zero  at  the  water  surface. 
As  the  loading  approaches  zero,  the  chordwise  pressure  gradient  must  also  approach 
zero  and  thereby  reduce  the  tendency  of  the  boundary  layer  to  separate.  The  fact 
that  the  chordwise  pressure  gradient  ai  the  water  surface  is  zero  would  indicate  that 
separation  would  never  occur  at  the  water  surface  and  therefore  ventilation  would 
never  occur.  This  is  a  limitation  of  the  mathematical  model.  Another  limitation  of 
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Meihaiufs  of  Ventilation  {rueption 


Ihc  mathoniiitical  model  ii  that  it  does  rot  account  for  the  effect  of  speed  which  is 
quite  apparent  in  experimental  investigations.  Both  of  these  deficiencies  result  from 
the  fact  that  the  mathematicai  model  assumes  potential  flow. 


EFFKCT  OF  VISCOSITY 

Efforts  to  understand  the  intimate  details  of  the  mechanics  of  ventilation  incep¬ 
tion  have  not  been  extensive.  As  a  result  no  definite  conclusions  have  developed  as 
to  the  manner  in  which  the  separation  at  the  water  surface,  which  ultimates  in  ven- 
til.ation,  occurs.  It  is  believed,  however,  that  the  usual  concept  of  inviscidirrotational 
flow  outside  the  boundary  layer  is  not  adequate  near  the  water  surface,  especially  in 
the  vicinity  of  the  leading  edge  of  the  hydrofoil.  In  such  a  case  there  would  be  an 
interaction  between  the  two  flows  which  could  result  in  subst;.nti»l  changes  in  the 
pressure  gradients  and  flow.  Thus  both  separation  at  the  water  surface  and  the 
influence  of  speed  could  be  e.xplained  as  a  result  of  such  an  interaction.  Referring 
back  to  Fig.  11  it  will  be  noted  that  since  the  parameter  (W  V)  tc,  2’  >  is  an  Indicator 
of  the  fiow  angie  and  loading,  it  is  also  an  indicator  of  the  perturbation  velocity. 
Viscosity  wilt  alter  the  distribution  of  this  velocity.  This  is  particularly  true  when 
the  velocity  gradients  are  large.  The  shear  forces  due  to  viscosity  tend  to  average 
the  velocities.  That  is,  the  lower  velocities  in  the  region  close  to  the  water  surface 
will  be  increased  over  those  predicted  by  potential  flow,  while  the  higher  velocities 
at  the  greater  depths  would  be  reduced.  The  effect  near  the  surface  is  of  interest  in 
the  case  being  considered.  The  dashed  curve  on  Fig.  11  is  intended  to  indicate  this 
change  in  pcrturbat.,'n  velocity.  It  can  be  seen  that  though  the  perturbation  velocity 
approaches  zero  in  the  proximity  of  the  water  surface,  its  velocity  gradient  is  greatest 
there  and  the  effect  of  viscosity  is  to  Increase  this  gradient.  These  high  velocity- 
gradients  in  the  vicinity  of  the  water  surface  arc  conducive  to  eddies  which  would 
provide  low-energy  paths  to  the  separated  areas  farther  below  the  water  surface. 
Since  these  velocity  gradients  will  increase  with  stream  velocity,  the  tendency  for 
eddies  to  form  will  Increase  with  increasing  stream  velocity.  This  is  a  possible 
explanation  for  the  influence  of  velocity  on  the  inception  of  ventilation  which  is  so 
apparent  in  experimental  investigations 


CONCLUDING  REMARKS 

Some  understanding  of  the  mechanics  of  ventilation  inception  has  been  gained  in 
that  it  has  been  shown  that  low  pressure  is  not  a  sufficient  requirement  for  ventila¬ 
tion  but  that  separation  of  the  boundary  layer  is  also  required.  It  has  also  been 
found  that  separation  of  the  boundary  layer  is  greatly  retarded  by  the  presence  of  the 
free  water  surface.  However  further  investigation  will  be  necessary  before  the 
mechanism  of  this  retardation  and  how  it  is  influenced  by  speed  is  understood  and  a 
menn.s  of  calculating  boundaries  for  the  inception  of  ventilation  can  be  developed. 
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DISCUSSION 


H.  Saunders  (Capt..  U.S.N..  Ret.) 

It  seems  a  pity  to  me  that  the  use  of  'he  single  word  "ventilation"  to  signify  all 
aspects  of  the  entrance  of  air  to  a  region  of  negative  differential  pressure  in  or  around 
or  below  the  water  surface  has  spread  so  widely  within  the  latt  few  years.  This  word 
"ventilation."  like  everything  else,  has  its  proper  place  in  the  universe  and,  if  we  are 
to  judge  by  Webster,  "ventilation"  is  something  which  indicates  that  air  is  entering 
where  it  is  desired  or  needed.  It  is  most  confusing  to  have  the  word  used  also  for  a 
situation  where  the  air  is  definitely  detrimental.  To  cover  this  second  phase  we  have 
used  the  expression  "air  leakage." 

If  you  don't  know  whether  the  air  is  a  good  t.'ing  or  not.  then  you  can  sp<;ak  of 
"aeration." 


J.  P.  Breslin  (Stevens  Institute  of  Teclinology) 

1  would  like  to  touch  briefly  on  a  few  of  the  highlights  which  were  revealed  by  an 
exploratory  study  "  which  was  conducted  at  the  Stevens  Institute  Experimental  Towing 
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Tank  (SETT)  undor  support  of  the  Hydrodynamics  Laboratory  ol  the  NACA.  Some  of 
these  results  corroborate  the  findint;s  on  ventilation  inception  as  given  by  Mr.  Wadlin 
and  others  are  offered  as  additional  facts  which  may  lie  of  interest  to  those  who  would 
like  to  be  able  to  estimate  ti;e  lorces  on  a  ventilating  body. 

The  SETT  tests  were  made  with  two  vertical  surface -piercing  struts,  one  being 
a  symmetrical.  2.5 -inch  circular-arc  section  and  the  other  a  3-lnch  cambered  sec¬ 
tion  (NACA  4112)  which  has  a  nearly  flat  pressure  side.  Tliree  modes  of  inception 
v/ere  found: 

1)  by  ingestion  of  air  threugii  momentarily  developed  "Kankine”  vortices  in  the 
unsteady,  separated  flow  attending  Jtall  conditions  .it  large  angles  of  yaw  (Fig.  Dl), 

2)  through  aeration  of  the  trailing  vortex  developed  by  the  lower  tip.  and 

3)  through  the  action  of  a  slight  disturbance  applied  at  the  suction  side  near  the 
'  'idingedge  at  the  juncture  with  the  free  surface  when  underway  at  si>eeds  and  angles 
of  yaw  well  below  those  for  which  ventilation  occurred  spontaneously  at  stalling 
conditions. 

The  first  mode  was  observed  in  quite  some  detail  through  the  use  of  a  motion 
pictur’  camera. 

The  discovery  ol  the  high  sensitivity  of  the  flow  to  slight  disturbances  (mode  3 
above)  led  to  an  investigation  of  the  boundary  layer  by  the  NACA  which  was  very 
effectively  carried  out  through  the  use  of  the  oil-ultra- violet  light  technique  described 
in  the  paper.  Similar  observations  at  SETT  also  revealed  regions  of  laminar  separa¬ 
tion  and  re -attachment  of  the  boundary  layer  which  arc  scaled  from  the  free  surface 
by  a  relatively  thin  strip  of  nons  parated  flow  over  the  length  of  the  chord  at  tae 
juncture  with  the  streaming  Iree-surface.  This  strip  is  nonseparated  because  of  the 
near-zero  longitudinal  pressure  gradient  imposed  by  the  presence  of  the  free  surface. 
Momentary  rupture  of  this  seal  permits  air  to  replace  the  separated  fluid  and  a  new 
flow  phase  is  thereby  initiated.  The  presence  of  a  laminar  separation  (which,  inci¬ 
dentally,  does  not  always  give  rise  to  noticeable  anomalies  in  the  side-force  curve) 
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in  a  consequenqe  of  the  low  Reynolds  numbers  at  which  small  models  are  tested.  It 
is  therefore  advisable  for  lowing  tanks  to  take  measures  to  Insure  turbulent  boundary 
layers  in  any  experiment  in  which  ventilation  inception  conditions  are  being  sought, 
it  is  expected  that  at  high  Reynolds  numbers  the  susceptibility  to  ventilation  by  dis¬ 
turbances  around  the  leading  edge  at  angles  of  attack  well  below  stall  will  be  small 
if  there  are  no  regions  of  separation  present. 

However,  a'tention  is  invited  to  the  observed  fact  that  once  a  ventilated  flow  is 
developed  it  is  very  stable  and  will  persist  down  to  small  angles  of  yaw  (or  side-force 
coefficients)  as  may  be  seen  in  a  typical  set  of  data  from  the  SETT  tests  shown  in 
Fig.  D2.  The  ventilated  ‘.avity  will  collapse  at  rnnditlrms  beyond  that  for  natural 
closure  only  if  sc  'e  means  of  inhibiting  the  supply  of  atmospheric  air  is  applied. 
Conditions  for  natural  closure  of  cavities  were  observed  and  these  are  shown  in  Fig. 
D3.  It  appears  that  a  sufficient  condition  for  the  existence  of  full  ventilation  on  the 
tested  models  is  given  by 


However,  for  operation  at  values  above  this,  ventiiation  wii!  not  be  easily  gen¬ 
erated  unless  boundary  layer  senaration  exists.  In  the  absence  of  such  separation  it 
is  e.xpected  that  a  rather  '.irge  i<sturbance  is  necessarv  to  de>  eiop  the  other  possible 
flow  below  stall,  viz.,  lull  vent;  .ition. 

It  has  been  noted.  wiihoUi  .  laboration  by  the  author,  that  a  fully  •.  entilated  flow 
is  analogous  to  the  flow  about  :hc  same  body  at  zero  cavitation  index.  This  is  true 
only  at  "infinite”  Froudo  number.  At  finite  Froude  numbers  '.here  appears  to  be  a 
very  plausible  connection  between  the  flow  in  a  section  of  a  vcntilatect  flow  and  that 
about  'he  corresponding  section  in  a  tv/o-dimensional  cavitational  flow.  The  condi¬ 
tions  which  must  be  imposed  in  order  ihat  these  flows  be  similar  can  be  obt.iined  as 
lollows; 

For  any  point  on  the  wail  of  a  t.hree-dimensional  ventilated  cavity  (r  we 
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On  the  wait  of  a  two-dimensional  vapor  cavity  (|>  •.  ),  we  have 


c  i’,  "A  /'I.'.'  / 


Here: 

is  llie  vertical  distance  lielow  .ne  free  surface  to  the  point  on  tlie  ven¬ 
tilated  cavity  wall  (negative  downward). 

1-  IS  tlie  ".suljmerneni e"  Froude  numlier. 
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!'  is  the  Iree-Siieam  speed,  cr  speed  ol  advance, 

are  ■<-  and  •  components  of  velocities  produced  by  presence  of 
body  and  cavity  in  three  dimensions, 

are  coordinate  axes  taken  in  such  a  way  that  the  free  stream  is  paral¬ 
lel  to  the  neg-ative  x-axis  and  the  /-axis  is  positive  upward, 

p.  is  the  reference  pressure  at  inlinity, 

p^  is  the  vapor  pressure, 

P.,  is  the  atmospheric  pressure,  and 

is  the  cavitation  index. 


For  points  which  are  not  near  the  extremities  of  the  ventilated  cavity,  i.e.,  where 
X  is  negligible,  the  flows  may  he  expected  to  be  quite  similar.  Thus,  the  flows 
may  be  matched  if  we  take 


(  1  -  .  -I.  •  .  0.  (d5)'- 

which  certainly  imposes  the  condition  that  uj  u ,  in  all  regions  where  the  quadratic 
terms  are  negligible. 

Employing  this  relationship  a  bit  freely  lead.s  to  a  lormulatlon  for  the  effective 
two-dimensional  side-force  coefficient  of  a  ventilated  strut  as 


t, 
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which  through  use  of  (D6)  yields 
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where  c,  ,  is  the  two-dimensional  lift  ol  the  cavitating  section,  and  c\.  is  the  mean  of 
C|  between  the  limits  n  and  2  F,f.  (It  is  clear  that  lor  F,,  ,‘r,^  C,  (  .im.) 

To  account  for  aspect-ratio  effects,  in  the  main,  we  arrive  at  the  side-  (or''e 
coefficient  for  finite  span  (3-dimensiuns)  in  the  form; 
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where 

F.  is  the  Jones'  edge-correction 
factor  which  is  computed  us 
perimeter  less  the  chord 
length  at  the  water  surface 
divided  by  twice  the  span, 

n,  is  the  cavitating  section  lift- 
slope  at  I  .  , 

A  is  the  geometric  aspect  ratio, 


and  >„  is  the  angle  of  zero  lift. 

Fvaluation  through  the  use  of  Wu's* 
results  for  the  lift  of  a  cavitating  plate 
in  the  case  of  the  NACA  4412  strut  at 
aspect  ratio  2.0  and  yaw  angle  .  =  20  degrees  yields  the  curves  shown  in  Fig.  D4.  It 
is  seen  that  the  dependence  of  the  side-force  coefficient  upon  Froude  number  is  well 
represented  over  the  entire  test  range  by  the  use  of  the  cavitation  analogy.  It  is  also 
clear  how  large  F,,  must  be  before  the  flow  niuy  be  likened  to  that  at  zero  cavitation 
index  ( -  =0). 


Fijj.  -  Measured  and  rikn^piiled  siH**- 
for'’o  coefficinnls  for  fully  vcnlilat»*d 
‘Strut 


F.  S.  Burt  (Admiralty  Research  Laboratory) 

At  A.R.L.  we  had  the  advantage  of  a  preview  of  Dr.  Wadlin's  paper,  but  we  are 
not  entirely  convinced  of  the  proposition  that  boundary  layer  separation  is  needed 
before  ventilation  can  begin.  It  seems  rather  like  the  problem  of  which  came  first, 
the  chicken  or  the  egg.  You  can  just  as  easily  argue  that  low  pressure  producesven- 
tilation  which  produces  separation  as  the  proposition  that  sepui  ution  causes  ventila- 
tiuii.  In  fact,  Fig.  5^  of  Wadlin's  paper,  showing  the  ventiiation  boundary,  could  quite 
well  be  explained  at  the  lower  incidences,  without  necessarily  postulatingthe  existence 
of  a  laminar  bubble  at  the  lower  incidences,  by  saying  that  lower  incidences  produce 
lower  peak  suctions;  hence,  higher  speeds  would  be  necessary  to  produce  given  values 
of  suction.  Whether  the  flat  plate  used  to  obtain  the  data  in  Fig.  5  had  a  laminar 
bubble  would  depend  largely  on  the  nose  shape  of  the  leading  edge,  and  no  details  of 
this  are  given.  It  would  be  of  interest  to  know  if  this  particular  section  has  been 
tested  in  a  wind  tunnel  and  the  existence  of  the  laminar  bubble  under  these  conditions 
has  been  demonstrated.  The  oil  piiiure  of  the  strut  in  Fig.  8  would  appear  to  show 
the  laminar  bubble,  but  it  would  be  of  interest  to  know  what  the  Reynolds  number  of 
the  t  sts  were  andwhether  they  tied  up  with  the  Reynolds  luimber  at  which  ventilation 
occurred. 

The  author  suggested  that  the  surface-piercing  foil  could  bo  considered  as  the 
.simpli  St  case  of  ventilation,  yet  he  showed  that  the  effect  of  the  free  surface  flow 
coiuJilions  aie  such  as  to  iniiibit  the  prime  ri-quisite  for  ventilation,  namely,  the  free 
entry  of  tiie  air.  It  wuld  seem  to  be  much  simpler  to  consider  a  fully  submerged 
foil  and  to  repeat  the  resu''  of  Fig.  5  to  .see  if  there  is  any  similarity  in  the  lest 
points  at  the  lower  incideiici'S. 
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P.  DuCane  (Vosper,  Ltd.,  England) 

Referring  to  the  type  ui  flow  described  in  Wadin' s  Ffg.  2,  I  have  recently 
observed  what  would  seem  to  be  a  rather  unusual  example  of  such  flow  -  at  least  it 
is  an  example  which  has  not  been  seen  previously  and  the  explanation  of  which,  it 
must  be  confessed,  was  not  immediately  obvious. 

During  the  course  of  functioning  trials  in  the  case  of  an  installation  of  roll  damp¬ 
ing  fins  aboard  a  fast  type  of  round  form  torpedo  boat  of  the  Swedish  Navy  we  were 
employing  the  technique  known  as  "forced  rolling"  to  test  the  installation.  This  con¬ 
sists  of  reversing  the  signal  from  the  controlling  gyros  in  such  a  manner  that  the 
fins  will  at  all  times  be  ordered  to  increase  the  roll  velocity  rather  than  to  reduce 
it,  which  is  the  normal  "modus  operand!"  of  such  installations. 

In  this  way  a  roll  amplitude  is  built  up  each  side  of  the  vertical,  the  magnitude 
of  which  is  dependent  upon  the  fin  forces  developed  as  well  as  the  natural  damping  of 
the  hull  and  its  statical  stability  e.xpressed  in  the  form  CM. 

Such  forced  rolling  is  a  useful  test  of  many  features  of  the  installation,  especially 
if  heavy  weather  is  required  for  a  trial  and  is  liable  to  lead  to  much  delay  before  the 
desired  conditions  are  realized. 

While  oltserving  the  mechanism  in  the  engine  room  we  were  informed  from  a 
deck  that  "jets"  of  spray  were  emerging  from  the  surface  by  the  fins.  The  "Jets" 
emerged  as  the  fin  neared  the  surface  and  rose  to  some  ten  or  fifteen  feet  for  a  few 
seconds  while  the  ship  was  heeled  to  the  maximum  away  from  the  side  from  which 
the  spray  was  emerging 

It  should  be  understood  that  in  "forced  rolling"  the  fin  will  still  be  trying  to  lilt 
the  ship  even  as  it  approaches  the  surface  as  in  Fig.  DS.  It  therefore  seems  quite 
reasonable  to  suppose  that  a  flow  approximating  that  shown  in  the  lower  illustration  of 
Wadlin'sFig.  2  causes  this  spray  to  emerge  in  the  manner  and  at  the  angle  described. 

This  type  of  flow  associated  with  a  submerged  lifting  foil  approaching  the  surface 
is  sometimes  referred  to  as  Gree.'.'s  flow  or  Green's  solution.  It  will  be  interesting 
to  measure  the  change  in  lift  as  the  surface  is  approached  and  ventilation  occurs. 


T.  Kiceniuk  (California  In.stitute  of  Technology) 

Mr.  Waulin's  finding  that  low  pressure  is  necessary,  but  nut  sufficient,  to  induce 
ventilation  behind  a  surface  piercing  body  corroborates  the  findings  made  in  the 
Free-Surface  Water  Tuiuicl  at  the  California  Institute  of  Technology.’’'^  Figures  PC 
and  D7.  taken  from  the.se  earlier  reports,  show  some  dc'ails  of  the  flow  which  may 
give  added  insight  to  the  mechanism  for  ventilation  inception.  The  electronic  flash 
ptiutographs  reveal  w.iat  appear  to  be  ventilated  vorliies  shed  downstream  of  the 
model.  These  vortiies  provide  a  feasible  mechanism  for  tiie  deep  penetration  by 
air  inlu  the  body  of  a  dense  liquid  in  motion.  These  photographs,  us  well  as  visual 
observations,  indicate  liiat  real  understanding  of  this  problem  must  await  careful  and 
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Fik-  D6  •  Klectronic  flanh  photoi;raph  of  tho  ventilation  behind 
a  Ku r(ac e •  pir rcinit  body 


Kik-  I>7  *  Klccfronic  fla^h  photucraph  of  th**  vcnUlaltiin  behind 
a  surface^pie ri  inL*  t><»dy  Mhovi<ni:  puHttibU*  vortices 


(lelaiiled  obaervations  and  meafcurcmenls  of  the  phybical  pruresscs  takin”  place  in 
the  wake  of  the  body.  The  use  of  time-averaKcd  measurementa  such  as  the  usual 
pressure  coefficient,  for  example,  may  be  irrelevant  in  a  separated  fltjw  situation 
where  the  instantaneous  low  pressures  existini;  at  a  point  on  the-  body  or  within  a 
vortex  core  triidters  the  ventilation.  Hii;h-s|ieed  photoKraphs  taken  in  the  wake  rei^ion 
of  surface-pie»x:in({  bodies  may  reve  il  otiwr  phenonu-na  whicii  must  Is-  reeunciled 
with  any  proposed  theory. 
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The  vortices  in  Fi(r.  D7.  if  they  are  indcefl  vortices,  are  being  shed  at  a  're- 
quency  which  compares  very  well  with  those  computed  by  Roshko*  for  a  bluff  b  idv. 


B.  Perry  (California  Institute  of  Technology) 

In  answer  to  Mr,  Burt's  question,  some  unreported  experiments  performed  a 
few  years  ago  in  the  Free  Surface  Tunnel  at  the  California  Institute  of  Technology- 
may  be  of  interest.  In  connection  with  experiments  on  air-inflated  cavity  flow  on 

cylindrical  bodic-J  with  flat  noses,  we  tried  to 
induce  a  full  cavity  flow  by  introducing  air 
through  a  probe  at  various  points.  We  found 
that  air  introduced  several  diameters  aft  of  the 
nose,  as  at  A  in  Fig.  D8,  was  swept  away  as 
bubbles,  while  the  introduction  of  air  at  D 
opened  an  air  cavity  attached  to  the  rear  of  the 
btxly  as  shown.  Only  by  putting  the  air  supply 
probe  forward  to  a  location  such  as  C,  i.e.,  into 
a  zone  of  viscous  separation,  could  a  full  cavity 
be  formed.  Once  established,  howevei .  the 
cavity  could  then  be  supplied  with  air  with  the 
probe  placed  anywhere  inside  it.  As  I  recall 
it.  the  flow  velocity  was  of  the  order  of  15  fps 
and  the  body  diameter  was  about  2  inches. 
Tliesc  tests  seem  to  be  in  complete  agreement 
with  the  ideas  put  forward  here  by  Mr.  Wadlin. 
and  earlier  by  Hoerner. 

Witn  the  mcclianism  of  ventilation  now  understood,  at  least  in  a  general  way.  it 
may  be  pertinent  to  consider  an  inherent  difficulty  which  faces  the  designer  of  high 
Sliced  craft.  If  any  zone  of  potential  ventilation  is  available,  some  inadvertert  dis¬ 
turbance  to  tlic  How  may  cause  a  cavity  to  open  up  which  will  then,  so  to  speak,  pro¬ 
vide  its  own  passage  for  air  supply.  Since  this  may  cause  a  catastrophic  change  in 
flow  pattern,  one  is  led  to  the  conclusion  that  in  many  instances  the  only  safe  design 
procedure  will  be  to  assume  that  ventilation  will  occur. 
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M.  C.  Eumes  (Naval  Research  Establi:.'hn>c>nl.  Halifax) 

1  lie  es.sfiitial  connection  between  ventilation  and  a  separated  boundary  layer,  or 
wake,  lias  been  suspected  for  some  time.  It  is  perhaps  unfortunate  that  a  newcomer 
to  tl-.e  subject  niig.'a  obtain  the  impression  that  this  was  being  claimed  us  an  original 
idea.  Actually,  in  Ref.  0  of  Wadlin's  paper,  for  example,  Hoerner  refen  to  "an 
ac  -umulation  ot  liouiriar. -layer  material  and  a  negative  pressure  within  the  separated 
region"  as  piereqiiisite  for  ventilation. 

To  nv.  mind  il.e  e.Mrenie  value  of  ici-  more  reei-nt  work  lies  in  the  e.xperimental 
approac.ies  wr.ie."  have  l/eeii  de\'elope  I  lo  denionstrate  this  relation.  Tile  use  of  an 
oil  film  is  a  partieularly  niee  teehiiique.  and  the  results  are  most  gratifying. 

There  is  one  point  lowhiih  1  should  like  lo  add  emphasis.  Expivienee  in  Ihefull- 
siale  oiiera'ioii  of  livdrofoil  eraft  sugge.'.is  tliat  significant  retardation  of  ventilation 
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liy  llu'  influence  of  the  conslant-prcssure  water  surface  can  only  be  obtained  under 
ialioralury  conditions.  In  openwater  even  the  smallest  ripples  appf.'arto  be  sufficient 
to  initiate  ventilation  at  the  water  surface.  This  c)f  course  is  an  advanlane  to  full- 
sc.ile  operation  since  ventilation  proceeds  smoothly  as  speed  is  increased.  The 
e.xplosive  type  of  phenomenon  which  results  when  lar(<e  nenativt  pressures  arc  sup- 
|)orted  in  calm  water  and  subsequently  tripped  by  a  small  dbsturbance  '-ould  repre.sent 
a  very  danperous  situation  for  a  hydrofoil  craft. 

The  fact  tiiai  only  a  small  disturbance  is  necessary  would  appear  to  add  circum¬ 
stantial  evidence  to  Mr.  Wadlin's  inttenious  explanation  of  the  mechanism  bebind  .sur¬ 
face'  .•entilaliun.  The  high  velocity  gradients  in  (he  vertical  direction  piovidc  a  highly 
unstable  situation  requiring  little  deviation  of  the  surface  (o  initiate  powerful  eddying 
and  thus  give  rise  lo  tlie  requisite  low  energy  paths. 

Finally,  I  would  like  to  ask  Mr.  Wadlin  whether  he  has  carried  out  any  experi¬ 
ments  using  anti-ventilation  "fences."  In  an  "ad  hoc"  search  for  the  smallest  effec¬ 
tive  fence  we  have  found  that  on  a  particular  section  designed  for  uniform  pressure 
distribution  it  is  only  necessary  to  extend  the  fence  over  the  loading  50  percent  of 
tl.e  chord.  (Maximum  thickness  occurs  at  5  j  percent  chord.)  I  would  have  expected 
must  of  the  low  energy  paths  to  exist  behind  this,  and  therefore  the  success  of  the 
half-fences  surprises  me.  Perhaps  Mr.  Wadlin  could  clarify  my  thinking  onthis  point. 
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VENTILATION  OF  BODIES 
PIERCING  A  FREE  SURFACE 

.r.  M.  Wetzel 
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Experimental  atiidiea  were  conducted  at  the  St.  Anthony  Falls* 
i{,draulK'  Laboratory  to  investiftate  the  scale-effect  problemassoi  iated 
\  ith  the  ventilation  of  vertical,  sernisubmerged  cylindrical  rods  and 
streamlined  Iiftinp  surfaces.  Two  lypes  ol  vemilation-'i  reepinc  or 
partial  and  a  flash  or  delayed  vent  formation— have  been  observed  for 
these  shapes.  Data  for  the  large -diameter  rods  can  be  i  orrelated  with 
the  Froude  number  and  submergence  ratio,  whe.eas  uncoated  rods  of 
small  diameter  require  consideration  of  several  parameters.  The  use 
of  Teflon-coated  rods  improved  the  Froude  number  i  orrelation  for  the 
rods  of  small  diameter. 

Ventilation  of  vertical,  lifting  struts  is  primarily  a  function  of 
veloi  ity,  yaw  angle,  submergence,  and  strut  shape.  Ventilation  data  of 
several  strut  shapes  at  high  yaw  angles  can  be  correlated  with  the 
Froude  number  based  on  <  hord 

***** 


INTRODUCTION 

As  a  surface-piercing  body  moves  through  a  liquid,  at  a  certain  velocity  an  air 
pocket  will  form  that  will  expose  part  or  all  of  the  rear  portion  of  the  body  to  the 
atmosphere.  The  formation  of  iliis  pocket  of  a(ni<>.>puccic  al:  will  be  called  ventila¬ 
tion.  although  in  some  references  it  is  niso  referred  to  as  air  leakage.  Knowledge  of 
the  inception  and  mechanism  of  ventilation  is  of  considerable  importance  as  ventila¬ 
tion  creates  a  distinct  change  in  the  hydrodynamic  characteristics  of  the  body. 

To  investigate  the  ventilation  phenomena,  it  was  considered  desirable  to  conduct 
e.xperimental  studle,Son  models  and  extrapolate  tlie  model  data  to  prototype  conditions 
by  means  of  suitable  modeling  parameters.  During  the  course  of  model  tests  on 
inclined,  streamlined  bodies  piercing  a  free  surface,  it  was  found  that  a  scale  effect 
existed;  i.e,.  the  extrapolated  data  from  the  model  did  not  agree  with  the  data  from 
the  prototype.  As  scale  effect  is  a  serious  design  problem,  an  additional  series  of 
tests  was  initiated  to  study  the  ventilation  of  elementary  body  shapes,  such  as  cir¬ 
cular  cylinders  in  a  vertical  position.  In  these  tests  with  circular  cylinders,  the 
effect  of  gravity,  surface  tension,  and  viscous  forces  on  ventilation  was  investigated. 
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The  stiKiics  wm-  laior  txtcndod  t<>  iiicludo  vi’iiiial.  yawi'd  ttiiits  nl  sti canilined 
.sl;ai)o.  Tins  jiapcr  suinmarizt's  the  resulls  of  tins  sei  it  s  of  tests,  Wi.it  'i  vferepait 
of  a  fundamenttil  researt  li  prugi  ain  eondut  ted  at  tiie  St.  AiUhoin  Falls  Hydraulic 
Lalioratory  under  the  sitonsorsliip  o'  the  Office  of  Naval  Hesearcti. 


GKNERAL  CONSIDEHAIIONS 

A  relatively  lai  [;e  amount  of  data  has  been  publisi.ea  on  the  flow  about  semi- 
submer^tcd  cvlinders  of  finite  lentdb.  Hay  (1)  has  done  considerable  work  in  this 
field,  althouith  .his  primary  interest  was  the  resistance  of  cylinders  rather  than  the 
mechanics  of  ventilation  or  the  scale  effect  associated  with  ventilation.  However, 
some  01  t.ie  data  presented  ran  be  extrapolated  to  a  useful  form  for  comparison 
pui'ituses.  Sevc'.'ol  papers  are  also  available  front  NASA  (2)  and  the  California 
Institute  of  Technolotty  (3,4)  recardinp  ventiiatiitn  of  streamlined  siUj-as  in  the 
presence  of  a  free  surface;  the  latter  papers  describe  preliminary  tests  on  struts. 

In  tteneral.  two  distinct  t;'pes  of  ventilation  on  a  vertical,  semisubmerged  body 
can  be  observed;  (a)  a  "creeping”  or  partial  ventilation  where  ti.,  air  pocket  gradu- 
•ally  increases  in  depth  with  increasing  velocity,  and  (b)  a  "flash"  ventilation  or 
"delayed  vent  formation"  wliere  the  air  pocket  forms  very  suddenly  at  a  certain 
velocity,  with  little  or  no  previous  depression  being  observed  behind  the  body.  The 
size,  submergence,  and  orientation  of  the  body  wilt  generally  determine  which  type 
of  ventilation  will  iioiumlly  occur. 

In  the  ca.se  of  the  vertical,  yawed  strut,  ventilation  can  usually  be  obtained  for  a 
given  angle  by  increasing  the  velocity  of  the  strut.  For  high  yaw  angles,  as  the 
velocity  is  increased  to  a  certain  value  (which  is  dependent  on  foil  shape  and  sub* 
mergence)  a  pocket  opens  on  the  suction  side  but  does  not  extend  completely  to  the 
bottom  of  the  strut.  A  relatively  large  amount  of  aerated  water  is  present  in  the 
lower  portion  of  the  pocket.  As  the  velocity  i.s  furtner  increased,  the  pocket  will 
eventually  extend  to  the  bottom  of  the  strut  and  full  ventilation  is  attained. 

For  the  low  yaw  angles,  air  enters  the  suction  side  of  the  strut  suddenly,  creating 
a  very  marked  change  in  the  lift  force.  The  water  separates  completely  from  the 
strut  near  the  leading  edge  and  forms  a  rather  well-defined  spray  sheet.  If  the 
velocity  '  f  the  strut  is  reduced  slowly,  the  sheet  will  nut  reattach  itself  until  a 
relatively  low  velocity  is  obtained,  indicating  a  considerable  hysteresis  effect.  The 
yaw  angle  that  separates  the  partial  and  delayed  ventilation  is  primarily  dependent 
on  strut  shape  but  may  change  slightly  with  submergence.  By  consideration  of  well- 
known  modeling  parameters,  it  is  possible  to  correlate  ventilation  data  for  various 
body  sizes  and  submergences,  although  best  results  are  obtained  for  the  creeping 
ventilation. 


EXPERIMENTAL  FACILITIES 

The  studies  were  conducted  in  a  circular  steel  tank  of  10-foot  diameter  and  2- 
foot  depth.  The  tank  was  equipped  with  a  rotating-arm  mechanism  as  shown  in  Fig.  1. 
The  rotating  arm  was  driven  by  a  5-hp  hydraulic  motor  through  a  Vickers  transmis¬ 
sion,  with  fluid  at  high  pressure  being  provided  by  a  hydraulic  test  stand.  Such  an 
arrangement  provides  a  wide  range  of  velocities  up  to  a  velocity  of  about  20  fps  with 
an  arm  length  of  3.5  feet.  The  maximum  velocity  is  restricted  because  of  excessive 
turbulence  and  waves  created  by  the  moving  body.  The  velocity  was  determined  by  a 
calibrated  flowmeter  on  the  hydraulic  test  stand  and  also  by  a  tachometer  generator 
driven  liy  a  gear  fastened  to  the  drive  shaft  of  the  arm  mechanism.  The  rotating  arm 
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can  be  adjusted  to  va^■ou^  IcntttHs,  and  the  outer  end  is  constructed  to  receive  a 
variety  of  test-body  shapes. 


The  circular,  impermeable  beach  absorber  placed  around  the  circumierence  of 
tiK-  lank  is  very  effective  in  absorbitu,  the  waves  created  by  the  moving  lest  body  for 
velocities  under  20  fps.  A  b-loot-aiameter  permeable  wave  filter  constructed  of 
hardware  cloth  has  been  placed  in  the  '•enter  of  the  tank  to  retkice  wave  action 
further.  The  magnitude  of  the  circulation,  or  swirl,  created  by  the  motion  of  the 
liody  through  the  water  was  small,  lait  in  some  cases  was  taken  into  consideration, 
particularly  for  the  streamlined,  lifting  struts.  A  sufficient  period  of  time  elapsed 
h..tween  runs  for  the  circulation  and  excessive  turbulence  to  be  dissipated  before  the 
next  test  was  begun. 

Cylindrical  rods  with  nominal  diameters  from  1  '32  inches  to  2  inches  were 
tested  at  various  submergences.  Several  of  the  rods  were  covered  with  a  coating  of 
Teflon  ffetrariuorethylcne  resin)  sprayed  to  a  1-mll  thiikness;  these  rods  will  here¬ 
after  be  referred  to  as  Ti'flon  rods.  A  summary  of  the  rod  diameters  and  rcxl  mate- 
ria;s  used  in  the  study  is  given  in  Table  1.  All  the  rods  had  smooth  surfaces,  and  the 
ends  were  machined  perpendicular  to  their  longiiudinal  axes.  For  the  Teflon  nvis, 
the  •coating  completely  covered  the  subnierncd  |iorli.in  of  the  rod.  including  the 
milled  end. 
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Table  I 

Rod  Diameters  (in.) 
and  Materials  Used 


1  steel  1 

Brass 

Lucite 

Teflon 

1 

0.031  ! 

0.124 

'  1.500 

!  0.052 

0.050 

0.187 

2.000 

0.064 

0.0C2 

0.250 

i  0.127 

0.078 

0,500 

0.254 

0.095 

1.000 

0.503 

0.753 

The  streamlined  struts  used  in  the  ven¬ 
tilation  studies  were  of  NACA  0012  and  NACA 
0024  profiles.  Two-  and  3-inch  chord  struts 
were  available  for  the  NACA  0012  section,  and 
a  2-inch  chord  for  the  NACA  0024  section. 
The  foils  were  made  of  aluminum  with  a  special 
milling  cutler,  hand  finished  and  polished.  An 
NACA  0012  strut  of  2 -inch  chord  sprayed  with 
Teflon  was  also  used  for  the  tests.  The  strut 
was  fastened  to  a  mounting  bracket  attached  to 
the  end  of  the  arm.  The  bracket  was  con- 
.structed  to  permit  adjustment  of  the  yaw  angle 
(to  within  1/2  degree)  and  submergence. 


EXPERIMENTAL  PROCEDURE 

Data  were  taken  by  visual  observation  of  the  complete  ventiiation  to  the  bottom 
of  the  body,  and  the  velocities  fur  this  condition  were  noted.  Repeat  tests  have 
indicated  that  this  point  could  be  observed  accurately  and  data  could  be  reproduced 
satisfactorily.  Cylindrical  rods  with  nominal  diameters  of  less  than  1/4  inch  were 
braced  to  reduce  lateral  vibrations.  Most  of  the  rods  were  tested  in  tap  water  and 
also  in  water  with  altered  surface  tension  and  viscosity.  The  surface  tension  was 
reduced  by  addition  of  commercial  detergents,  such  as  Alconox  or  All.  By  varying 
the  concentration  of  detergent,  the  surface  tension  could  be  reduced  from  about  72  to 
35  dynes/cm  (0.00495  to  0.(M24  Ib/ft).  The  solutions  were  carefully  mixed,  and 
surface  tension  measurements  were  made  several  times  during  the  test  by  the  ring 
method,  using  a  Du  Nuiiy  tensiometer.  The  viscosity  was  changed  by  heating  the 
water  with  heating  coils  placed  on  the  bottom  of  the  tank.  With  this  method,  the 
kinematic  viscosity  could  be  reduced  by  a  factor  of  nearly  one-third. 

With  the  struts,  a  submergence  and  a  yaw  angle  were  set  for  a  particular  shape 
and  the  velocity  increased  in  small  increments  until  complete  ventilation  was  attained. 
The  occurrence  of  complete  ventilation  was  determined  visually  with  little  difficulty. 
Attempts  were  made  to  obtain  the  data  for  smooth-water  conditions  in  the  tank; 
therefore,  in  most  cases  boom  rotations  were  confined  to  one  or  two.  A  brief  scries 
of  spot  cl)ecks  was  made  with  the  towing  carriage  to  verify  the  data  taken  in  the 
rotating-.irm  facility. 


DISCUSSION  OF  RESULTS-CIRCULAR  CYLINDERS 
Effect  of  Froude  Number 

The  velocities  for  complete  ventilation  were  used  to  compute  the  Froude  number 
based  on  either  the  rod  submergence.  II.  or  the  rod  diameter,  D.  Data  showing  tne 
relationship  of  the  Froude  number  and  a  dimensionless  submergence  ratio,  u  n,  for 
the  cm.,  ed  rods  are  plotted  in  Figs.  2  and  3.  The  vertical  broStenllne  is  taken  from 
results  by  Hay  (1).  His  results  indicate  that  the  ventilation  velocity  for  certain  rod 
submergences  and  diameters  can  be  computed  with  sufficient  accuracy  by  V  .  kH  1,7. 
l  lie  St.  Anthony  Falls  data,  particularly  for  the  larger  rods  at  all  but  Ute  smallest 
submergences,  appear  to  verify  Hay's  data.  Data  for  the  smaller  diameter  rods  do 
not  agree  so  well  except  at  the  large  submergence  ratios;  a  definite  scale  effect 
exists  for  the  lower  submergence  ratios  when  plotted  in  this  manner.  The  Froude 
nuinbei  of  apiiroximately  1.7  nui.st  be  approachc  d  from  the  decreasing  side  before 
•orp'fte  ventilation  of  either  basic  type  would  occur  for  most  of  the  rods  tested. 
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Figure  3  illustrates  the  same  data  plotted  as  a  function  of  the  Froiide  number 
based  on  diameter.  For  the  smaller  rods,  the  ventilation  Froude  number  is  nearly 
independent  of  the  submergence  ratio,  i.e..  for  a  rod  of  given  diameter,  the  velocity 
for  complete  ventilation  remains  essentially  constant.  As  the  rod  diameter  increases 
the  same  trend  is  true,  but  over  a  smaller  range  of  submergences  (low  submergences). 
During  the  tests  it  was  observed  that  the  ventilation  of  the  small -diameter,  uncoated 
rods  occurred  in  gener.il  as  flash  ventilation,  with  an  increasing  tendency  for  creep¬ 
ing  ventilation  as  the  diameter  and  submergence  increased.  For  the  large  rods,  no 
flash  ventilation  was  observed.  ^Relating  this  observation  to  the  data  of  Fig.  3  it  is 
apparent  that  llie  velocity  for  creeping  ventilation  is  dependent  upon  the  submergence 
ratio,  whereas  the  velocity  for  Hash  ventilation  is  relatively  independent  of  the  sub¬ 
mergence  ratio. 


Effect  of  Wetaer-Number  Correction 

As  the  data  for  all  rod  diamctcr.s  and  submergences  were  not  successfully  cor¬ 
related  with  the  Froude  number,  it  was  decided  to  determine  the  significance  of 
surface  tension.  The  effect  of  surface  tension  on  ventilation  was  investigated  by 
adjusting  the  suiface  tension  of  the  water  to  maintain  a  constant  ratio  of  the  Froude 
iiuinbcr  to  the  Weber  number  for  a  particular  group  of  rod  diameters(()^-’  ,  .where 
I),  =  diameter  ratio  ioid  kiiieniaiiccapillai  ity  ratio)  Rods  willinominai  diameters 
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of  less  thiiii  1  '4  inch  wore  used  more  extensively  in  these  tests,  as  the  small- 
diameter  rods  exhibited  a  relatively  larRe-scale  effect.  The  results  of  this  study 
are  shown  in  Figs.  4  and  5.  As  shown  in  Fig.  4  for  the  smaller  rods,  a  reduction  of 
surface  tension  decreases  the  ventilation  velocity  to  some  extent,  but  the  reduction 
is  not  sufficient  for  satisfactory  data  correlation.  For  example,  consider  the  data 
for  the  0.095-inch  rod  in  Fig.  4.  Two  sets  of  data  arc  shown  for  this  diameter;  one 
set  (solid  symbol)  represents  data  for  a  lowered  surface  tension,  the  other  (open 
symbol)  represents  data  taken  with  tap  water.  The  latter  set  of  data  is  included  to 
compare  directly  the  effect  of  lowering  the  surface  tension  on  the  ventilation  velocity 
for  a  red  sf  given  diameter.  To  satisfy  the  assumption  that  surface-tension  forces 
are  significant  (constant  Froude, /Weber  number  ratio),  the  data  for  the  0.095-inch 
i'od  and  =  42  dynes/cm  (closed  symbol)  should  agree  favorably  with  the  data  for  the 
0.125-inch  rod  in  tap  water  with  =  72  dynes/cm.  It  is  evident  that  this  assumption 
is  not  completely  correct,  as  the  data  do  not  farm  a  common  curve.  The  reduced 
surface  tension  did  nut  lower  the  ventilation  velocity  of  the  0.09S-inch  rod  sufficiently 
to  make  the  Froude  numbers  equal.  Figure  5  contains  data  for  larger  diameter  rods. 
It  is  evident  that  surface  tension  has  less  effect  on  the  ventilation  velocity,  particu¬ 
larly  for  the  larger  submergences.  This  is  in  agreement  with  the  Froude  number 
correlation  previously  found  for  the  larger  diameter  rods. 


Effect  of  Reynolds-Number  Correction 

To  scale  the  inertia,  viscous,  and  gravity  forces  simultaneously,  it  was  neces¬ 
sary  to  maintain  a  constant  ratio  of  the  Froude  and  Reynolds  number  (D^  ’  > 

where  ,  =  kinematic  viscosity  ratio).  This  was  accomplished  by  adjusting  the 
viscosity  of  the  water  in  the  tank  as  described  previously.  Againthe  smaller  diameter 
rods  were  used,  as  ventilation  of  the  larger  rods  was  correlated  with  the  Froude 
number  alone  for  most  submergences.  Figure  6  illustrates  the  typical  effect  of  the 
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Fiy.  5  -  Effect  of  constant  Froude/Weber  ratio  on  rod  ventilation 
(0.187-tnch  and  0.i5-inch  rods) 


viscosity  correction.  For  most  rods  two  sets  of  data  taken  in  water  with  different 
viscosities  are  shown  for  a  particular  diameter.  The  solid  line  is  faired  through 
data  taken  in  unheated  water  at  IT'^C.  The  broken  line  is  faired  through  data  taken 
in  water  heated  to  maintain  a  constant  Froude/Reynolds  ratio.  As  an  example,  con¬ 
sider  the  0.062-inch  lod.  The  data  for  this  rod  with  a  lowered  viscosity  (open 
triangles)  should  agree  favorably  with  the  0.095-inch  rod  in  unheated  water,  as  the 
ratio  of  the  Froude  to  the  Reynolds  number  has  been  kept  essentially  constant.  It  is 
evident  that  the  ventilation  velocity  has  been  reduced,  as  shown  by  the  broken  and 
solid  faired  lines  lor  the  0.002-inch  rod,  but  not  sufficiently  to  permit  satisfactory 
Froude-number  correlation  with  a  larger  diameter  rod  as  determined  from  the 
original  assumption. 


Teflon  Rods 

In  an  attempt  to  reduce  further  the  existing  discrepancy  between  data  for  rods  of 
different  sizes,  several  of  the  rods  v/ere  coated  with  Teflon.  Plots  of  faire'*  curves 
of  the  data  for  the  submergence  ratio  ii  D  against  the  Froude  numbers  are  shown  in 
Fig.  7.  The  data  fur  rod  diameters  above  0.254-inch  fall  on  essentially  the  same  line 
for  must  submergence  ratios,  indicating  that  the  Froude  numbers  can  be  considered 
the  proper  modeling  parameter  for  these  particular  submergence  ratios  .ind  diam¬ 
eters.  From  comparison  of  Fig.  7  with  Fig.  2  or  Fig.  3,  it  is  evident  that  the  use  of 
Teflon  greatly  improved  the  Froude-number  correlation. 

One  of  the  most  significant  ventilation  characteristics  of  the  Teflon  rod  was  that 
delayed  vent  formation  was  practically  nil.  whereas  with  the  uncoated  rods  of  small 
diameter  it  was  the  predominating  type  of  yeiitilatiDii.  It  would  be  expected  that  the 
t'Ifti,i  of  the  Teflon  would  become  less  apparent  for  the  large  rod  diameters,  as 
above  0.254  inches.  This  also  can  be  noted  from  a  comparison  of  the  previous  graphs. 
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In  observing  Uie  ventilation  of  the  cylindrical  rods,  it  was  noted  that  a  consider¬ 
able  hysteresis  effect  existcri  for  the  uncoated  rods  of  small  diameter,  as  is  typical 
of  flash  ventilation.  The  Teflon  rods  exhibited  no  hysteresis,  as  the  ventilation 
appeared  and  disappeared  at  essentially  the  same  velocity.  It  also  was  found  that  the 
velocity  at  which  the  vent  closes  was  independent  Oi  the  rod  material. 
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DISCUSSION  OF  RESULTS- 
YAWED  STRUTS 

The  basic  data  that  have  been 
obtained  include  the  velocity  for 
complete  ventilation  for  a  partic¬ 
ular  submerpeiice,  and  yaw  angle. 
Typical  data  are  shown  in  Figs.  8 
and  9  for  various  submergence 
ratios.  In  the  course  of  the  ven¬ 
tilation  studies  it  was  noted  th.''*  a 
wide  range  of  scatter  was  present 
for  ventilation  of  the  struts  at  all 
but  the  very  high  yaw  angles.  This 
scatter  was  believed  to  be  caused 
by  tne  condition  of  the  water  sur¬ 
face  or  turbulence  in  the  rotating- 
arm  facility.  It  appeared  that  if 
the  foil  strucl:  any  surface  dis¬ 
turbance.  provided  the  foil  was 
moving  at  a  sufficient  velocity,  it 
would  immediately  ventilate,  even 
though  ventilation  would  not  occur 
for  smooth-water  conditions.  It 
was  also  found  that  a  minimum 
velocity  could  be  obtained  for  which 
the  strut  would  not  ventilate  under 
any  conditions.  The  difference  in 
magnitude  of  this  minimum  veloc¬ 
ity  and  the  velocity  required  for 
ventilation  in  smooth  water  was 
very  considerable,  the  difference 
increasing  with  decreasing  yaw 
angle.  This  can  be  readily  seen 
from  Figs.  8  and  9. 

The  rough-water  curve  repre¬ 
sents  the  minimum  ventilation 
velocities  that  could  be  obtained 
by  forcing  the  ventilation  to  occur. 
The  ventilation  was  forced  by 
creating  a  disturbance  through 
which  the  strut  passed.  It  also 
was  possible  in  many  cases  to 
«tart  ventilation  by  creating  a 
disturbance  in  the  wake  of  the 
strut,  thereby  permitting  air  to 
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enter  this  region  and  move  forward 

to  the  foil.  Witl)  these  artificial  disturbances  it  was  possible  to  obtain  ventilation  at 


relatively  low  yaw  angles,  as  compared  to  smooth  water.  In  a  sense,  the  difference 
between  the  rough-  and  smooth-water  curves  represents  the  hysteresis eff  ct  for  the 
struts,  as  the  forced-ventilation  data  are  essentially  the  points  where  complete 


ventilation  disappears. 


The  effect  of  surface  tension  has  also  been  briefly  investigated  i'.  the  rotating- 
aim  tank.  The  surface  tension  was  lotveretl  ;uhI  repeat  runs  were  made  with  tlie 
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same  strut  geometry.  In  general, 
it  appears  that  the  ventilation 
velocity  was  reduced  slightly  for 
the  sizes  of  struts  used  in  the 
tests.  However,  this  was  rather 
difficult  to  aucertain  carefully  as 
the  conditions  of  the  w.ater  through 
which  the  strut  passes  have  also 
been  shown  to  have  a  very  marked 
effect  on  the  ventilation  velocity. 
The  reduction  of  surface  tension 
did  create  a  different  pattern  in  the 
spray  formation  about  the  strut  but 
apparently  did  not  greatly  influence 
the  factors  that  are  responsible 
for  the  triggering  of  ventilation. 
Surface  tension  may  effect  ven¬ 
tilation  of  surface-piercing  bodies 
in  several  ways.  It  may  permit 
air  to  leak  into  the  low-pressure 
side  of  the  strut  more  easily,  or 
it  may  permit  air  to  enter  the  wake 
area  more  easily  through  the  trail¬ 
ing  vortexes.  In  both  cases,  it 
would  be  expected  that  lowering 
the  surface  tension  would  reduce 
the  velocity  for  complete  ventila¬ 
tion.  More  tests  appear  necessary 
to  separate  completely  the  effects 
of  surface  tension  andrough-water 
or  turbulent  conditions  on  the 
aeration  of  the  flow  in  the  region 
of  the  strut. 

Preliminary  analysis  hasbeen 
directed  toward  correlating  data 
for  the  sections  utilized.  Attempts 
at  correlating  data  over  the  entire 
range  of  yaw  angles  have  not  been 
successful,  but  better  results  have 
been  obtained  by  dividing  the  ven¬ 
tilation  into  two  types  which  are 
determined  by  the  yaw  ang’e  for  a 
given  strut  geometry.  As  seen  in 
Figs.  8  and  9  for  a  particular  sub¬ 
mergence  ratio,  the  ventilation 
velocity  is  essentially  constant  for 
the  high  angles  of  yaw.  As  the 
angle  1..:^  decreased,  a  position  is 
found  where  the  velocity  becomes 


very  sensitive  lO  small  angle 
c.iange.s.  It.e  sl'urp  b;eak  in  the  curve  occurs  over  a  relatively  small  range  of  yaw 
angles.  Foi  viw  angles  below  tiie  break  in  the  curve,  ventilation  was  very  difficult 
to  obtain  in  rclaiivcl;,  smooth  water  at  the  velocities  available  in  the  rotating-arm 
iacilits.  Tl'.e  I’.ig.i-angle  vcntilaiitm (angles  above  the  break)  is  essentially  independent 
of  vaw  .ingle  am:  can  lie  cm  iciuteu  b\  Ihe  Fi  oude  numljer  lia.sed  eitlu-r  on  subiiiei  geiice 
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or  on  chord  and  the  .submergence  ratio  (depth  in  chords).  This  correlation  is  sliuwn 
in  Fig.  10  for  the  NACA  0012  and  NACA  0024  sections  and  for  two  chord  sizes.  Also 
note  that  the  data  lor  three  foils  tend  to  group  together  lor  the  higher  submergence 
ratios  at  a  submergence  Froude  number  of  about  1.6.  Foil  fbickncs.s  or  shape 
apparently  has  little  effect  for  this  range  of  yaw  angles.  Struts  of  a  rectangular 
cross  section  have  been  used  in  preliminary  tests  and  have  exhibited  essentially  the 
same  properties. 

Some  work  of  a  preliminary  nature  has  lu'en  done  regarding  the  relationship  of 
the  stall  angle  lo  high-  and  low-:uigie  ventilation.  A  brief  series  of  tests  was  eon- 
riu.'ied  lo  measure  the  lift  force  with  a  dynamometer  and  thereby  deleriiiine  the 
w<’tted-flow  stall  angb;  for  the  particular  se<iions.  In  general,  it  was  found  that  the 
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angle  ti'at  sepai  atod  tiie  two  regions  of  ventilation  was  approximately  the  stall  angle 
for  the  st.ut.  'I'hcrefore.  in  the  ease  of  smooth  water,  it  was  difficult  to  obtain 
ventilation  heU'w  the  stall  angle  at  the  available  velocities.  Howe/er,  if  the  flow 
pattern  was  disturbed  by  some  external  conditions,  ventilation  was  achieved. 


CONCLUSIONS 

Based  on  tne  tests  dcscr'bed  in  the  preceding  sections,  it  is  possible  to  derive 
tne  following  conclusions: 

1.  Two  distinct  types  of  ventilation  occurred— creeping  and  flash  ventilation. 
The  predominating  type  was  determined  by  body  size,  submergence,  and,  for  struts, 
angle  of  yaw. 

2.  Creeping  ventilatior  p. cdominated  for  large-diameter,  uncoated  rods  and 
also  for  Teflon-coated  rods.  Flash  ventilation  predominated  for  the  small,  uncoated 
rods  at  all  but  very  large  submergences. 

3.  Creeping-ventilation  data  could  be  correlated  with  the  Froude  number  and 
submergence  ratio.  In  general,  flash-ventilation  correlation  necessitated  consideia- 
tion  of  otiier  parameters. 

4.  Little  hysteresis  effect  existed  for  creeping  ventilation.  A  very  pronounced 
effect  was  found  for  flash  ventilation  as  the  formation  of  the  air  pocket  was  con¬ 
siderably  delayed. 

5.  The  two  distinct  types  of  ventilation  that  occurred  for  vertical,  lifting  struts 
were  dependent  on  the  angle  of  yaw.  Above  a  certain  yaw  angle,  ventilation  was 
primarily  a  function  of  submergence  and  body  shape,  and  the  ventilation  velocity  was 
essentially  independent  of  the  yaw  angle.  Below  this  angle,  the  ventilation  velocity 
became  increasingly  dependent  on  yaw  angle,  and  less  dependent  on  submergence. 
High-angle  ventilation  data  were  successfully  correlated  with  the  Froude  number  and 
submergence  ratio. 
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J.  P.  Breslin  (Stevens  Institute  of  Technology) 

This  experimental  investigation  should  be  ol  paramount  importance  to  all  con¬ 
cerned  with  small  model  studies  of  ventilation  and  cavitation  phenomena,  Mr. 
Wetzel's  results  reveal  the  major  effect  of  surface  tension  forces  on  the  character 
and  degree  of  ventilation  of  rods  up  to  a  diameter  of  3/4  inch.  The  use  of  Teflon 
apparently  prevents  the  development  of  highly  curved  junctures  between  the  body  and 
the  cavity  Conseqiently,  the  relatively  large  surface-tension  forces  are  avoided. 
Mr.  Wetzel's  Figs.  2  and  7(a)  should  be  presented  side-by-side  and  to  the  same 
scale  to  do  justice  to  the  remarkable  difference  in  behavior  which  the  use  of  Teflon 
provides. 

The  discovery  of  this  large  effect  opens  the  question  ol  the  Influence  of  surface 
tension  on  the  equilibrium  location  of  vapor  cavities  on  curved  sections  and  bodies. 
It  may  be  that  the  extent  of  cavitation  will  be  found  to  be  remarkably  affected  since 
the  radii  of  curvature  at  the  forward  cavity  body  juncture  should  be  very  small. 
Perhaps  there  are  researchers  who  have  done  such  experiments.  In  any  event  the 
effect  of  a  non-wetting  material  will  be  investigated  in  a  study  of  ventilation  of  small 
scale  dihedral  foils  at  the  Experimental  Towing  Tank. 

In  regard  to  tiie  remaining  scale  effects  exhibited  in  Fig.  7(a),  possibly  the 
cuivature.s  at  the  bottom  of  the  ventilated  pocket  are  small  enough  for  the  smallest 
rods  to  provide  sufficiently  large  surface  fractions  to  inhibit  full  cavity  develop¬ 
ment.  In  addition,  the  effect  of  viscosity  at  low  Reynolds  numbers  may  also  be 
expected  to  prevent  scaling  of  the  velocity  distribution  about  the  fore  part  of  the 
smallest  cylinders. 


T.  Kiceniuk  (California  Institute  of  Technology) 

Tiiere  were  no  photographs  of  the  two  regimes  of  operation.  I  was  wondering  if 
the  two  could  be  distinguished  visually  once  venlilaiion  was  established,  or  whether 
they  remained  different. 

Although  the  effect  on  the  surface  tension  of  the  added  detergent  was  reported, 
no  mention  was  made  of  tlie  contact  angle  between  the  water  and  the  model  before  and 
after  the  detergent  was  added.  Also  were  the  surface -tension  values  or  contact  angle 
affected  by  change  in  water  temperature  which  was  being  used  to  secure  Reynolds 
Number  variation? 

In  past  studies  at  the  C.LT.  Hydrodynamics  Laboratory  we  tried  waxing  the  sur¬ 
face  of  planing  cylinders  to  determine  what  effect  this  would  have  on  the  spray-sheet 
formation  and  on  the  forces  acting  on  the  model.  Surprisingly,  the  spray  sheet  still 
clung  to  the  cylinder  and  trailed  aft.  and  no  significant  change  in  the  force  picture 
could  be  delected. 


P.  Eisenberg  (Office  of  Naval  Research) 

It  may  be  of  interest  to  reveal  how  Mr.  Wetzel  was  led  to  examine  the  effects  of 
a  material  such  as  Teflon  on  the  surface-tension  influences  found  to  beef  importance 
in  the  ventilation  process.  Some  years  ago,  1  was  told  of  the  discovery  of  a  material 
or  coating  that  was  purported  to  allow  slip  at  a  fluid  boundary  and,  therefore,  to 
lower  the  frictional  resistance  below  expected  values  for  a  hydraulically  smooth 
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surface.  The  evidence  cited  was  the  remarkable  acceleration  of  a  hydrt^lane  racing 
boat  on  which  the  planing  surfaces  had  been  coated  with  this  materisd. 

Doubting  the  slip  hypothesis,  I  naturally  looked  for  a  more  rational  explanation 
of  such  exceptional  performance.  It  occurred  to  me  that,  If  the  step  in  the  planing 
surface  could  be  ventilated  at  a  lower  speed  than  would  normally  happen,  it  would  be 
possible  to  achieve  the  full-planing  condition  much  earlier,  and,  therefore,  to  accel¬ 
erate  more  rapidly  since  the  hump  resistance  would  thus  have  been  lowered. 

It  was  found  subsequently  that  Teflon  did  indeed  exhibit  small,  interfacial  tension 
relative  to  water  at  the  air-water  interface.  I  believe  it  was  Mr.  Tulin,  then  in 
ONR's  Mechanics  Branch,  who  suggested  that  we  could  both  test  my  hypothesis  of  the 
effect  of  a  material  such  as  the  one  mentioned  above  and,  at  the  same  time,  show 
perhaps  that  the  surface  tension  effects  could  be  eliminated  in  tills  way,  thus  makirig 
it  possible  to  test  at  small  Froude  numbers  models  for  which  ventilation  phenomena 
are  important  on  the  prototype.  We  therefore  arranged  for  Mr.  Wetzel  to  carry  out 
the  tests  described  in  his  paper,  with  the  results  fully  confirming  the  postulated 
behavior  and  so  ably  reported.  We  selected  Teflon  only  because  we  were  already 
acquainted  with  its  properties  in  some  detail. 


K.  L.  Wadlin  (National  Advisory  Committee  for  Aeronautics) 

Mr.  Wetzel  has  carried  out  a  comprehensive  study  of  the  principal  parameters 
influencing  the  inception  of  ventilation.  The  answers  to  many  of  our  questions  about 
the  mechanics  of  the  inception  process  are  undoubtedly  available  in  the  data  obtained 
by  him.  It  is  Interesting  to  note  that  flash  ventilation  and  hysteresis  only  occurred 
when  the  Reynolds  number  was  low.  Also  the  effects  of  viscosity,  surface  tension, 
and  Teflon  were  noticeable  only  at  low  Reynolds  numbers.  That  is,  only  these  influ¬ 
enced  ventilation  Inception  when  conditions  were  such  that  the  flow  probably  was 
close  to  the  transition  from  fully  attached  flow  around  the  cylinder  to  separated  flow. 
These  effects  then  probably  influenced  the  separation  point  on  the  cylinder,  partic¬ 
ularly  in  the  region  of  the  water  surface.  This  would  lead  to  separated  regions  being 
available  to  provide  paths  for  the  air  as  soon  as  the  pressure  gradients  were  suf¬ 
ficient  to  draw  the  air  down.  This  results  in  creeping  ventilation  instead  of  flash 
ventilation  occurs  wlam  the  pressure  gradient  is  present  before  separation. 


E.  R.  Tinney  (State  College  of  Washington) 

The  careful  experimental  work  performed  by  Mr.  Wetzel  has  clarified  many 
points  particularly  with  regard  to  some  of  the  "scale  effects"  that  can  be  cxpei.  .ed  in 
laboratory  tests  on  ventilation.  The  writer  suggests  that  a  different  manner  of  pre¬ 
senting  the  data  on  cylinders  (particularly  Fig.  2  of  Mr.  Wetzel's  paper)  would  add 
to  the  understanding  of  the  ventilation  phenomenon. 

At  incipient  ventilation  it  is  a  necessary,  though  undoubtedly  not  a  sufficient, 
condition  that  the  pressure  be  atmospheric  in  the  ventilation  region.  That  is, 
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For  the  Reynolds  numbers  at  which  the  author  conducted  his  tests  (R^  between  1.5  x 
10'^  and  1.5  X  10^,  based  on  diameter),  the  value  of  at  a  point  on  the  cylinder  90 
degrees  from  the  line  of  the  approaching  flow  is  approximately  -0.8  for  long  cylinders 
deeply  submerged.  Substituting  this  value  into  Eq.  (D2)  gives 

''  l.S«.  (D3) 

•  cH 

This  value  of  1.58  agrees  well  with  the  minimum  value  of  1.6-1. 7  which  the  author 
finds  as  the  asymptotic  value  for  all  cylinders  deeply  submerged. 

The  value  of  c,,  is  affected  by  the  free  surface  to  a  degree  that  Is  probably 
dependent  upon  Reynolds  number.  It  seems  logical,  therefore,  to  plot  v/i^gH  as  a 
function  of  Reynolds  number  for  constant  values  of  H'D.  This  is  done  in  Fig.  D1 
which  shows  that  Eq.  (D3)  applies  for  all  the  cylinders  tested,  if  the  Reynolds  number 
is  greater  than  5  x  10  ^  This  provides  a  lower  limit  for  laboratory  tests  if  "scale 
effect"  due  to  viscosity  is  to  be  avoided.  The  limiting  value  of  Reynolds  number  is 
seen  to  depend  on  the  value  of  H  D. 

At  lower  values  of  Reynolds  number  an  empirical  relation  can  be  developed 
which  indicates  tlie  relative  significance  of  both  Reynolds  number  and  submergence. 
This  relation  is 


V  1.8  .  10* 

This  equation  is  plotted  in  Fig.  D2  together  with  ail  the  data  given  by  the  author  on 
nis  Fig.  2.  From  Fig.  D2  it  appears  that  the  influences  of  submergence  and  Reynolds 
mtmber  on  ventilation  are  insignificant  for  values  erf  the  parameter  H  D  greater 

than  10". 


463 


Vi  Mlilaliuii  of  Kddii'S  I’i-TciiiH  a  l-'ri'c  Surlaci- 


ReyrKilc^s  niimbcr  on  vontilation 


AIR  ENTRAINMENT  BEHIND  ARTIFiaAUY 
INFLATED  CAVITIES 


1.  J.  Campbell  and  D.  V.  Hilborne 
■ii/mtral  ty  Hfsfitrrh  Lufinruior  v 
TrUJtn/iton,  Mtiliil  tl' t 


INTRODUCTION 

A  fully  developed  cavity  can  be  formed  behind  an  obstacle  moving  through  water 
either  by  boiling  of  the  water  in  the  low-pressure  region  round  and  behind  the  obstacle 
or  by  the  injection  of  air  behind  the  obstacle.  The  use  of  air  injection  can  greatly 
extend  the  conditions  of  speed  and  free  stream  pressure  under  which  well-developed 
cavities  can  tic  formed.  The  air  is,  of  course,  entrained  at  the  rear  of  the  cavity  and 
left  behind  in  the  water  and  the  air  supply  must  be  continually  maintained. 

The  air  entrainment  behind  artificially  inflated  cavities  was  first  investigated 
experimentally  in  the  Hydrodynamics  Laboratory  at  the  California  Institute  of  Tech¬ 
nology  (1).  In  the  Caltech  experiments  the  cavities  were  formed  behind  a  circular 
disc  supported  in  a  free  surface  water  tunnel.  Figure  1  shows  diagrammatic:.Uy  how 
the  entrainment  rate  was  found  to  vary  with  the  cavitation  number,  other  parameters 
being  held  constant.  The  part  of  the  curve  where  the  entrainment  is  nearly  constant 
was  observed  to  correspond  to  a  configuration  in  which  a  re-entrant  jet  or  splash  was 
formed  at  the  rear  of  the  cavity;  in  these  circumstances  it  was  supposed  that  the 
water  entering  the  cavity  collected  air  by  turbulenl  entrainment  and  carried  it  down¬ 
stream  in  falling  back  through  the  cavity  wall.  In  the  region  in  which  Q  increases 
rapidly  with  decreasing  >  a  pair  of  air-filled  vortex  tubes  was  observed  trailing 
behind  the  cavity  and  it  was  supposed  that  the  vortex  cores  acted  as  pipes  along  which 
the  air  was  readily  trar.spoiTed  away  from  the  cavity.  From  analysis  of  a  numbe''  of 
such  entrainment  measurements  it  was  found  empirically  at  Caltech  that  the  non- 
dimensional  entrainment  coefficient,  c,^,,  correlated,  although  rather  roughly,  with 
the  product  'Fof  cavitation  number  with  Froude  number  based  on  disc  diameter.  It 
was  also  found  empirically  that  the  "twin  vortex"  regime  held  sway  when  F  I  a-'d 
the  "re-entrant  jet"  regime  when  F  <  1. 


A  theory  of  air  entrainment  in  the  trailing  vortex  regime  has  been  formulated  by 
Cox  and  Clayden  (2),  who  employed  some  of  the  concepts  of  aerofoil  theory  to  calculate 
the  size  of  the  vortex  cores.  The  theory  of  Cox  and  Clayden  contains  one  parameter 
to  U?  determined  by  fitting  the  theoretical  predictions  to  experimental  data. 


The  discovery  at  Caltech  of  the  trailing  vortex  regime  Ix'hind  cavities  and  the 
application  by  Cox  and  Clayden  at  the  Armament  Researc-h  .and  Development  Estab¬ 
lishment  of  the  concepts  of  aerofoil  theory  to  this  situation  ari’  the  most  interesting 
eontrilxition.i  which  have  U’cn  made  to  the  subji  ct  of  cavity  gas  entrainment. 
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Kip.  1  -  Typjtal  cntrainnu'iit  <urvc  for  a  cavity  foriiicei 
bohind  a  ({iven  disc  at  a  givi-n  speed 


In  this  paper  we  report  some  air-entrainment  measurenu  nts  whieh  we  ourselves 
have  made.  Our  cxporimonls  were  very  similar  to  those  made  at  Calteeh,  ljut  a 
somewhat  larger  range  of  eonditions  was  eovered.  As  it  might  lx*  suspected  that 
viscosity  and  surface  tension  could  affect  the  results,  the  hyifothesis  that  the  entrain¬ 
ment  depends  exciusiveiy  on  Froude  numlx>r  and  cavitation  numocr  was  examined  in 
some  detail.  As  this  involved  the  use  of  models  of  different  sizes,  particular  care 
was  taken  to  correct  for  the  influen.e  of  channel  boundary  effects. 

Also  we  propose  a  moditication  to  the  theory.  The  theoretical  model  originally 
proposed  by  Cox  and  Clayden  is  not  applicable  to  our  experimental  conditions.  The 
modified  theoretical  model,  which  involves  no  empirical  parameter.*  givespredictions 
of  gas  entrainment  which  arc  in  broad  agreement  with  our  e.xperi mental  results. 


THEOHETICAL  DISCUSSION 

Cox  and  Clayden  (2)  iiomt  out  that,  since  the  pressure  in  tin’  cavity  Is  fairly 
constant,  there  must  be  a  iUtle:;'nce  in  the  velocity  on  the  frj'i' streamlines  corre- 
sponctiin;  U.I  the  diiiereiic('  .ii  by  oo.static pressure  at  tile  top  and  Ixittom  of  the  cavity. 

■  \\f  uI  stJiiit  iliy  tit  riv«*  1  \  .ihu‘s  ui  i  .ivily  tiiim  iiMiMi'*  l»ui  iin 

iiii,-.ri.  .1!  pi"  'iiifltT  wnu  h  li.*'*  .ilu.tt*'!!  irum  r.i  imuffit  MuM-iirriinMl  > 
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Thi:.  lilvi'K  rist'  to  a  cin  uhrion  which  can  l)c  evaluated.  Cox  and  Clayden  then  argue 
tlial  ‘he  function  of  the  circulation  i.s  to  produce  a  forci’  wnich  is  equal  and  opposite 
to  Ihc  buoyamy  force  on  tin  liubble.  This  enables  them  to  cjlculatt'  the  distance  apart 
o!  the  vortices  and,  thus,  their  inclination  to  tin-  horizontal  caused  by  the  vertical 
velocity  induced  by  each  of  them  at  the  position  of  the  other.  They  estimate  the 
(liainctcr  ol  the  vorti  x  tubes  from  the  circulation  and  from  the  condition  that  the 
pressuri’  on  tlieir  boundaries  sliall  l)e  cavity  pressure.  They  then  treat  the  vortex 
tubes  as  pipes  along  whicli  th'-  air  is  transported  away  from  the  cavity.  In  this  view 
th.  air  .flows  along  eaeli  vortex  tune  under  tiie  action  of  a  pressure  gradient  which  is 
imposed  by  the  hydrost  b  ie  pressure  variation  and  so  is  known  from  the  inclination  of 
the  vortices  to  tile  horiz.intal.  The  mean  air  velocity,  in  the  tubes  is  then  deter¬ 
mined  in  terms  of  an  equivalent  fiietion  eoefiieient.  .for  airflow  in  the  vortcxpipcs. 
The  eueffieieiit  is  left  as  a  parameter  to  Ik‘  d'lermined  empirically  by  fitting  the 
tlieoretieal  predictions  to  i  .xpcri mental  results. 


As  will  be  seim  latei .  apnlicatiun  of  this  picture  to  our  experimental  results 
implii'S  values  of  v„  \ ,  whicli  are  in  many  eases  less  than  unity.  Velocity  v„  is  the 
Iret  stream  velocity,  anri  tiu'  axial  u-lot  lt>  of  watir  near  the  vortex  tubes  maybe 
supposed  to  be  approximately  exei'pt  in  the  immediate  neighborhood  of  the  bubble. 
When  V,  V,,  l.the  mean  air  velocity  in  each  vortexpipc  is  equal  tothe  axial  velocity 
of  the  pipe  walls.  When  v.„  v ,,  1,  the  pipe  friction,  far  from  restraining  the  air  flow 

under  the  action  of  flic  hydrostatic  pressure  gradient,  would  actually  aid  it.  In  these 
circumstances  the  model  of  Cox  and  Clayden  cannot  be  regarded  as  applicable.  For 
this  reason  we  propose  a  modificulioii  of  llie  model.  Wc  suppose  simply  that  when  the 
model  moves  through  unit  distance,  enough  air  has  to  be  supplied  to  fill  unit  length  of 
newly  laid  twin  vortex  trail.  We  now  derive  an  expression  for  the  entrainment  on 
this  basis. 

Following  Cox  and  Claydoi  and  considering  the  vertical  meridian  plane  through 
tl; '  cavity  (Section  AA  of  Fig.  2).  we  write 

v,--v,f  -v.lt,  -  It..) 

where  v,  and  v„  are  the  velocities  and  it  and  li„  the  hydrostatic  heads  of  water  onthc 
upper  and  lower  surfaces  of  the  cavity.  The  circulation,  .which is  setup  in  this  way 
round  the  cavity  is  given  by 
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whiTc  r  is  the  trace  of  (he  cavity  on  the  vertical  meridian  plane.  For  .sufficiently 
slender  cavities  this  intt'i'ral  may  Ik'  approximated  as  lollows: 


J  vfxl  lx  J  'V|  V||)  lx 
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where  the  x  axis  is  parallel  tc  ‘he  direction  of  the  main  flow  and  '  (see  Fig.  2)  is  the 
length  of  the  bubble.  Since 

,  2  2.  /  .  .  2  2.  T 
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then  can  be  further  approximated: 
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where  c  has  been  approximated  by  an  ellipse,  so  that  the  integral  then  becomes  the 
area  of  the  ellipse. 

If  we  neglect  the  inclination  of  the  trailing  vortices  to  the  horizontal  and  assume 
that  the  axial  velocity  of  the  water  in  the  neighborhood  of  the  vortices  (sufficiently  far 
downstream)  is  v„,thcn  the  transverse  velocity,  <)(.,  round  the  periphery  of  the  vortex 
tubes  is  given  by  Bernoulli's  equation.  Thus 

1,22,  12 

p{-  •  2  ^'o  •  'ic  >  I’o  ’  2 

i.e., 

2  2 
'•c  "o 

where  is  the  cavitation  number.  In  calculating  Cox  and  Clayden  allow  for  the 
inclination  of  the  vortices  ajid  so  include  an  additional  term  which  has,  however, only 
a  very  small  influence,  at  least  in  our  range  of  experimental  conditions. 

The  diameter,  a,  of  the  vortex  cores  is  then  given  by 

.1  • 

whence 


According  to  our  view  the  volume  of  gas  entrained  per  unit  time  i.s  given  by 

Hence  the  nondimensional  (  n'raiiimenl  coefficient,  based  on  disc  di3m<  ‘er.  is 
given  by 
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or 
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It  is  known  from  the  experiments  of  Relchardt  (3)  on  cavities  formed  behind  a 
rirc'jlar  disc  that 


M  .l„>2  i.i 

to  a  very  good  degree  of  approximation.  With  this  approximation  we  can  write 

35, 2 

The  ratio  ’  <i  Is  also, of  course,  a  function  of  for  cavities  behind  a  clrculardlsc  and 
so  is  a  function  of  F  and  .  Reichardt's  ciqierimcnts  also  show  that  as  a  rough 
approximation  wc  may  write 

.1  ■  n  7 

over  a  limited  range  (say  0.04  0.12).  If  we  incorporate  also  this  approximation 

Wc  find  tlial 


0,,.,  15.  H  F**  *  .  (3) 

This  makes  it  intelligible  that  it  was  found  possible  in  the  Caltech  work  to  obtain  a 
rough  correlation  between  C^,,,  and  F.  In  fact  (3)  is  in  reasonable  accord  with  the 
Caltech  results  at  the  lower  rates  of  entrainment. 


EXPERIMENTAL  ARRANGEMENT  AND  PROCEDURE 

The  measurements  reported  here  were  made  on  the  small  w,'3ter  whirling  arm  al 
the  Admiralty  Research  Laboratory;  as  compared  with  a  water  tunnel  of  normal  type 
this  equipment  offers  ready  dispersal  of  entrained  air  and  relatively  small  boundary 
wall  interference.  The  inner  radius  of  the  channel  is  3.8  ft  and  the  outer  radius  6.8  ft; 
in  these  tests  the  model  was  positioned  at  the  S-ft  radius.  Fur  most  of  the  tests  the 
model  was  maintained  at  8-1/2  in.  below  the  surface  in  water  depth  of  18  in.  In 
addition  some  measurement.^  were  also  made  in  different  depths  of  water  and  with 
diff(  rent  vertical  positions  for  the  model. 

The  models  consisted  of  a  iiumlN-r  of  interchangeable  discs  of  different  diameters 
mounted  at  the  front  end  of  a  sting,  which  was  in  turn  carried  on  a  supporting  strut 
(see  Fig.  3).  Provision  was  made  for  air  to  be  supplied  to  the  back  of  the  discs  and 
fur  measurements  of  dynamic  head  and  cavity  pressure. 

A  rotating  seal  and  conduit  peiinitted  a  continuous  supply  of  air  to  be  Drought 
from  outside  the  arm  to  the  model.  t\  second  seal  was  used  to  take  a  direct  con¬ 
nection  to  the  manometer  used  for  mea.suring  cavity  pres.sure.  In  the  case  of  the 
dynamic  lu'ad,  which  involved  mea.suring  a  wide  range  of  pressures,  a  strain-gauge 
lransduc<  r  which  could  be.'  placed  to  lake  advantage  of  the  Italancing  effect  of  radial 
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Fi^.  3  -  Dihc  (3/4  111.)  niounteil  in  pQ*<itiun  un  whirlini:  arm 


acci'leratioii  was  -sod.  Pressure  ini-asurena>m  andall  filteriiic;.  mi-toring,  and  control 
of  the  air  supply  took  place  off  the  arm. 

In  most  eases  the  proceduie  adopted  was  to  make  a  sequence  of  observations  all 
at  the  same  model  speed  Iwt  with  Offering  air  supply  rates.  Initially  the  air  was 
supplied  at  a  high  rate  and  then  the  air  supply  valve  was  closed  step  by  step,  the*  air 
supply,  total  head,  and  cavity  pressuri-  being  nwasured  and  the  niocW-l  spt'cd  checked 
at  each  stage.  When  eventually  the  cavity  was  on  the  verge  of  collapse,  the  process 
was  reversed. 

A  typical  example  of  the  n  suits  olrtained  is  given  in  Fig.  4.  It  can  be  seen  that, 
as  the  air  supply  valve  was  closed,  the  cavity  pressure  fell  steadily  until  a  point  A 
was  reached  at  which  a  further  small  adjustment  of  tlu-  valve  in  the  same  direction 
caused  a  sharp  change  to  conditions  of  lower  cavity  pressure  as  at  point  B.  It  was 
not  found  possible  to  hold  the  cavity  pressure  at  any  intermediate  point  by  adjustment 
of  the  air  supply.  If  the  proi  '-ss  was  continued  the  pres.surc  dropped  until  the  ervity 
suddenly  collapsed  and  a  further  large  reduction  in  pressure  iH'curred. 

Reversing  the  process  and  re-forming  a  clear  cavity,  a  similar  change  occurred, 
this  time  in  the  opposite  direction  and  at  a  I'onsideralily  greater  rate  of  flow  (C  to  D) 
Ixit  oth.  rwise  the  results  remained  the  same.  The  cavity  pressure  showed  great 
.SI  iisitivity  to  .spci^d  iluetuation  Ixit  was  relatively  insensitive  to  changes  of  air  supply 
at  high  l  avity  pressures. 

The  right-hand  .section  of  tin  ■  ntrainiin  iX  curve  of  Fig.  4  was  oh.s«'r\»'d  to  cor- 
resiKind  to  the  trailing  vort<  x  regime  and  tin  left-hand  seetion  to  the  ri'-entranl  jel 
II  gimi  .  The  measureiiieiils  reported  in  tlii.s  pais-i-  apply  only  lo  ihe  trailing  vorli  .\ 
regiiiK  fn  this  papei  li.e  point  has  Is  en  taken  as  n  pii  .si  nliag  Im  transition  |>oint 
iM'iween  the  •lulling  wiile.x  reginii  and  tin  n  ;  ill  rant  ;<•!  regj!>!-. 


r.tii  jM'iiiiiii  -4 •  1  if tt  . f 


t  4  -  Kijiu’ti  iibtain«-il  «>lh  a  1/J-i*'-  dine 
in  <lrfp  with  a  sf>4>rd  nf  IH  Ipn 


Fiiniri'  5  shows  ii  phoiouraph  of  a  ravily  with  apair 
of  irailitiK  vortli-i's  ht'hiiKt  ii.  Ttu-  apprarancr  docs  not 
ai'cord  well  with  the  Idea  oi  air  fiowlnit  alonic  a  pii'<‘:  at 
least  It  nitithi  eiiuall)  well  hi  suppuiM-d  .wi  this  evldi-nre 
that  the  iNiljbtes  ftllini;  the  tubes  are  siniply  left  behind 
in  iiii-  water. 


DISCUSSION  OF  EXPERIMENTAL  RESULTS 

The  main  results  are  presented  in  araphieal  form 
in  Fites.  6  lo  8.  where  ,  is  piuteri  aitainst  for  var- 
iousiUst  sizes  and  (or  various  model  sp"eds.  Individual 
experimental  points  art  nut  plotted:  in  (act  a  icreat 
many  observations  wer:  nude  and  Ua-se  define  the 
e.xperimental  curves  .show.i  very  rlo»'ly.  The  rlieht- 
hand  end  of  each  eurvi  in  Fiits.  6  to  i:  corresponds  to 
the  point  in  Fit;.  4  lal»  leil  A  at  which  transition  to  the 
re-enirant  jet  reieinw  occurs. 

The  results  presented  in  Flies.  6  to  8  have  already 
Is -i  n  corrected  lor  init  1  ft  reiice  effects  from  the  free 
.surfxee  and  the  efannt  I  flisir.  Te  oMain  these  cor- 
recliuns.  sets  of  measun  ns  nts  wer.-  made  in  various 
depths  of  water,  in  se'iii  cases  with  the  muriet  held  at  a 
fi.Kid  ht  iiehl  almvi  the  Isitloni  and  in  others  with  the 
n.'sti'l  h.  Id  at  a  lixed  di  pth  Is'low'  lha  fret'  surfaci'.  It 
wasliMUid  that  lor  eai  h  IssuMlary  the  effect  of  an  altera* 
tiisi  of  Usindarv  tsisili  si  wa.s  lo  nsive  the  eiiliainmeni 
eu 'VI  IsMlIly  paralli  I  to  llu  a.xis  el  Ity  an  anusint 
rle|H  iidiiii.  .SI  the  di.Maiii  e.  exjiress.  d  in  ii»sli  I  dianie- 
lers.  of  Hie  iiusi’ I  Iroiii  (he  ls>undary.  A.s  Ihi'  elfetl 
'IniiMiisl'.i  s  .'I'.iili  r.ii'idlv  aith  iiicri  ase  in  itisiu.i.  i  •' 


l‘.i;  s  l'.i\  ll>  si'll 

1  r  --  !  .4  ■ 
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Si'll  I)  I  I.'iiC 


Fi^.  6  -  Entrainment  cuefticient  versus 
>.avttatiun  number;  l/i-ia.  disc 


Fi)c  7  -  Entrainment  cueffioent  versus 
cavitaliun  number,  3/4-in.  disc 


was  found  possible  to  estimate  the  cavitation  number  for  a  ifiven  entrainmen  -oet- 
ficient  in  unbounded  flow,  and  express  the  effect  of  boundary  interference  as  the 
difference  in  cavitation  numbers,  ,,  -  The  experimental  results  arc  summarizeil 
in  Fig.  9.  This  includes  measurements  made  at  different  rates  of  entrainment,  Froude 
number,  and  Reynolds  number. 

The  boundary  effects  on  entrainment  are  presumably  associated  directly  with  the 
boundary  effects  on  the  geometrical  configuration  of  the  cavity.  Arguing  from  the 
theory  of  tunnel  boundary  effects  on  cavities  and  from  the  theory  of  entrainment  out¬ 
lined  above,  the  proximity  of  a  free  surface  might  be  expected  at  a  given  to  make 
smaller  both  the  cavity  and  the  gas  supply  required  to  maintain  it.  In  the  same  way 
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<r 


Fig.  8  -  Entrainment  coefficient  versus  cavitation  number;  1-in.  dij»c 


the  proximity  of  a  fixed  hurface  might  be  expected  to  have  the  opposite  effect.  This 
at  feast  explains  qualitatively  what  actually  occurs.  It  sliould  be  noted  in  this  con¬ 
nection  that  Uie  bottom  and  sides  of  the  channel,  being  covered  with  anti-swirl  bar¬ 
riers,  arc  a  rather  complex  shape. 

The  distance  of  the  nearest  side  wall  from  the  model  position  was  14  times  the 
diameter  of  the  largest  disc.  Noting  the  effect  of  the  bottom  at  this  distance  it  was 
considered  reasonable  to  regard  boundary  Interference  from  the  side  walls  as 
negligibly  small. 

Comparison  between  the  entrainment  curves  obtained  at  the  same  Fruude  number 
but  with  Afferent  disc  sizes  shows  that  entrainment  is  not  exclusively  a  function  of  F 
and  '.  For  example,  the  entrainment  curve  for  the  1  2-in.  disc  at  18  fps  is  roughly 
parallel  to  the  entrainment  curve  for  the  3  4- in.  disc  at  22  fps  but  is  displaced  from 
it  along  the  "axis:  these  two  cases  correspond  to  the  same  Froude  number.  The 
effect  is  small  but  seems  quite  definite. 


It  appears  that  the  entrainment  curvi-s  (for  the  twin  vorte.x  regime)  arc  bounded 
on  the  right  by  a  value  of  which  depends  only  on  v.  For  a  given  value  of  f  the 
entrainment  curves  for  the  larger  discs  lie  above  tiu)se  for  tlie  smaller  discs.  Fig¬ 
ures  10,  11,  and  12  illustrate  th<'  situation. 

Ill  Fig.  10  measurements  of  entrainment  all  at  tlie  same  are  plo  ted  against  F 
for  the  different  discs.  The  evidence  is  limited  U-cause  it  is  difficult  to  select  the 
data  necessary  for  constructing  such  a  diagram.  The  points  clearly  do  not  define  a 
single  curve  txit  show  a  systematic  trend  of  increasing  entrainment  with  increasing 
disc  size. 

Again  in  Fig.  11,  in  which  tlii'  inininium  value  of  c,  ,  capable  of  sustaining  a  cavity 
in  thi.’  twin  vortex  regime  is  givi  n  as  a  fnnetien  <«!  f  bu-  ihe  vni-ious  discs,  the  d.nia 
althoiigli  somewhat  scattiTed,  defiin  iairly  clearly,  roughly  paralU  1  curvi's.  one  for 
eactidi.se, and  the  value  of  miniiiuiiii  '  ,  ,  foragiveii  value  .if  '  iiu’Ceasi  s  .vitli increas¬ 
ing  dise  size. 
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In  Fig.  12  the  highost  valuo.s  of  at  which  a  cavity  with  the  twin  vortc.\  •■  giiiic 
can  Ih'  sustained  arc  plotted  against  F  for  the  various  discs.  It  follows  from  the 
srnrllncss  of  the  scatter  that  and  Fare  the  principal  factors  which  govern  the 
transition  condition. 

A  lew  nieasureineiits  wiTe  di'vott  d  to  a  check  on  the  possibility  that  surface 
t(  n.iion  iniulpt  afh'ct  entr.iinir.ent.  My  adding  «-iumgh  Teepol  to  the  water  to  give  an 
0.043  percent  solution,  tin  surface  tension  was  reduced  from  C2  dynes  cm  to  4.3 
dynes  cm.  i.e..l)y  34  percent.  Wlien  tin'  entrainment  curve  for  a  1  2-in.  disc  moving 
at  in  fp.s  ihrougli  this  solution  was  conipari'd  witli  the  corresponding  curve  obtained 
with  tiiieoiilaminaied  water,  no  ditlerenei'  ciiuld  Im'  distinguished. 
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Fig.  10  •  V'aritition  of  entrainment  coefficient  with 
Froude  number  fur  varioun  diec  Hi/.cs;  cavitation 
number.  0.0o4 
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Fig.  11  •  Variation  ufniMiimiim  (obtainable  entrainment 
coefficient  with  Froude  number 
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Accordingly  it  seems  unlikely  that  the  parameters,  other  than  K  and  ,  on  which 
r,  I  depends  include  the  Welx.'r  number.  The  effects  which  we  have  described  may 
possibly  Ix'  Reynolds  number  effects;  since  the  visi’osity  has  not  been  varied,  how¬ 
ever,  it  is  impo.ssible  to  a-ssert  that  this  is  the  case. 

The  condition  for  transition  from  one  flow  regiir.e  to  the  other  is  e.\,remely 
important.  Once  the  trailing  vorle.\  regime  takes  over,  the  entrainment  rate  can  rise 
e.xc.'edingly  rapidly.  It  is  of  inter<'St  to  note  from  Fig.  12  that  thetransition  condition 
is  quite  well  approximated  by  the  n'ctangular  hyperljola  I'  =  1. 

Finally  we  i-ompare  the  experimental  results  with  the  theoretical  predictions. 
In  addition  to  the  experimentally  determined  curves.  Figs,  C  to  R  show  also  some 
corresponding  theoretical  curves.  These  have  Ix'i'ii  derived  from  Eq.  (2)  using 
Reii  hardt'.s  values  ol  I  as  a  function  of  .  It  will  1m-  observed  that  the  theory 
.leeounts  for  the  tneasurenient"-  in  broad  outline. 
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The  cases  where  the  measured  value  of  lies  below  the  value  given  by  Eq.  (2) 
are  cases  which  would  involve  values  of  v„  less  than  1  in  the  model  of  Cox  and 
Clayden.  It  is  for  this  reason  that  we  regard  the  theory  of  Cox  and  Clayden  as  not 
applicable  in  our  range  of  experimental  conditions.  The  model  of  Cox  ajid  Clayden 
may,  of  course,  be  applicable  and  our  modified  version  not  applicable  at  higher 
entrainment  rates. 

The  fact  that  the  experimental  results  are  broadly  described  by  a  theory  which 
predicts  dependence  only  on  F  and  naturally  confirms  that  these  are  mdeed  the  main 
parameters  on  which  the  entrainment  depends. 
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NOMENCLATURE 

.1  =  diameter  of  vortex  cores 

(■^,1  =  air  entrainment  coefficient  based  on  disc  diameter  =  Q  v„<l^ 

I  =  disc  diameter 
•  l„  =  maximum  diameter  of  cavity 
F  =  Froude  r. umber  based  on  disc  diameter  =  v„  fu.ii’  ^ 
u  =  acceleration  c'ue  to  gravity 
ii  -  hydrostatic  head  of  water 
=  length  of  cavity 
p,,  =  free  .stream  pressure 
P  =  cavity  pressure 

n  -  volume  of  air  at  (  avity  pressure  entrained  per  seconci 
'!(  =  transverse  velocity  at  periphery  of  vortex  core 
=  free  sti’cam  velocity 

=  mean  air  velocity  in  vortex  cores  in  the  theoretical  model  of  Cox  and 
Clayden 

=  circulation  round  vortex  tulx-s 

=  equivalent  friction  c(X'fficient  for  air  flow  in  vortex  tubes  in  the  theoretical 
model  of  Cox  and  Clayden 

=  den.sity  of  wall  r 

.=  cavitation  nuinbei  v_- 
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DISCUSSION 


W.  A.  Clayden  (Armament  Research  and  Development  Establishment) 

It  was  our  experience  also  that  for  low  values  of  (q,,  (say  less  than  0.5)  the 
vortex  tubes  degenerated  into  trails  of  bubbles  and  it  is  presumably  a  consequence  of 
the  bubble  formation  that  there  are  no  effects  of  the  hydrostatic  pressure  gradient 
along  the  vortex  tubes.  For  a  steady  flow  pattern  to  be  maintained  similar  to  that 
shown  in  the  author's  Fig.  6,  the  rate  at  which  the  bubbles  entrain  air  must  be  equal 
to  the  rate  at  which  the  vortex  tubes  are  laid  down.  For  large  air  entrainment  rates, 
however,  fully  formed  tubes  exist  for  some  distance  behind  the  cavity.  In  general, 
'  m  ’’n  unity  and  in  our  experiments  values  up  to  5  were  measured. 

it  is  perhaps  worth  pointing  out  that  if  these  data  are  used  to  predict  the  trajec¬ 
tory  of  a  missile,  the  air  entrainment  rate  will  be  modified,  since  the  circulation 
around  ti  cavity  which  produces  the  vortices  is  proportional  to  ro..  ,  where  is  the 
angle  between  the  longitudinal  axis  of  the  cavity  and  the  horizontal,  and  also  depends 
upon  the  lift  force. 


K.  L.  Wadlin  f National  Advisory  Committee  for  Aeronautics) 

The  authors  certainly  have  arrived  at  a  simple  relationship  for  the  ease  they 
i.onsidcrcd,  that  is,  where  the  cavity  walls  are  not  tui'bulcnt.  It  would  be  interesting 
to  know  if  the  case  w.here  the  cavity  walls  are  turbulent  has  been  considered  by  them. 
Tins  i.s  of  interest  since  there  is  a  significant  difference  between  the  character  of 
ti  e  ca\  ily  surface  shown  in  the  photograph  and  thatwhich  we  experience  at  theNACA. 
Till  pnoLograph  indicates  very  smooth  flow  along  the  cavity  boundaries  by  virtue  of 
the  glassy  clearness  of  the  cavity.  Our  experience,  at  somewhat  higl  .r  speeds,  has 
been  that  the  cavity  boundary .  except  lor  an  extremely  small  distance  near  its  origin, 
is  opaque,  indicating  turbulence.  Tins  is  iiue  with  and  without  gas  being  Injected  into 
the  cavity.  This  may  mean  lliat  at  low  Reynolds  numbers  the  cavity  walls  do  not 
entra.'n  t.he  gas  but  only  the  turbulent  trailing  vortices,  while  at  'lie  higher  Reynol  is 
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Ini  I. it rd  f  .i\  it ii 


liu PiiIk- r 3  the-  CIi\‘ity  Wallta  Wuulu  be*  a  lai^e*  faelui  ill  tliv  flitrilinmi'llt  protICaG.  It 
sL'fiiis  ilial  thi'  niclhud  of  diiaiysis  usoti  litre  iiiii>h(  bt  txltiidi  d  lo  Handle  ihis  cast 
also. 


1.  J.  Campbell  and  D.  V.  Hilborne 

Mr.  Clayden's  remarks  imply  that,  oven  when  the  trailing  vortex  regime  hold- 
sway,  there  are  still  two  possible  situations.  In  the  one  situation,  at  relatively  low 
airflows,  the  air-filled  vortex  tubes  break  up  into  bubbles  and  this  is  the  situation  in 
our  experiments.  In  the  other  situation,  at  high  entrainment  rates,  fully  formed  tubes 
exist  for  some  distance  behind  the  cavity  anu  that  situation  was  realized  in  the  exper¬ 
iments  of  Cox  and  Clayden.  We  agree  with  this  suggestion. 

We  agree  ton  with  Mr.  Clayden's  remark  that  the  air  entrainment  rate  must  be 
modified  when  the  direction  of  motion  is  no  longer  normal  to  the  direction  of  gravity 
and  must  depend  also  on  the  lift  force.  Appropriate  e.\periments  would  be  Interesting. 

With  regard  to  Mr.  Wadlin's  comments  it  has  been  our  experience  that  clear 
cavities  are  associated  with  the  trailing  vortex  regime.  The  only  opatpie  cavities 
which  we  have  encountered  have  been  associated  with  the  re-entrant  jet  regime:  in 
these  circumstances  the*  wall  roughness  arises  from  the  re-entrant  jet  splashing  onto 
the  cavity  wall.  What  happens  in  the  re-entrant  jet  regime  is  outside  the  compass  of 
the  present  paper.  Light  might  be  thrown  on  the  point  which  Mr.  Wadlin  has  raised 
by  experiments  with  roughened  discs  behind  which  cavities  in  the  trailing  vortex 
regime  are  produced. 

The  authors  wish  to  thank  Mr.  Clayden  and  Mr.  Wadlin  for  their  written  con¬ 
tributions. 
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This  little  paper  is  an  attempt  to  answer  lh->  question  as  to  the  efficiency  of  a 
supercavitating  propeller,  that  is,  of  a  propeller  which  is  intentionally  designed  for 
full  cavity  flow  with  free  streamline^  from  the  leading  and  trailing  edges  of  the  sec¬ 
tions.  This  question  arose  from  time  to  time  during  my  stay  at  the  David  Taylor 
Model  Basin  (OTMB)  in  relation  with  the  propulsion  of  fast  ships.  One  advantage  of 
su."b  propellers  was  immediately  seen  in  reduction  of  erosion  and  there  were  also 
some  indications  Jiat  Use  noise  charactcristic.smighf  lx  improved  with  supercavitating 
propellers.  An  open  question  that  remained  was  the  magnitude  of  the  efficiency  of 
such  a  propeller.  It  Is  well  known  that  the  efficiency  of  a  conventional  propeller,  l.e., 
cf  a  propeller  designed  for  operation  near  the  limit  of  onset  of  cavitation,  decreases 
for  fully  developed  cavitation.  This  reduction  becomes,  in  general,  greater  the 
smaller  the  cavitation  number  is.  The  question  we  were  mainly  confronted  with  was, 
therefore,  whether  or  not  the  efficiency  of  a  propeller  which  is  intentionally  designed 
for  supercavitating  conditions  might  bi-  greater  than  that  of  a  conventional  propeller. 
It  might  be  said  beforehand  that  the  prospect  for  a  supercavitating  propeller  was 
unfavorable  on  account  of  those  theoretical  considerations  which  could  be  made 
before  the  papers  by  Tulin  (1)  and  Wu  (2)  on  the  free  streamline  theory  of  fully 
cavitating  hydrofoils  were  available.  However,  this  situation  became  different  when 
results  from  the  papers  just  cited  were  applied  to  the  propeller  flow.  Tiiese  results 
have  made  possible  a  successful  solution  of  this  particular  propeller  problem  under 
consideration. 

In  the  loUowing  contrilxition  I  wi.sh  first  to  outline  briefly  the  statements  on  the 
cfficiencyof  a  fully  cavitating  propeller  which  were  possible  prior  to  Tulin's  and  Wu's 
work  and  then  give  a  few  results  when  their  findings  are  applied  on  fully  cavitating 
sections  to  a  propeller. 

The  older  papers  are  connected  with  the  names  of  Posdunine  and  Baein.  BeU. 
and  Walchner.  Of  those  the  first  two  are  of  Russian  origin.  These  two  papers  are 
related  since  the  problem  is  treated  in  both  of  them  by  means  of  methods  of  momen¬ 
tum  theory.  To  characterize  the  application  of  this  method  to  our  problem  we  will 
restrict  ourselves  to  tlie  paper  by  tiaeir.,  v'hich  is  the  more  complete  oni'  (3).  In  this 
paper  a  flow  model  of  a  cavitating  propeller  is  assumed  corresponding  to  Fig.  1. 

The  essential  feature  of  this  model  is  that  the  density  of  the  fluid  Ix'hind  the 
screw  is  assumed  smaller  than  the  density  ,  in  front  of  the  s'Tcw.  On  account 
of  the  sudden  change  of  the  densityat  the  disc  nut  only  the  pressure- but  also*'  .  .speed 
will  change  abruptly  at  the  di.se.  The  re.sult.s  wliieh  are  obtained  for  this  model  when 
applying  the  laws  of  energy,  euniiiiuay.  anel  iiiuuieiituin  an  Ibleresling.  For  iiislunee. 
when  .such  a  flow  is  re-alized.  a  positive  ihiust  mighl  generati-d  uiuh  r  i-ertair. 
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conditions  with  a  lu'nativr  pressure  jump  at  the  dis  ’.  For  the  cfficieney  i.e.,  the 
efficiency  in  nonviseous  flow,  it  follows  that 


where  c^.  T  ;  'I'pC,-  is  the  thrust  loading  eot'fflcient.  It  should  be  noted  that  this 

expression  ehaiu;es  over  into  that  given  by  the  Froude-Rankine  theory  if  • 
/urtherii  is  seen  that  ^  decreases  if  ,  increases  and  that  f,|  ->  (i  if  „  i  »  • 

The  answer  of  this  theory  to  our  problems  is  incomplete  for  two  reasons.  It  is 
firstly  not  possible  to  establish  a  relation  Ixitween  „  j  and  the  cavitation  number  . 
However,  one  might  guess  that  the  ratio  ,,  ,  becomes  great  if  the  cavitation  number 

becomes  small.  One  would  then  conclude  that  the  efficiency  becomes  small  If  the 
cavitation  number  is  small  and  goes  probably  to  zero  if  goes  to  zero.  There  are, 
further,  no  indications  that  a  supcrcavitating  propeller  as  defined  at  the  beginning 
Ixihaves  differently  from  a  conventional  propeller.  However,  such  indications  might 
not  be  expected  from  momentum  theory  iKwaus  ■  of  the  inherent  assumptions  on  the 
geometry  rf  the  propeller  common  to  all  momentum  theories. 

It  is  therefore  necessary  to  consider  a  supcrcavitating  propeller  from  the  point 
of  view  01  airfoil  theory  which  requires  the  polar  curves  of  supcrcavitating  sections 
to  be  knowti.  An  appro.ximate  theory  for  the  lift  and  drag  as  functions  of  the  cavitation 
numlK'r  and  the  angle  of  attack  is  developed  in  the  aforementioned  paper  by 
Betz  (4).  He  starts  out  from  the  free  streamline  flow  of  a  flat  plate  according  to 
Helmholtz  and  Kirchhoff.  From  this  theory  the  lift  coefficient  is  approximated  by 
< ,  2,  which  is  only  1  4  the  lift  in  the  usual  flow  without  free  streamlines.  In  a 

cavitating  flow,  the  lift  is  greater,  .since  the  pressure  of  the  fluid  between  the  free 
streamlines  is  assumed  in  the  theory  by  Helmholtz  and  Kirchhoff  to  equal  the  pres¬ 
sure  of  the  undisturbed  flow,  i>,,.  When  the  free  streamlines  form  the  boundary  of  r. 
cavity  the  pressuri'  is  smaller  than  p,,  and  equals  the  cavity  pressure.  From  this 
follows  an  additional  lift  of  order  so  that 


Then  the  pressure  drag  eoeffii  ient  for  a  flat  plate  is 


Pa 


V' 


■p, - - A- 
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and  the  total  drag  coefficient  is 

I  '  )  •  r  , 

P 

where  is  the  frictional  resistance  coefficient 
of  the  pressure  side  of  the  plate.  Further,  the 
drag  lift  ratio  i.s  represented  by 


Withlliese  relations  for  a  fully  cavitatingplate, 
one  is  abli'  to  estimate  the  efficiency  of  a  fully 
caviiating  projjeiii’r.  It  follows  from  propeller 
tiu'tiry  that  Hie  efficiency  is 
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n^Ik'I'c  I  rt.'prL'Si.'ms  Uiu  Iossl's  wliicii  arisu  {I'om  Ukj  kinetic  ciici  j^y  of  the  slipstream 
Hi'd  .  those  from  the  drag  of  the  sections.  The  first  factor  is  for  optimum  propellers 
a  known  function  of  number  of  blades,  advance  coefflciont,  and  loading  coefficient. 
Tlic  second  factor  may  be  written 


where  is  the  effective  moan  of  the  drag,  iift  coefficients  of  the  sections  and  -j  j. 

Comparison  of  the  efficiency  of  two  propellers,  both  designed  for  the  same  con¬ 
ditions,  the  one  as  a  conventional  propeller  at  the  limit  of  onset  of  cavitation  and  the 
other  one  as  a  supercavitating  propeller,  amounts  essentially  to  a  comparison  of  .. 
For  the  propeller  of  an  MTB  (motor  torpedo  boat)  of  43.5  knots  the  conventional 
design  gave  the  following  results:  ;  =  0.84,  -  =  0.080,  ■  j  =  0.444,  ■,  =  0.837,  and 
=  0.703.  Designing  this  propeller  for  equal  conditions  as  a  supercavltatlngpropeller 
on  a  basis  of  Betz's  theory,  one  obtains  ■  =  0.125  and  ■.  -  0.745.  These  latter  figures 
depend  somcwliat  on  th-  choice  of  the  lift  coefficients  and  ..lay  be  considered  as  an 
order  of  magnitude.  ..  s  means  then  a  loss  of  efficiency  for  the  supercavitating 
design  of  about  12  percent.  Since  numerous  other  numerical  results  were  in  about 
the  same  range,  one  is  led  to  conclude  that  a  supercavitating  propeller  is,  in  general, 
conni'ctec!  witti  an  appreciable  loss  of  power  input. 

This  conclusion,  depends,  of  course,  to  a  great  deal  on  the  accuracy  of  Betz's 
theory  of  fully  cavltatlng  hydrofoils.  However,  there  was  not  much  reason  to  consider 
this  theory  inadequate  since  tests  by  Walchner  showed  satisfactory  agreement. 
Walchner  conducted  cavitation  tests  on  series  of  both  ogival  (5)  and  modified  ogival 
sections  (G).  The  modified  section.s  had  a  circular-arc  suction  surface  and  a  flat 
pressure  surface  with  rounded  leading  and  trailing  edges.  With  these  modified 
sections  the  measurements  have  been  recently  repeated  by  Kermeen  (7).  His  results 
for  cavitating  flow  show  poor  agreement  with  those  obtained  by  Walchner.  There  was 
in  general  more  cavitation  in  Kermeen's  tests  at  all  cavitation  numbers,  so  that  the 
loss  in  lift  in  the  latter  tests  is  greater  for  the  same  cavitation  number.  The  dif¬ 
ference  in  forces  amounts  to  a  change 
in  cavitation  number  of  about  0.1. 

Because  of  these  discrepancies 
between  the  experimental  results,  the 
approximations  by  Betz  do  not  appear 
sufficient  for  a  general  application. 

The  same  conclusion  is  reached 
by  the  work  of  Tulin  and  Wu.  It  is  not 
the  purpose  of  thispaperto  enter  into 
these  theories;  only  a  few  numerical 
results  which  are  of  interest  for  the 
propeller  design  will  be  given  here, 
in  Fig.  2  the  pressure  drag  lift  coef¬ 
ficient  is  shown  as  a  function  ol  thi’ 
lift  coeflicient  f('r  Ixith  the  flat  plate 
and  a  circular-arc  plate  as  follow 
Irom  Wu's  theory  (8).  The  figure  is 
re.slricted  to  liie  limit  -0.  For  this 
liniil  the  result  for  the  flat  plate 
passes  over  into  tliat  from  Haleigli'.s 
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tln'ory  of  llv'  oblique  lamina.  The 
figure  shows  clearly  the  consider¬ 
able  effeel  of  the  section  camber 
on  the  drag/  lift  coefficient  in  fuliy 
cavitating flow.  Fora  comparison, 
the  result  of  Betz's  appro.ximatlons 
is  included.  It  is  seen  that  there 
is  satisfactory  agreement  only  for 
small  angles  of  attack  of  a  flat 
plate.  This  is  to  be  expected, 
whereas  the  effect  of  camber  does 
not  follow  from  the  anproximation 
because  of  the  inherent  assump¬ 
tions. 

It  is  this  latter  effect,  which 
has  made  it  possible  to  successfully 
design  a  supercavilaliiig  propeller. 
Taking  the  same  example  of  the 
MTB  propeller  as  before  and  calculating  the  efficiency  for  equal  values  of  both  local 
lift  coefficient  and  local  cavitation  number,  one  obtains  for  fully  cavitating  circular- 
arc  plates  a  mean  effective  drag,  lilt  ratio  =  0.055  and  correspondingly  • .  =  0.87. 
As  compared  to  the  conventional  propeller  the  supercavitating  propeller  designed 
•■roni  circular  arc  plates  shows  in  this  particular  case  a  gain  in  efficiency  of  about 
4  pet  cent. 

The  effect  of  the  camber  of  fully  cavitating  sections  on  the  propeller  efficiency 
is  shown  in  a  more  general  way  on  Fig.  3  (9).  On  the  left  side  of  the  diagram,  the 
('fficiency  of  3-bladed  propellers  is  represented  for  flat  plate  sections,  on  the  right 
side  for  circular  sections  as  function  of  the  advance  coefficient  and  the  thrust  loading 
coefficient.  To  simplify,  the  limiting  case  ^  0  has  been  considered  and  also  the  lift 
coefficient  has  been  assumed  to  equal  0.3.  Similar  diagrams  have  been  calculated  for 
different  lift  coefficients.  Because  of  the  first  assumption,  viz,,  -  0  the  diagram 
gives  the  lower  limit  of  the  propeller  efficiency  which  maybe  obtained  under  extreme 
conditions  of  cavitation.  For  cambered  sections  this  limit  is  considerably  greater 
than  was  formerly  expected.  As  a  consequence  I  think  I  am  right  in  saying  that  the 
possibility  is  indicated  for  efficient  propulsion  of  naval  vessels  at  unlimited  speed  by 
means  of  a  screw  propeller. 

Since  these  numerical  results  on  the  propeller  efficiency  depend  on  an  e.'?)eri- 
mental  verification  of  the  free  streamline  theories  of  fully  cavitating  sections,  the 
papers  by  Parkin  (10)  and  by  Watd  and  Lindberg  (11)  are  of  great  interest.  In  the 
first  paper  a  flat  plate  and  a  circular-arc  section  are  tested;  in  the  second  one  a 
curved  wedge-shaped  section  designed  for  full  cavity  operation  by  DTMB  on  the  basis 
of  Tulin's  theory.  Li  both  of  theje  investigations  good  agreement  between  the  exneri- 
menial  and  theoretical  lift  coefficients  is  found.  The  drag  coefficients  as  measured 
in  the  Intter  paper,  however,  differ  if  0.2  and  :  •  5  .  Although  the  drag  lift  ratio 
and  its  I’-end  are  affected  by  the  discrepancies,  there  is  fairly  satisfactory  agreement 
for  fuil  cavity  flow  if  (h  -  avitation  numbt'r  is  less  than  0.2.  This  covers  the  range 
of  cavitation  numbers  which  is  of  interest  for  high-speed  propeiters.  It  should  Ix' 
mentioned  that  the  discrepancies  are  not  considered  imperfections  of  th»'  theoretical 
work  but  are  attributed  either  to  tunnel  wall  effect  or  to  an  incomp. etc'  evaluation  of 
the  theory. 

The  afore.stated  results  for  the  eilicieiicy  of  fully  cavitating  propellers,  designed 
from  proper  low-drag  .sections,  made  if  worth  while  to  enter  into  the  problem  of 
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(tfvi'lopini;  such  |jri);’''ll'-TS.  When  this  decision  was  made,  the  method  of  propeller 
design  on  a  l)asiB  of  circulation  theory  was  well  advanced  at  DTMB.  This  method  has 
been  applied  to  fully  cavitatinu  propellers.  WTthout  ^olng  into  details  I  only  wish  to 
mention  that  cirtulalion  theory  has  reliably  worked  also  in  this  ease.  Many  difficulties 
rro.se  from  the  necessity  to  satisfy  both  hydrodynamic  and  strength  conditions.  Since 
most  of  the  work  to  overcome  these  difficulties  has  been  done  after  I  had  left  DTMB, 
I  hope  that  Mr.  Tachmindji  and  Mr.  Morgan  are  going  to  report  in  their  paper  on  the 
further  progress  on  thi.s  problem. 


REFERENCES 

1.  Tulin,  M.,  "Supercavitating  Flow  Past  Foils  and  Struts,'*  Symposium  on  Cavitation 
in  Hydrodynamics,  National  Physical  Laboratory.  Teddington,  England,  1955 

2.  Wu,  T.Y.,  "A  Free  Streamline  Theory  for  2-Oimcnsional  Fully  Cavitated  Hydro¬ 
foils,"  California  Institute  of  Technology  Report  21-17,  1955 

3.  Baein,  A.N.,  "A  Contribution  to  the  Theory  of  the  Ideal  Cavitating  Screw  Propel¬ 
ler,"  Doklady  Akad.  Nauk  SSSR  49:8  (1945) 

4.  Betz,  A.,  "Effect  of  Cavitation  on  the  Power  Input  of  Ship  Propellers,"  Proceed¬ 
ings  of  the  Third  International  Congress  for  Applied  Mechanics,  Vol.  1,  Stockholm, 
1930 

5.  Walchner,  O.,  "Measurements  on  Cavitating  Profiles,"  Hydromechanischc 
Probleme  d^s  Schiffsantriebes,  Hamburg,  1932 

6.  Walchner,  O.,  Report  der  Aerodynamischtn  Versuchsanstalt,  Gottingen,  1934 

7.  Kermcen,  R.W.,  "Water  Tunnel  Tests  of  NACA  4412  and  Walchner  Profile  7 
Hydrofoils  in  Noncavitating  and  Cavitating  Flow,"  California  Institute  of  Tech¬ 
nology  Report  47-5,  1956 

8.  Wu,  T.Y.,  and  Perry,  B.,  "Comparison  of  the  Characteristics  of  aHydrofoil  under 
Cavitating  and  Noncavitating  Operation,"  California  Institute  of  Technology  Report 
47-4,  1955 

9.  Lerbs,H.,and  Alef.  W.,"The  Limits  of  Efficiencyof  Fully  Cavitated  Propellers," 
Schiffstechnik,  Vol.  4,  1957 

10.  Parkin,  B.R.,  "Experiments  on  Circular  Arc  and  Flat  Plate  Hydrofoils  in  Non- 
'■avitatlng  and  Full  Cavity  Flow,"Calitornia  Institute  of  Technology  Report  47-6, 

1956 

11.  Waid,  R.L.,  and  Lindberg,  /,.M.,  "Experimental  and  Theoretical  Investigations 
of  a  Supercavitating  Hydrofoil."  California  In.stitute  of  Technology  Report  47-8, 

1957 


*  * 


*  *  * 


EDITOR'S  NOTE: 

The  Symposium  discussion  of  Dr.  l-erb's  paper  was  deferred  until  the  next  paper 
on  the  same  subject  had  been  read.  The  Joint  discussion  appears  after  the  next  paper 
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^  ^ 

This  paper  oulhiu's  the  prot  etlure  \^hu•h  has  been  flevt  loperi  for  the 
(lesion  of  supe  rcavitatin^'  propellers  aiul  the  possible  ran^re  of  apphea* 
tiun  in  v^hich  such  propellers  can  be  iise<i.  This  fiesi^n  method  has  been 
used  to  pr«‘fjut  the  p<' rfonnance  characteristics  of  a  senes  of  s'lper- 
cavitatinji  propt  llefs  aiul  compareEl  with  specific  experimental  results. 


INTRODUCTION 

The  tendency  toward  increaaiiie  speeds  is  continuously  imposing  design  limita* 
tions  on  conventional  propellers  and  is  providing  the  impetus  for  new  types  of  pro* 
pulsion  devices  which  operate  satisfactorily  at  high  speeds.  A  number  of  propulsion 
mechanisms  (pumpjets,  shrouded  propellers)  have  be<»i  investigated  with  the  purpose 
of  delaying  the  inception  of  cavitation  and  its  associated  effects  of  erosion  and  per* 
formance  breakdown.  It  becomes  apparent,  however,  that  for  very  high  speeds  (50 
knots  and  above)  suppression  of  cavitation  becomes  impossible  and  it  is  then  neces* 
sary  to  investigate  propellers  which  are  designed  to  operate  at  low  cavitation  numbers. 

Operation  in  this  speed  range  results  in  the  back  or  suction  side  of  the  blade 
sections  being  completely  enclosed  within  a  vapor  cavity  which  originates  at  the 
leading  edge  of  the  blade  and  extends  beyond  the  trailing  edge.  Propellers  exhibiting 
this  type  of  flow  configuration  are  usually  known  as  supercavitating  propellers.  It 
should  be  noted  that  supercavitating  propellers  operate  completely  submerged  and 
are  to  be  distinguished  from  conventional  speedboat  propellers  which  are  only  par* 
tially  submerged. 

It  is  the  purpose  of  this  paper  to  outline  the  pr  jredure  which  has  been  developed 
for  the  design  of  supercavitating  (SC)  propellers  and  indicate  the  possible  range  of 
application  in  which  such  propellers  can  be  used.  Certain  criteria,  which  have  been 
derived  from  experimental  information,  indicate  the  operating  conditions  at  which 
these  propellers  can  be  efficiently  applied.  F^ii'thermore.  owing  to  the  somewhat 
lengthy  design  calculations  and  for  the  purposes  of  initial  estimates  it  has  been 
deemed  desirable  to  investigate  on  a  theoretical  basis  the  performance  characteris¬ 
tics  of  a  series  of  supercavitating  prcjiellers.  These  results  can  then  lie  compared 
w  ith  experimental  results  of  specific  propellers  in  order  to  indicate  the  accuracy  and 
u;=efuiness  of  this  series. 
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DESIGN  CONSIDERAIIONS 
Range  of  Application 

The  initial  decision  which  has  lu  be  maae  is  whetlicr  a  conventional nomsavltiitlng 
ora  supercavitating  propeller  is  the  most  desirable  for  specific  operating  conditions; 
For  conventional  propellers  it  is  desirable  to  have  no  cavitation  on  ttw  blades,  a  con¬ 
dition  which  is  impossible  beyond  a  certain  operating  speed.  In  the  case  of  K  pro¬ 
pellers  the  vapor  cavity  which  originates  at  the  leading  edge  of  the  blade  should 
collapse  beyond  the  trailing  edge  in  order  to  prevent  erosion  of  the  Uades.  Experi¬ 
mental  results  have  indicated  (1)  that  in  order  to  have  satisfactory  supercavitating 
operation,  the  cavitation  number*  of  the  blade  section  at  0.7  of  the  propeller  radius, 
should  be  less  than  0.045;  and  if  the  propeller  operates  at  moderate  meeds  (35  to  SO 
knots),  this  requires  a  high  rotational  speed.  The  high  rotational  qieed,  however, 
will  result  in  an  inherently  low  pitch  and  a  correspondingly  low  propeller  efficiency. 

Based  on  the  foregoing  considerations  it  has  been  possible  to  derive  a  diagram, 
shown  in  Fig.  1,  which  indicates  the  areas  in  which  SC  propellers  become  practical. 
This  diagram  has  H  v^^  (which  is  proportional  to  the  propeller  cavitation  index)  plotted 
versus  the  speed  coefficient  J,  where 


and 


J 


kD 


(1) 


D  -  propeller  diameter 

H  =  absolute  pressure  at  the  shaft  centerline  minus  the  cavity  pressure  (in 
feet  of  water) 

II  s  revolutions  per  unit  time 
v„  =  speed  of  advance 
v^  s  speed  of  advance  in  knots. 


/  .i;.  J  -c.hiirt  pr;4v»u  al  rippUt  at lun  of 
‘.lipiTi  .ivu.'ttmy  propellers 
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In  this  lip^ure  the  marginal  region  (II)  above  a  J  ol  0.6  is  a  region  of  operation  in 
which  partial  cavitation  will  probably  occur  on  both  cunventlunal  and  SC  propellers. 
This  same  region  below  a  i  of  0.6  indicates  an  area  in  which  the  propeller  efficiency 
will  be  low  and  should  be  avoided  if  at  alt  possible. 

Study  of  this  diagram  will  indicate  that  the  speed  of  advance  at  which  super- 
cavitating  propellers  become  practical  is  relatively  high.  Further  work  has  shown, 
however,  that  it  is  possible  to  decrease  the  speed  of  application  by  artificially 
increasing  the  cavity  pressure,  thus  effectively  decreasing  the  section  cavitation 
number.  This  is  achieved  by  providing  an  air  passage  from  the  back  of  the  blade 
through  which  air  can  be  sucked  or  injected.  Such  propellers  are  presently  known 
as  ventilated  or  force-ventilated  propellers.  For  a  certain  caviiation  index,  how¬ 
ever,  it  is  immaterial  whether  the  cavity  is  a  vapor  or  an  air-cavity  and  the  design 
considerations  which  are  outlined  in  this  paper  are  expected  to  hold  equally  well  in 
the  cases  ol  ventilated  propellers.  The  range  of  application  for  these  pr(q)ellers  is 
then  only  limited  by  the  resulting  pressure  which  can  be  obtained  in  the  cavity  and 
Uie  operating  depth  of  the  propeller. 


Choice  of  Design  Parameters 

The  design  of  a  SC  propeller  for  a  given  set  of  design  parameters  leads  to  a 
rather  complex  investigation  and  usually  results  from  a  compromise  between  the 
hydrodynamic  considerations,  the  acceptable  stress  limits  and  the  practical  limita¬ 
tions  on  propeller  diameter. 

The  first  problem  considered  in  connection  with  the  design  of  the  propeller  is 
determining  the  optimum  diameter-rpm  relationship.  An  estimate  of  this  relation¬ 
ship  can  be  obtained  from  the  performance  curves  which  are  presented  in  this  paper. 

A  problem  of  equal  importance  with  the  diameter  and  rpm  is  the  selection  of  the 
number  of  blades.  The  choice  should  be  made  primarily  on  the  basis  of  blade  stress 
and  vibration.  If  possible,  the  number  of  blades  should  be  chosen  so  that  the  blade 
frequency  forces  do  not  cause  resonance  with  any  natural  frequencies  of  the  ship. 
As  far  as  stress  is  concerned  (see  Ajqsendix  A)  an  individual  investigation  may  be 
necessary  in  each  case.  Decreasing  the  number  of  blades  will  result  in  an  increase 
in  loading,  section  lift,  and  hence  section  thickness.  The  resultant  stress  may  be 
either  larger  or  smaller  depending  on  whether  the  increase  in  loading  or  thickness 
predominate. 

For  SC  propellers  tlic  hub  diameter  may  be  used,  within  certain  limits,  to  effec¬ 
tively  reduce  the  blade  stress.  An  increase  in  hub  size  will  result  in  an  increase  in 
blade  loading,  but  a  decrease  in  bending  moment.  Since  the  thickness  is  a  function 
of  blade  loading,  this  increase  in  loading  will  result  in  an  Incre;  le  in  thickness  and 
a  decrease,  up  to  a  certain  limit,  in  stress.  Therefore,  the  changes  in  both  moment 
and  loading  will  result  in  a  decrease  in  stress.  However,  the  hub  size  should  not  be 
increased  to  the  point  where  it  materially  affects  the  propeller  efficiency. 

Other  design  parameters  such  as  blade  chord  and  section  angle  of  attack  are 
also  governed  by  both  the  hydrodynamic  performance  and  the  structural  character¬ 
istics  uf  the  propeller  and  must  be  investigated  for  a  best  compromise. 


Sections 

A  critical  feature  of  the  design  is  governed  by  the  choice  of  sections  which  are 
selected  to  operate  in  t.he  supercavitating  range.  The  work  done  by  Tulin  (2,3)  in 
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determining  the  charreteristlcs  of  an  optimum  section  within  a  series  of  similar 
.shapes,  has  been  the  foundation  for  predicting  the  characteristics  of  SC  propellers. 
The  results  of  this  work  coupled  with  the  experimental  investigations  of  the  shapes 
of  these  sections  (4,5)  have  provided  information  extremely  useful  to  the  designer. 

The  work  of  a  number  of  investigators  such  as  Wu  (6),  Hug  (7),  Cohrn  (8), 
Johnson  (9,10),  and  others  have  also  been  used  in  the  prediction  of  section  charac¬ 
teristics.  Their  results,  however,  are  essentially  similar  with  Tulin's  results  within 
the  limits  of  the  basic  assumptions.  This  two-dimensional  work  hasfurnished  design 
criteria  regarding  angle  of  attack,  optimum  lift  coefficient,  and  expected  drag/lift 
ratios  which  are  extensively  used  in  the  prediction  of  SC  propeller  performance. 
These  design  considerations  are  outlined  in  the  parts  of  this  paper  describing  the 
design  procedure. 


DESIGN  THEORY 

In  principle  the  operation  of  •he  SC  propeller  differs  from  a  noncavitating  pro¬ 
peller  only  in  the  type  of  sections  used.  Hence,  the  circulation,  or  lifting-line,  theory 
applies  equally  well  to  these  propellers. 

Two  general  methods  of  approach  can  be  considered.  The  first,  developed  by 
Goldstein  (11)  and  extended  by  Tachmindji  (12),  deals  with  the  optimum  lightly -loaded 
propeller  with  a  finite  number  of  blades,  and  the  second,  developed  by  Lerbs  (13), 
determines  the  circulation  distribution  for  moderately -loaded  propellers  in  which 
the  condition  of  normality  in  not  necessarily  assumed.  Comparison  of  the  two  meth¬ 
ods  has  siiown  (14)  that  for  the  range  and  load  distributions  normally  encountered  in 
propeller  designs,  the  differences  between  the  two  are  small.  Design  calculations  in 
the  case  of  SC  propellers  have  been  made  using  both  methods.  These  calculations 
have  indicated  that  the  circulation  distribution  factors  and  the  induction  factors  give 
essentially  the  same  result. 

Based  on  these  two  basic  approaches,  a  number  of  calculations  have  been  made 
(15-18)  which  give  information  directly  usable  by  the  designer.  From  the  theory  of 
the  optimum  propeller,  tlie  ideal  efficiency  {  ^)  has  been  computed  (19,20)  and  can 
be  used  in  the  case  of  nonoptimuni  propellers  an  a  first  estimate  for  the  hydrody¬ 
namic  pitch  angle  (  |). 

Theforegoingdiscussion  on  propeller  theory  has  been  restricted  to  a  blade  which 
has  been  replaced  by  a  lifting  line  operating  in  a  nonviscous  fluid.  In  applying  this 
theory  to  propeller  design,  the  lifting-line  considerations  have  to  be  expanded  to 
include  lifting  surface  and  viscous  effects.  Ludwieg  and  Ginzel  (21)  have  examined 
the  curvature  of  the  flow  at  the  midpoint  of  each  section  and  obtained  corrections  to 
the  section  camber.  Lerbs  (22)  has  determined  an  additional  correction  in  the  form 
of  an  angle  of  attack  due  to  change  in  curvature  over  the  section  chord. 

The  viscous  corrections  for  supcrcavitating  sections  and  their  effect  on  the  ideal 
efficiency  have  been  derived  by  Morgan  (23). 


DESIGN  PROCEDURE 

Once  the  propeller  diameter,  rpni,  and  hub  size  have  been  determined,  the  pro¬ 
peller  can  then  be  calculated.  The  design  can  be  made  either  on  the  basis  of  thrust 
or  power.  Designing  on  the  basis  of  thrust  may  be  preferable  since  the  variation  of 
thrust  between  viscous  and  nonviscous  flow  is  not  as  great  as  in  the  case  of  power 
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and  the  speed-resistance  lelatiunship  is  normally  more  accurately  known.  The  fol¬ 
lowing  nondimensional  coefficients  are  computeJ: 

and 

or 

r,, 

where 

'I  =  propeller  diameter 
II  =  revolutions  per  unit  time 
Q  =  torque 

sin  =  shaft  horsepower 
T  =  thrust 

V,,  =  (1  -  v,,  iv  =  speed  of  advance  of  the  propeller 
V  =  ship  speed 

=  effective  wake  fraction 
=  mass  density  of  fiuid. 

Since  the  propeller  is  calculated  on  the  basis  of  a  nunviscous  fluid,  the  viscous 
thrust  or  power  coefficient  must  be  modified  to  their  nonviscous  values.  An  approx¬ 
imation  for  the  nonviscous  coefficients  can  be  made  by  assuming  tJiat  the  hydrody¬ 
namic  pitch  angle  (  ,)  and  the  drag/lift  ratio  (  )  at  0.7  radius  are  average  values  for 
the  propeller,  then 


v,.  .1 

iC) 


T 

D-  V,:' 


2  Cii  550  SID’ 
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»  V.. 


(2) 
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(4) 


C  f  ,  _  T  ,  '  '  l  r  (5) 
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With  Kq.  (2)  ;uid  or  Ci,  from  Eq.  (5)  or  Eq.  (6).  tlie  ideal  efficiency  ,  of  an 
optimum  proiieller  can  lie  obtained  from  Hel's.  1!)  and  20.  Using  this  value  of  ideal 
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efficiency  the  first  approximation  to  tlie  hydrodynamic  pitcti  angle  is  computed  using 
the  relation 


tnn  • 


(7) 


where 


X  =  nondimensional  radius 


.  =  arctan  x)  =  advance  angie 

(for  a  free-running  optimum  propeller). 

For  an  optimum  free-running  propeller,  the  ideal  efficiency  ' ,  is  constant  along 
the  blade.  If  the  propeller  is  not  optimum,  then  ■  varies  along  the  blade  and  the 
assumption  is  ma^  that  the  ideal  efficiency  at  0.7  radius  is  equal  to  that  obtained 
from  the  curves. 


In  order  to  describe  each  propeller  section,  it  is  necessary  to  know  the  radial 
distribution  of  hydrodynamic  pitch  angle  j,  circulation  G,  coefficient  of  lift  C|^,  and 
thrust  coefficient  riCr  <ix  or  power  coefficient  iiCp  Hx.  These  values  are  derived 
from  the  following  equations: 
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/  number  of  blades 


circulation  distribution  factor  from  Ref.  1C  or  Goldstein  faclor  iia'iii  Ref. 
15. 
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It  should  be  noted  that  the  integral  of  I'X  ^  K  or  'irj.  lx  along  the-  radius  should 
equal  the  design  valves  of  or  r,,  ; 


) 

|.lx 

1-'  ;;  / 

1  i:...  ■  (' 

'h 

■  2v;j 

|,)x 

(12) 


(13) 


where  x,  is  the  nondimensional  hub  radius. 

If  the  propclleris  an  optimum  propellcrthe  difference  between  Cj,  from  Eqs.  (5) 
and  (12)  and  between  c,.  from  Eqs.  (6)  and  (13)  will  only  be  within  the  accuracy  witli 
which  ,  can  be  read  from  the  charts.  For  a  nonoptimum  propeller  the  above  equa¬ 
tions  are  equally  valid,  but  :m  iteration  procedure  is  necessary  in  order  to  determine 
the  hydrodynamic  pitch  angie. 


The  foregoing  discussion  has  been  concerned  with  free-running  propellers.  For 
wake-adapted  propellers  the  fact  that  the  wake  varies  with  radius  must  be  considered. 
Therefore,  for  the  design  of  these  propellers  the  different  coefficients  arenondimen- 
slonalized  on  the  basis  of  ship  speed  instead  of  speed  of  adva.'icc  (14). 


Once  the  desired  Cf^  or  C|>  is  obtained,  the  pr'peller  periinn  shape,  section 
length,  and  angle  of  attack  Cuii  be  selected.  For  SC  sections  the  camberline  is  the 
pressure  side  of  the  foil  and  the  thickness  is  applied  between  the  camberline  and  the 
Tree  streamline.  The  maximum  ordinate  of  the  pressure  side  of  Tulin's  section  (2) 
can  be  written  as  follows; 


-  0.11S17  M  i-os  (14) 

where 

y  =  face  ordinate  measured  perpendicularly  to  the  nose-tail  line 
=  design  lift  coefficient 

=  '  ,  =  geometric  angles  of  attack  in  radians 

'  -  design  angle  of  attack  in  degrees 
,  =  ideal  angle  of  attack  in  degrees 
•  =  chord  length. 


For  small  ,  xiu  and  i  tis  t  and  Eq.  (14)  reduces  to 

' '  ■  ’-.iix  "  <'.onH2  ■ 

O.  ISS.IC,  (*^) 

The  distribution  of  the  face  ordinates  along  llio  cluird  is  given  in  Tabic  1. 

The  thickness  of  the  section,  measured  normal  to  the  nose -tail  line,  is  given  by 
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Tai)le  1 


Distribution  of  Face  Ordinates  and  Coefficients  for 
Calculating  Thickness  Along  the  Chord 
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Where  the  coefficients  f'  and  N'  are  also  given  in  Table  1.  This  equation  gives  a 
section  slightly  thicker  than  the  theoretical  cavity  shape  as  shown  in  Fig.  2.  Experi¬ 
mental  results  (1)  have  shown  ;hat 
this  additional  thickness  is  neces¬ 
sary  in  order  to  avoid  leading  edge 
vibration  and  does  not  affect  its 
performance. 


- FROM  ruLlN'S  THFO'A 

-  MOOIFitO  TO  INCREASE  STRENGTH 


c 


NOSE  TAIL  LINE 


One  difficulty  encountered  in 
the  use  of  cambered  SC  sections  is 
pressure  face  cavitation.  If  the  sec¬ 
tion  is  operated  at  too  low  an  angle 
of  attack  for  a  given  camber,  face 
cavitation  will  occur  and  |X)or  per¬ 
formance  and  possibly  vibration  will 
result.  In  addition,  it  hasbeen  siiown 
(1,24)  that  ii  certain  angle  of  attack 
is  necessary  for  the  section  to  have 
adequate  strength.  By  analyzing  a 
number  of  experimental  results,  and  noting  that  theoretically  the  design  angle  should 
be  as  small  as  possible  in  order  to  obtain  minimum  drag,  the  following  relationships 
between  design  angle  of  attack  '  and  the  coefficient  of  lift  (',  has  resulted; 


Fig.  i!  -  CompiiriLOii  of  t  h  r  o  r  r  t  i  c  a  I  anil 
TMB  mudilind  thickness  iliHlnbutiun  of 
Tulin 'n  SC  si-Ltiun 
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It  should  be  noted  that  Eq.  (17a)  results  in  a  Hat-face  section. 

Using-  the  above  relationships  betv.’c-eii  c,  and  <,  calculations  can  be  made  lor 
the  drag/iift  ratio  of  Tulin's  section  with  part  of  the  lift  taken  by  angle  of  attack. 
These  calculations  have  already  been  made  (23)  and  the  results  indicate  that  an  opti¬ 
mum  lift  coefficient  lor  this  section  is  approximately  0.16.  This  value  can  then  be 
used  in  Eq.  (9)  for  estimating  the  section  chord  at  0.7  radius.  The  blade  outline 
can  then  be  chosen  similar  to  the  one  given  in  Table  2. 


It  is  then  necessary  to  determine  the 
stress  distribution  in  the  propeller.  (A 
simplified  method  is  given  in  Appendix  L) 
In  many  cases  it  may  be  found  that  the 
blade  outline  should  be  adjusted  until  ac¬ 
ceptable  nominal  stresses  are  obtained. 
This  may  also  be  accomplished  by  an  in¬ 
crease  in  angle  of  attack  towards  the  root. 

Once  the  chord,  cociiicient  of  lilt  and 
angle  of  attack  have  been  selected  the  face 
and  thickness  can  be  calculated  from  Eqs. 
(15)  and  (16).  The  face  ordinates,  how¬ 
ever,  must  be  corrected  for  the  lifting 
surface  effects  (14)  and  are  given  by 

fy  '  )('orir  rcc  tcil)  ')  (18) 

where  k  ,  and  k^  are  obtained  from  Fig.  3  and 


Table  2 

Radial  Distribution  of  Section  Chord 
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The  next  step  is  the  calculation  of  the  pitch  correction.  There  are  three  correc¬ 
tions  to  be  considered;  friction  correction,  effect  of  finite  cavitation  number,  and 
correction  from  lifting  surface  effect  (22).  From  the  data  available,  it  appears  that 
the  friction  correction  is  small  for  these  propellers  and  can  therefore  be  neglected. 
The  effect  of  finite  cavitation  number  is  combined  with  both  the  design  and  the  ideal 
angle  of  attack  into  one  additional  angle  of  attack  (  , )  and  is  given  by 


.S7.3K. 
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(19) 


where  K  is  obtained  from  Fig.  (4)  and  the  cavitation  number  (  ^)  is  computed  for 
0.7  radius,  as  follows; 


V,‘ 


2kII.I 

4.  Ml 


(20) 


where  r  =  acceleration  of  gravity. 

The  correction  for  tlie  lifting  surface  effect  results  from  both  free  a..d  bound 
vortices  and  again  occurs  as  an  additional  angle  oi  attack  ^  given  by 


(21) 
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where  h  is  from  Fig.  5  and 


in  which 
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It  Should  be  noted  that  in  Eq.  (21)  the  values  of  ,  and  |  arc  taken  at  the  0.7 
radius  and  considered  constant.  This  correction  is  then  made  at  this  radius  and  the 
same  percentage  change  applied  to  the  other  radii. 
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The  final  pitch  is  then  given  as 


(22) 


(23) 
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With  tiic  calculation  of  the  pitch,  the  design  of  a  propeller  is  coi.'plete  except  for 
checking  the  ratio  of  to  Cr  or  the  ratio  of  C,  to  C,.  and  determining  the  propeller 
efficiency.  In  order  to  make  these  calculations  it  is  necessary  to  know  tise  values  of 
the  drag/lift  ratio  along  the  radius.  These  values  can  be  obtained  from  theoretical 
(23)  or  experimental  (4)  two-dimensional  results  but  must  be  adjusted  for  application 
to  propellers  (1).  Using  the  foregoing  information  the  following  equations  for  •  liave 
been  found  to  give  satisfactory  results: 


0. 


n..S6'i 


((1.4  C,  •  0.()32H)^ 
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“I 


(2.14C,.  •  i.i.t, 


0.455  1 


<•,.  (i».  f )'  '■ 

0.455  1 

’"j 


,  for  0.n.54«  ■  C,  0.2 


c,  0.2  (24b> 


for  0.2  C, 
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where 


(■  V  *  ^  '  '  section  inflow  velocity 

kinematic  viscosity  of  the  fluid. 

It  is  now  possible  to  evaluate  the  thrust  and  power  coefficient  for  viscous  flow. 
This  check,  made  at  0.7  radius,  gives  good  results  but  can  be  made  more  accurately 
by  taking  into  account  the  drag  of  each  section.  The  following  equations  give  the 
viscous  thrust  and  power  coefficients  as  a  function  of  the  radius; 
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or  Cp  calculated  from  the  above  equations  siiould  compare  closely  will)  the 
design  values.  Also,  by  using  Eq.  (25)  or  Eq.  (26)  the  power  or  thrust  absorbed  by 
the  propeller  can  be  calculated  and  the  propeller  efficiency  is  given  by 


Cx 


(27) 


SC  PROPELLER  SERIES 

Propeller  series  results  are  usually  determined  by  testing  a  number  of  sys¬ 
tematic  designs  and  determining  their  characteristics.  In  the  case  of  SC  propellers, 
however,  this  procedure  can  become  extremely  costly  and  time  consuming,  since  all 
])rnpellers  have  to  tie  tested  over  a  range  of  cavitation  numbers  as  well  as  speed 
coefficients.  With  the  availability  of  high-si>ecd  computers  such  characteristics  can 
now  be  predicted  by  means  of  theoretical  computations,  llius  substantially  reducing 
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the  necessary  effort  required.  Tlie  strength  or  weakness  of  such  a  method  is  of 
course  dependent  on  the  propeller  theory  on  which  it  is  based  and  the  accuracy  of  its 
predictions.  Calculations  of  this  character  should,  therefore,  be  confirmed  by  means 
of  experimental  results  in  the  case  of  specific  propellers,  and  only  then  can  their 
accuracy  be  completely  determined.  However,  if  the  absolute  value  of  the  results  is 
not  exactly  correct,  such  a  series  does  provide  a  means  of  rapidly  determining  the 
relative  performance  gain  or  loss  which  can  be  obtained  by  a  variation  of  parameters. 
Furthermore,  such  a  theoretical  series  is  not  Intended  to  replace  tne  design  of  indi¬ 
vidual  propellers,  but  can  serve  as  a  guide  in  determining  the  design  conditions.  At 
the  present  time,  it  is  contemplated  that  after  such  conditions  are  determined  the 
individual  design  should  still  be  performed. 

This  series  has  been  derived  (23)  by  designing  thirty  propellers  to  cover  a  range 
of  from  0.1  to  0.5  and  Ct_  from  0.015  to  4.0  at  a  cavitation  number  '  of  zero.  Each 
propeller  has  three  blades,  an  expanded  area  ratio  (A,,.  Aq)  of  0.5,  a  nondimensional 
hub  radius  of  0.2  and  used  Tulin's  sections  with  the  relationship  between  C|^  and  >  as 
given  by  Eq.  (17).  The  Reynolds  number,  used  in  calculating  the  section  friction  drag, 
varied  between  9.5  x  lO'*  and  5.7  x  10'.  The  results  of  the  calculations,  at  ’  >  0,  are 
plotted  in  Figs.  6  and  7  as  the  square  root  of  the  thrust  coefficient  and  the  square 
rout  of  the  power  coefficient  versus  the  speed  coefficient  J  lor  various  pitch  ratios. 
On  these  plots  are  included  contours  of  efficiency  and  an  optimum  efficiency  line  for 
a  given  or  c,,. 

Once  the  basic  design  Is  complclad  for  zero  cavitation  number  the  calculations 
are  extended  to  include  finite  cavitation  numbers  (  0.7)  section  at  0.7  radius. 

These  calculations  result  in  a  change  in  pitch  and  are  plotted  in  Pigs.  8  and  9  as  a 
function  of  c.,,  j,  and  „  The  final  pitch  is,  then,  given  by 

P  D  ^P  D)  -  fP  D)C,  (28) 


where 


'p  ni . 

'P  D) 


c 


pitch  ratio  from  Fig.  6  or  7 
pitch  correction  coefficient  from  Fig.  8 
pitch  correction  coefficient  from  Fig.  9 
cavitation  number  at  0.7  radius  from  Eq.  (20). 


The  maximum  face  ordinate  at  the  0.7  radius  is  given  in  Fig.  10  as  a  iunction  of 
c-i  and  j.  Using  this  ordinate  and  the  distribution  of  face  ordinates  along  the  chord 
obtained  from  Table  1  it  is  possible  to  calculate  the  ordirjtes  of  this  section.  The 
radial  distribution  of  chord  can  be  obtained  from  Table  2,  where  '  D  at  0.7  radius  is 
0.351.  and  the  blade  thickticss  fraction  (BTF)  for  this  propeller  series  can  be  taken 
from  Fig.  11.  Additional  information  for  other  radii,  similar  to  that  given  in  Fig.  10, 
is  also  given  in  Ref.  25. 


A  simplified  method  for  calculating  the  stress  lias  been  derived  for  this  propeller 
series,  and  the  maximum  stress  (compressive)  in  psi  at  the  blade  root  can  '.e  esti¬ 
mated  by 
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Fig.  (j  -  C.|  -  J  diagram  for  TMB  SC  i-bladed  propeller  serie* 


Figures  6  and  7  can  also  be  used  to  calculate  the  optimum  rpm  (or  agivendiam* 
eter  and  the  optimum  diameter  for  a  given  rpm.  As  an  example,  the  optimum  rpm 
(or  the  following  design  conditions  can  be  obtained  as  follows; 

T  =  25,000  lbs 

v„  =  101.28  fps 

I)  =  3  ft. 

From  Eq.  (3) 


and 
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Fi(j  8-  Hitch  correction  coefficient  ’(I’  Di  for  finite  cavita¬ 
tion  numbers  for  TMB  }-bladeil  SC  propeUer  series 


efficiency  along  this  line  represents  the  point  at  which  the  diameter  is  an  optimum. 
An  example,  for  the  design  conditions 

T  =  18,000  lbs 

V„  =  101.28  fps 

II  =  36  rps 

is  as  follows.  Assume  that  D  =  3  feet.  From  Eq.  (3) 

T  ''ll 

Ct  Cf  O.S.  aiiil  J  0.114. 

s  "" 

This  point  is  then  plotted  on  Fig.  6  and  a  line  is  drawn  through  tbijooint  and  the 
origin.  The  maximum  efficiency  along  this  line  occurs  at  a  .|  of  0.9,  and  the  optimum 
diameter  is 


V 

l<  .t.ll  le.  I  . 
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•*  M 


Fi^.  11  -  Blade  thick¬ 
ness  fraction  for  TMB 
3  -  bladed  SC  propeller 
series 


EXPERIMENTAL  RESULTS 

A  number  of  tests  have  been  conducted  on  SC  propellers  that  indicate  the  ade¬ 
quacy  of  the  design  method  and  practicability  of  using  SC  sections  on  propellers  (1). 
Figure  12  gives  the  performance  characteristics  for  a  3-bladcd  propeller  designed 
for  so  Knots,  3500  pounds  thrust,  and  3000  rpm  with  a  diameter  of  18  inches.  Using 
nondimensional  coefficients  these  conditions  result  in  a  thrust  coefficient  of 
0.140,  speed  coefficient  .1  of  1.125,  and  cavitation  number  „  ;  of  0.064.  'I'he  physi¬ 
cal  characteristics  of  this  propeller  are  given  in  Fig.  13. 


■,o.. 


.iiul  I  rtor  tTiain.1-  of  r-j 


i  roni  Fig.  12  it  can  be  seen  that  this  propeller  gives  very  close  to  the  design 
thrust  at  the  design  J  and  also  develops  an  efficiency  of  approximately  68.5  percent. 
This  propeller  has  nearly  the  same  characteristics  as  a  propeller  obtained  from  the 
series  previously  discussed.  From  this  series  for  the  above  design  conditions, 
:  0.276  and  J  =  1.125,  the  propeller  would  have  a  ’’  Dof  1.57  and  of  70  percent. 
It  will  be  noted  that  these  values  are  in  satisfactory  agreement  with  the  experimental 
values. 

An  interesting  characteristic  of  propellers  using  SC  sections  is  shown  in  Fig.  14. 
This  figure  is  a  cross  plot  from  Fig.  12  showing  the  relationship  of  thrust  coefficient 
K,,  torque  coefficient  K„.  andcfficiency  tothe  cavit.ation  number  at  design  .1.  This 
show.s  that  while  cavitation  has  great  effect  upon  the  thrust  and  torque,  it  has  little 
effect  upon  efficiency.  The  fact  that  there  is  a  decrease  of  thrust  with  decreasing 
cavitaticn  number  is  not  important  as  long  as  the  efficiency  remains  constant  and  it 
IS  possible  to  meet  the  design  conditions. 

Confirmation  of  the  validity  ol  the  charts  by  means  of  experimental  results  has 
also  been  performed  for  other  propellers.  These  propellers,  however,  were  2-bladed 
and  a  correction  regarding  the  effect  of  the  number  of  blades  must  be  introduced. 
Although  such  comparisons  arc  not  as  direct  as  that  performed  above,  they  have 
indicated  agreement  between  the  experimental  and  predicted  results  to  better  than 
3  percent. 


CONCLUDING  REMARKS 

The  feasibility  of  supercavitating  propellers  in  the  case  of  higb-siieod  application 
appears  quite  promising,  particularly  where  they  ran  be  used  to  the  full  benefit  of 
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Fig.  14  -  Plot  o{  K,,  K  and  vcr.su»  for  propeller  350'^ 


their  hydrodynamic  pertoriv.ance.  Their  range  of  application  may  also  bf'  c.xtended 
to  lower  speeds  by  the  use  of  ventilated  sections. 

The  design  method  which  has  been  presented  in  this  paper  appears  to  give  results 
which  are  verified  by  experimental  confirmation.  Improvements  in  this  method,  how¬ 
ever,  can  be  anticipated  as  more  designs  are  accomplished  and  lest  results  become 
available.  The  characteristics  for  the  SC  propeller  scries  must  also  be  confirmed 
by  means  of  experimental  results  for  specific  propellers  and  only  then  can  their 
accuracy  be  completely  determined.  It  is  felt,  however,  that  the  series  work  which 
has  boon  accomplished  to  date  will  provide  a  method  of  assessing  the  effectiveness 
of  the  various  design  paraiiielers.  Furthermore,  it  can  cerlainly  be  used  us  an 
impetus  for  the  design  of  SC  propellers  which  will  exceed  these  performance 
characteristics. 
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I  radius  of  any  propeller  blade  section 
nominal  blade  stress 
!!!ir  shaft  horsepower 
T  thrust 

1  section  thickness 

r V  <‘ns  I  .  J I 

r  inflow  vel(x;ity  to  section  ''  ' 

II ,  axial  component  of  induced  velocity 
II,  tangential  component  of  Induced  velocity 

V  ship  speed 

V,,  speed  of  advance 

V,,  speed  of  advance  in  knots 

effective  wake  fraction 
<<  nondimensional  radius  (r  R) 

X  fractional  distance  along  chord  measured  from  leading  edge 

V  pressure  face  ordinate 
number  of  blades 
design  angle  of  attack 

,  geometric  angle  of  attack  corrected  for  finite  cavitation  number 
J  angle  of  attack  from  lifting  surface  effect 

,,  angle  of  attack  for  effect  of  bound  xoiliees 

,  ideal  angle  of  attack 
advance  angle 

,  hydrodynamic  pitch  angle 
n  pitch  correction  coefficient 
drag/lift  ratio 
propeller  efficiency 
,  ideal  propeller  effieii'iic\ 
geometric  angh'  of  altai  k 
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circulation  distribution  factor  or  Goldstein  factor 
advance  coefficient 

,  '  i 

kinematic  viscosity  of  the  fluid 
density  of  fluid 

cavitation  number  based  on  propeller  speed  of  advance  V.,‘) 

,  cavitation  number  based  on  inflow  velocity  to  the  section  a'  '  f  >^i.  pi) 
pitch  anule. 


REFERENCES 

1.  Tachmindji,  A.J..  Morgan,  W.B..  Miller.  M.L.,  and  Hecker,  R..  "The  Design  and 
Performance  of  Supercavltating  Propellers,”  David  Taylor  Model  Basin  Report 
C-807.  Feb.  1957 

2.  Tulin.  M.P..  and  Burkart,  M.  P..  "Linearized  Theory  for  Flows  about  Lifting 
Foils  at  Zero  Cavitation  Number."  David  Tavlor  Model  Basin  Report  C-63t),  Feb. 
1955 

3.  Tulin.  M.P..  "Supercavltating  Flow  Past  Foils  and  Struts.”  Paper  No.  16.  Sym¬ 
posium  on  Cavitation  in  Hydrodynamics.  National  Physical  Laboratory,  fed- 
dington.  England.  1955 

4.  Wald,  R.L.,  and  Lindberg,  Z.M..  "Water  Tunnel  Investigations  of  a  Supercavltat¬ 
ing  Hvdroloil,"  California  Institute  of  Technology,  Hydrodynamics  Report  No. 
47-8,  Apr.  1957 

5.  Parkin,  B.R.,  "Experiments  on  Circular  Are  and  Flat  Plate  Hydrofoils  in  Non- 
cavitating  and  Full  Cavity  Flows,"  California  Institute  of  Technology.  Hydro¬ 
dynamics  Laboratory  Report  No.  47-6.  Feb.  1956 

6.  Wu.  T.Y. ,  "A  Free-Slieaiiiliiie  Theory  for  Two  Dimensional  Fully  Cavitated 
Hydrofoils."  California  Institute  of  Technology.  Hydrodynamics  Laboratory 
Report  21-17,  July  1955 

7.  Hug,  M.,  "Theoretical  and  Experimental  Investigations  of  Forces  on  Cavitation 
Hydrofoils,"  Ph.D.  Thesis.  University  of  Iowa,  Feb.  1956 

R.  Cohen.  H.,  and  Sutherland.  C.D. .  "Finite  Cavity  Cascade  Flow."  Rensselaer 
Polytechnic  Institute.  Mathematics  Report  No.  14.  Apr.  1958 

9.  Johnson.  V.,  "Theoretical  Determination  of  Low-Drag  Supercavltating  Hyurofoils 
and  Their  Two-Dimensional  Characteristics  at  Zero  Cavitation  Number."  KACA 
RML57  Gil  A,  S«-pt.  1957 

10.  Johnson,  V..  "Theoretical  and  Expo* ieieiital  Investigation  ol  Arbiti'.ry  Aspect 
Ratio,  Supercavitating  Hydrofoils  Operaiing  near  the  Free  Water  Surface."  NACA 
RML571  '6.  Dec.  1957 

'ill 


A  J.  !  .11  htti inii ;i  .ind  \V  .  h.  Mv»ri;  in 


11.  Goldstein.  S, ,  "On  the  Vorte.x  Thee  rv  of  Servw  Propellers,"  Proc.  Roy.  Soc. 
(London)  123:440  (1929) 

12.  lachmindji.  A.J..  "The  Potential  Problem  of  the  Oidimum  Propeller  wit):  Finite 
Hub."  David  Taylor  Model  Basin  Report  1051.  Aut;.  1956,  and  International  Sliip- 
building  Progress,  Nov,  1956 

13.  Lerbs,  H,W, ,  "Moderately  Loaded  Propellei  s  with  a  Finite  Number  of  Blades 
and  an  Arbitrary  Distribution  of  Circulation,"  Trans,  Soc.  Naval  Architects 
.Marine  Engrs.  60:73-117  (1952) 

14.  Eckhardt,  M.K. ,  and  Morgan,  W.B.,  "A  Propeller  Design  Metnod."  Trans.  Soc. 
Naval  Architects  Marine  Engrs.  63:325-374  (1955) 

15.  Tachmindji.  A.J.,  and  Milair.,  A.B.,  "The  Calculation  of  Goldstein  Factors  for 
Three,  Four,  Five  and  Six  Hladed  Prcqiellers,"  David  Ta.Tor  Model  Basin  Report 
1034,  Mar.  1956 

16.  Tachmindji.  A.J..  and  Milam.  A.B.,  "The  Calculation  of  t..e  Circulation  Distri¬ 
bution  for  Propellers  witii  Finite  Hub  Having  Three.  Foui ,  Five,  and  St\  Blades." 
David  Taylor  Model  Basin  Report  1141.  June  1957.  and  International  Shipbuilding 
Progress.  Oct.  1957 

17.  Wrench.  J.W..  Jr..  "The  Calculation  of  Propeller  Induction  Factors,  AML  Prob¬ 
lem  69-54,"  David  Taylor  Model  Basin  Report  1116.  Feb.  1957 

18.  Morgan,  W.B.,  "Prt^cllei  Induction  Factors."  David  Tavlor  Model  Basin  Report 
1183.  Nov.  1957 

19.  Kramer.  K.N.,  "Induziertc  Wirkungsgrade  von  Best-Luftschiaben  c-ndlichcr 
Blattzahl."  Luftfahit-Forschung.  vol.  15.  No.  7,  NACA  Technical  Memorandum 
884.  1939 

20.  Shultz.  J.W. .  "The  Ideal  Effic  iency  of  Optimum  Propellers  Having  Finite  Hubs 
and  Finite  Numoci  s  of  Blades,"  David  Taylor  Model  Basin  Report  1148,  July 
1957 

21.  Ludwieg.  H. .  and  Ginzel.  I..  "On  The  Theory  of  Screws  with  Wide  Blades," 
Aer'Klynaniicsche  Vcrsui  t’.sanstalt,  RepoiT  44/A/108,  Goettingen.  Germany.  1944 

22.  Lerbs,  H.W  .  "ProjKilIer  Pitch  Correction  Arising  from  Lifting  Surface  Effect," 
David  Taylor  Mcxiel  Basin  Report  942,  Feb.  1955 

23.  Morgan,  W.B.,  "Optimum  Supercavitating  Sections,"  David  Taylor  Model  Basin 
Report  C-856.  Aug.  1957 

24.  Morgan.  W.B.,  "Centroid  and  Moment  of  Inertia  of  a  Supercavitating  Section." 
David  Taylor  Model  Basin  Report  1193.  Aug.  1957 

25.  Caster.  E.B..  "TMB  3-Bladcd  Supercavitating  I’ropeller  Series,"  David  Taylor 
Model  Basin  Report  1245,  Aug.  1959 

26.  Morgan,  W.  B.,  "An  Approximate  Method  of  Olit.iining  Stri'ss  in  a  Propeller 
Blade,"  David  Taylor  Model  Basin  Report  919,  tX  t.  1954 


512 


1  )t*  si^twind  PcrtciriiiHru  e  of  Super*  Propellers 


APPENDIX  A 
STRENGTH  ANALYSIS 


At  the  present  time  there  is  no  theory  lor  which  the  stress  in  propellers  can  be 
adequately  determined.  This  fact  is  particularly  noted  in  the  design  of  SC  propellers 
where  tlie  sections  are  inherently  thin  at  the  leading  edge.  Consequently,  the.se 
propellets  are  subject  to  leading  edge  vibration  and  fatigue  failure.  For  these 
reasons  it  is  necessary  to  use  a  high-strength  material  and  a  large  factor  of  safety. 
From  Ref.  1  it  has  been  concluded  that  for  a  material  with  a  140,000-psi  tensile 
strength  the  nominal  stress  of  the  SC  propeller  should  not  be  over  30,000  psi. 

Th(>  nominal  stress  at  any  blade  section  is  calculated  (26)  from  the  bending 
moments  (M, ,  and  My,,),  the  centroid  (x  ,  and  y,.),  and  moment  of  inertia  (l,  ^  and  ly,,) 
by  the  following  equations: 
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where,  as  shown  in  Fig.  Al,  x,,  xj,  and  x,  and  j  j.  and  > ,  are  used  to  denote  the 
abscissas  and  ordinates  of  the  Icadingedge,  face,  trailing  edge,  and  point  of  maximum 
back  ordinate,  respectively,  measured  from  the  centroid  of  the  section.  In  these 
equations  a  positive  stress  ^notes  tension  and  a  negative  stress  denotes  compression. 


0 

y  . 

r» 

« 

* 

y 

•  1 

1 

J 

0 

1  - 
1 

UCG 

■►M 

:  *0. 

--♦Xq 

X - - - , - 1 

''i  1 

-  - » 

---1 

1  - 

A 

”xV 

k  <1  - 

! 

* 

“NOSE 

TAil  line 

J 

3 

Kip.  A 

t  -  (  i«M, 

ptiwtri*' 

;»ropfrtu?s  tif  a  Si'  ?» 

<M  t  IlMl 

In  the  foregoing  equations  the  liending  moments  M, ,  and  ‘iy,,  are  compued  from 
the  llii  ust  and  torque  moments  and  \i,,  )  and  the  pitch  angle  ,  as  follows: 
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and  X  is  the  nondiniensional  radius  ol  the  section  being  analyzed. 

The  assumptions  that  the  pitch  angle  ;  in  Eqs.  (A4)  and  (A5)  is  equal  to  the 
hydrodynamic  pitch  angle  ^  and  that  the  drag/lift  ratio  >  is  zero  in  Eqs.  (A6)  and 
(A7)  will  have  small  elfect  on  the  bending  moments  except  for  heavily  loaded 
propellers. 

By  comparing  a  number  of  calculations,  it  has  been  shown  (24)  that  the  term 
xMv,,  ly  in  the  stress  equation  can  be  neglected  for  most  SC  sections.  Therefore, 
only  the  moment  of  inertia  I,  and  the  ordinates  need  be  considered. 

Also,  if  the  relationship  between  C,  and  <,  as  given  by  Eqs.  (17),  is  assumed,  it 
is  possible  to  considerably  simplify  the  equations  for  stress.  The  equations  for  a 
flat -face  section,  (sec  Eq.  I7a)  are  as  follows: 
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The  results  for  the  other  relutlonships  given  in  Eqs.  (17)  are  more  complicated 
and  have  been  combined  into  nondimensional  coefficients  ■’>,  lv„,  and 

■\v,  I,,,  and  are  plotted  in  Figs.  (A2)  and  (A3)  as  a  function  o)  and  the  camber 
corrections  k ,  and  Using  those  coefficrients  and  neglecting  the  last  term  in  Eqs. 
(Al).  (A2),  and  (>v3),  the  calculations  of  stress  for  these  particular  SC  sections  are 
considerably  simplified. 
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DISCUSSION 


H.  P.  Rader  (Vospcr,  Ltd.,  England) 

The  authors  ol  the  two  papers  have  given  us  the  benefit  of  their  exi'erience  with 
suporcavitating  propellers  which  should  be  most  useful  to  those  interested  in  high¬ 
speed  marine  propulsion  problems. 

1  would  like  to  take  this  opportunity  to  mention  a  few  eharae'.eristies  of  super- 
cavitating  propellers  which  we  found  during  the  study  of  the  problem  over  the  last 
five  years. 

!>1<- 


I*  I 


Fii{.  01  -  Lift  rot'fficients  of  propeller  blade 
sections  at  0.7  radius  as  function  of  aiiKle  of 
attack  (  g  ,)  with  local  cavitation  number  (  '(,  7) 
as  parameter.  (Tvpical  values  for  high¬ 

speed  propellers.) 


The  advantages  of  cambered  blade  sections  from  the  efficiency  point  cf  view  have 
been  stressed  already  by  Professor  Lerbs.  I  should  like  to  add  tliat  flat-faced  blade 
.sections  arc  not  only  less  efficient  but  also  inadequate  as  far  As  lift  production  is 
concerned.  Let  me  explain  this.  In  Fig.  D1  the  lift  coefficients  of  the  equivalent 
blade  section  at  0.7  radius  for  various  local  cavitation  numbers  between0.02  and  0.20 
are  plotted  as  function  of  angle  of  attack.  The  curves  are  obtained  from  the  analysis 
of  the  results  of  cavitation  tunnel  tests  of  a  good  supercavitating  propeller  with  highly 
cambered  blade  sections.  Please  note  how  small  the  gradient  of  these  curves  is  in 
particular  at  the  low  cavitation  numbers.  For  flat-faced  blade  sections  all  these 
curves  would  be  lower  and  flutter.  That  means  that  it  '.s  impossible  to  produce  two 
propellers  of  the  same  blade  ari^a  ratio  (B.A.R.),  one  with  cambered  and  one  with 
flat-faced  blade  sections,  which  will  produce  the  same  thrust  at  the  same  rate  of 
advance  even  if  the  pitcli  of  the  propeller  with  the  flat-faced  sections  is  increased 
until  il  readies  practical  limits.  The  small  gradient  of  the  lift-incidence  curves  is 
no  real  drawback.  On  tlie  cuiUiurv,  it  proves  to  be  a  very  useful  characteristic  for 
high-speed  propellers  which  have  to  work  in  a  nonuniform  velocity  field  or  on  a  shaft 
which  is  inclined  relative  to  the  inflow  direction.  The  fluctuations  or  cyclic  variations 
of  the  blade  element  lift  components  due  to  incidence  changes  will  be  much  smaller 
for  a  correctly  designed  supercavitating  propeller  than  for  a  propeller  designed  to  be 
lice  from  cavitation. 
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Figure  D2  shows  the  assuciaieii 
values  of  the  drag-lift  ratios.  The 

curves  for  the  different  local  cavita¬ 
tion  numbers  show  more  or  less 
pronounced  minima  which  increase 
with  falling  cavitation  number  and 
move  to  higher  angles  of  attack.  I 
have  to  add  here  that  the  drag-lift 
ratios  shown  in  this  and  the  follow¬ 
ing  figures  differ  from  the  drag-lift 
ratios  shown  by  Professor  Lerbs. 
The  drag  coefficients  in  the  drag- 
lift  ratios  shown  here  include  the 

frictional  losses  and  effects  due 

to  finite  leading  edge  thickness, 

whereas  the  drag-lift  ratios  shown 
by  Professor  Lerbs  allow  for  pres¬ 
sure  drag  only.  This  explains  why 
in  Professor  Lerbs'  graph  the  drag- 
lift  ratios  approach  zero  as  the  lift 
coefficients  approach  zero,  whereas 
in  my  graphs  the  drag-lift  ratios 
have  a  minimum  at  a  certain  angle 
of  attack  and  approach  infinity  as 
the  lift  coefficients  approach  zero. 

In  Fig.  D3,  values  of  lift  coef¬ 
ficients  and  drag-lift  ratios  of  the 
equivalent  blade  sections  at  angle  of 
attack  to  j  =2.5',  for  twelve  geo¬ 
metrically  similar,  supercavitating 
propellers,  are  plotted  as  a  function  of  the  local  cavitation  number.  The  face  camter- 
chord  ratios  for  blade  sections  at  equal  radii  are  the  same,  but  the  thickness-chord 
ratios  of  the  blade  sections  at  0.7  radius,  for  instance,  vary  from  i  r  >  0.034  for  the 
small  blade  area  ratio  propellers  to  t  c  =  0.016  for  the  large  blade  area  ratio  pro¬ 
pellers.  The  scatter  of  the  lift  coefficient  values  due  to  Inaccuracies  of  model  manu¬ 
facture  and  experimental  errors  is  such  that  one  can  draw  a  mean  curve  with 
reasonable  fit.  This  proves  the  theoretical  prediction  that  for  supercavitating  con¬ 
ditions  the  lift  coefficient  of  a  blade  section  depends  only  on  cavitation  number,  angle 
of  attack,  and  shape  of  the  face,  but  not  on  the  basic  thickness  form  of  the  section. 
The  values  of  the  drag-lift  ratios,  however,  show  a  definite  trend  with  the  thickness- 
chord  ratio  of  the  blade  section.^.  This  is  due  to  the  fact  that  it  is  physically  impos¬ 
sible  to  use  infinitely  thin  leading  edges.  It  appears,  however,  that  the  drag-lift  ratio 
for  a  given  lift  coefficient  and  cavitation  number  is  not  a  function  of  a  representative 
leading  edge  thickness  but  rather  it  is  a  function  of  the  edge  thickness-to-chord  ratio 
which,  of  course,  is  directly  proportional  to  the  thickneos-chord  ratio  of  the  blade 
section. 


Blare  element  angle  of  atiack  at  ot  naoius  (oor’ 


i  ig.  Di  -  Drag-lift  ratios  of  propeller  blade 
sections  at  0.7  radius  as  function  of  angle 
of  attack  ('(,  ^)with  local  cavitation  number 
{•q  7)  as  parameter.  (Typical  values  for 
good,  high-speed  pcopellers.) 


Remembering  that  for  propellers  of  the  same  diameter  which  produce  the  same 
thrust  at  the  same  rate  of  advance  the  effirirncy  depends  only  on  the  drag-lift  ratio, 
the  possibilities  of  fully  and  super  cavitating  propellers  can  be  assessed  best  by- 
comparing  their  drag-lift  ratios  with  those  of  noncuvitating  propellc  s  at  the  same 
section  lift  coefficient.  Such  a  comparison  is  shown  graphically  in  Fig.  D4.  V'alues 
for  the  supercavitating  DTMB  propeller  number  3509,  at  the  design  rate  of  advance, 
j  =  1.125,  and  the  ship  cavitation  numbers,  '  =  0.30,  0.35  and  0.40,  have  been  added. 
It  appears  that  in  llie  optimum  incidence  range  the  drag-lift  rati' s  of  fully  cavitating 
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F'ii;.  1)3  -  Lilt  coefficients  tind  drajj-lift  ratios 
of  equivalent  blade  sections  (x  =  0.7)  at  j 
ft)r  twelve  iteoniet ricallv  sin.i lar  supi'r- 
ca\'itatiri^  propellers 


propellers  are  about  the  same  as  for  noncavitating  propellers  at  the  same  lift  coef- 
fic’ients.  This  implies,  o(  course,  that  the  lift  coefficients  for  cavitating  conditions 
are  lower  than  for  noncavitating  conditions  at  the  same  angle  of  incidence  or  rate  c. 
advance.  The  drag-lift  ratios  for  supercavitaling  conditions  (  ^  and  DTMB 

propeller  number  3509)  are  higher  than  the  absolute  minima  achieved  because  the 
angles  of  incidence  required  to  obtain  sheet  cavitation  emanating  from  the  leading 
edge  arc  higher  than  is  consistent  with  the  requirements  for  minimum  drag.  This 
applies,  in  particular,  to  supcrcavitating  propellers  with  narrow  blades  which  require 
higher  face  camber  ratios  and,  therefore,  higher  angles  of  incidence  than  supcr¬ 
cavitating  propellers  with  medium  width  or  wide  blades. 

One  last  point.  Mr.  Tachmindji  quoted  as  the  lower  limit  for  the  application  of 
supcrcavitating  propellers  a  speed  of  50  knots,  in  my  opinion  this  limit  is  much 
lower.  1  would  put  it  at  about  35  knots  o/  even  lower  provided  of  course  the  proiH’ller 
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revolutions  are  high  enough  to  olUuin  the  low.  local  cavitation  numbers  required  for 
supercavitating  conditions.  Recently  we  liave  fitted  supercavitating  propellers  to  an 
80-ft.  passenger  launch  with  a  cruising  speed  of  about  35  knots.  The  performance  is 
as  go<^  as  it  would  be  with  good  noncavitating  propellers.  There  are  no  vibrations 
and  so  far  the  propellers  have  not  shown  any  signs  of  cavitation  erosion  although  the 
propeller  shafts  arc  at  an  angle  of  about  12  degrees  relative  to  the  direction  of  flow. 


M.  C.  Eames  (Naval  Research  Establishment.  Halifax) 

It  is  cliaracteristic  of  the  rapid  and  efficient  manner  in  which  both  the  theory  and 
application  of  supercavitating  flows  have  been  progressed,  that  already  we  liave  the 
beginnings  of  a  systematic  series  of  supercavitating  propellers.  The  authors  arc  to 
be  congratulated  on  this  achievement. 

1  would  like  to  add  a  word  about  some  of  the  c.'iperimental  results.  The  first 
open-water  tests  were  conducted  on  the  Canadian  R-lOO  hydrofoil  craft  (Fig.  D5) 
using  DTMO  propellers  number  3509  and  3604. 

This  boat  displaces  8.5  tons  and  has  a  length  ol  45  feet.  The  propellers  were 
designed  for  a  speed  of  advance  of  50 knots  and  were  required  to  develop  3500 pounds 
thrust  at  3000  rpm. 
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Km  II'  -  t  .>i...tl:.ii.  K  .tni  h\  cr.iM 


'.M-  (iriit  |>ici|M‘lli'r  WU8  l<i  the  iht  ori'tu'ul  l  aviiy  ithiipc.  tlut  la  lu  aay. 

wit.Ktut  tlu  modilifd  thit'kiM'sii  diatributiiin  aluwn  in  Fit:.  U6  uf  ihc  |Ki|M;r.  This 
faili'd  fruni  u\-fralrfeaint:  thi  firai  tinif  u  tok*'  (4f  was  altcmplsd,  and 
|H  rlxi ntani')'  characlri istii's  t'uuldntii  lie  uittai.nfd  lltc  naiurt*  uf  thefailurpis  shown 
in  Fm  D6  It  is  bclifVfd  that  a  hiuh  wake  ri-tU'>n  tii  ncralcd  hy  the  stern  hydrofoils 
•  it  the  (  lalt  was  it-spunsibU'  for  this  failure. 

it  ..IS  antuiiMtid  t:.at  tm-  «trpni:l!i  of  this  |>rtt|Jellpr  would  he  mari'inal,  so  a 
M'l-oiid  pi  titMlU-r  Wide. I  incorporated  tlu-  modified  thiekm-ss  distribution  was  provided. 
^  ills  set  imd propeller  is  a  member  of  the  m  w  DTMB  aeries;  Fit:.  I>7  shows  it  mounted 
on  t.  e  I  •  aft  Tor-  proximil  .  of  thr-  lower  >tem  I-ydrofoi*  is  apparent. 


L'nfortunateiv  ti  e  exaeidesitm  eiwiditiiNis  einiidnoi  In-  realized,  and  it  is  interest- 
11114.  Ill  •.  ii-w  of  Di  l.r'rbs'  eomments  to  mSe  that  he  miurt  have  anticipated  this.  The 
..mh-stM  t  d  Iif’ini  foils  of  the  iMMt  tisr-  a  Wal.'hm  r  section,  and  it  has  been  tuund  that 
i.ivit.tlion  or  curs  on  im-se  foils  at  a  lower  speed  than  predicted  from  Wair  luter's 
e.‘i|N  .iiiieiital  results  In  >  iHise(|uence  of  this  eail'.  cavitation,  ti'a*  rliat;  of  th.'  r  raft 
a.!.'  si‘..nilicanth  hiari-i  than  pri'dicii'd  and  ihr-  ih  sic.n  thrust  of  3500  iMunils  was 
lb  iii.iiiiH  d  .it  about  40  knots  insli-ad  of  50  kmas. 
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Flu-  Dt>  -  HropvUer  of  theoretical  cavity  shape,  without  modified 
thickness  showing  wake  failure 


Despite  the  (act  that  the  propeller  was  operating  of!  its  design  condition,  the 
results  were  most  encouraging.  Figure  D8  shows  the  overall  propulsive  efficiency, 
defined  as  thrust  horse  power  (t.h.p.)-to-shaft  horse  power  (B.h.p.)  at  the  engine, 
plotted  on  a  base  »(  speed  in  knots.  The  dotted  curve  is  representative  of  results 
obtained  with  a  conventional  propeller  of  N.R.C.  design,  while  the  full  curve  shows 
the  performance  of  OTMB  propeller  SC  3604. 

Since  a  hydrofoil  craft,  with  its  inherently  high  speed  of  advance,  is  a  natural 
application  (or  the  supercavitating  prepelier,  these  results  are  of  interest  apar*  from 
their  verification  of  the  propeller  design  itself.  They  point  out  the  difficulty  which 
must  be  faced  under  take-of!  conditions  where  a  high  drag  exists  in  a  speed  range  of 
low  efficiency  for  the  supercavitatir^;  propeller.  During  these  particular  trials,  take¬ 
off  was  only  jus<  achieved. 
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D.  C.  O'Nfill  (British  Atimiriilty) 

Our  thanks  are  due  to  the  authors  for  their  informative  and  interesting  papers. 
The  propeller  designer  has  been  coneeined  with  the  elimination  of  cavitation  for 
many  years.  The  effects  of  cavitation  on  propeller  efficiency,  vibration,  erosion,  and 
noise  are  well  known.  The  present  papers  provide  a  solution  to  the  problem  wlien 
such  high  speeds  arc  contemplated  that  the  existence  of  severe  cavitation  becomes 
inevitable. 

To  the  Naval  Architect,  perhaps  the  most  directly  informative  feature  of  the 
Tachmindji-Morgan  paper  is  Fig.  1  which  indicates  the  region  where  the  super- 
cavitating  desitpi  of  propeller  is  likely  to  be  applicable.  Inspection  of  this  diagram 
shows  that  very  high  speeds  of  advance  are  rviiulred.  For  example,  at  =  0.6  the 
corresponding  speed  for  a  practical  SC  propeller  is  of  the  order  ol  10-50  knots.  At 
higher  values  ol  t  tins  minimum  speed  rises  to  70-80  knots.  In  each  case,  high  shaft 
speeds  and  small  propeller  diameters  are  appropriate.  To  att.iin  the  high  ship  speeds 
in  other  than  very  small,  fast  craft,  a  significant  increase  in  the  power-to-weight 
ratio  of  existing  m.ichinery  would  be  required.  In  this  connection,  the  high  shaft  speed 
and  tile  possibility  of  dispensing  with  reduction  gearing  is  attractive. 

To  refer  to  points  of  detail,  the  authors  have  stressed  their  requirement  for  a 
blade  section  shape  having  a  very  thin  leading  edge  in  order  to  form  the  optimum 
cavity  shape.  In  uniform  flow  this  condition  may  well  be  obtained,  but  in  the  inclined 
andnonunlform  flow  behind  the  liull  of  a  ship,  it  appears  likely  that  fluctuations  of  the 
cavity  shape  will  ucc.'t  .  leading  to  a  reduction  of  efficiency  and  an  increase  in  vibra¬ 
tion  and  noise.  Tlie  model  test  results  shown  inttic  paper  are  somewhat  disappointing 
as  the  |iropeller.  although  designed  .'or  50  knots  speed  of  advance  and  running  at  3000 
rpm.  falls  witain  the  marginal  zone  in  Fig.  1.  This  serves,  indeed,  to  emphasize  the 
limitation  of  application  of  SC  propetlers  referred  to  previously.  In  this  marginal 
zone  the  propeller  characteristics  liehave  similar  to  those  of  more  conventional 
propellers  designed  lo  reduce  cavitation.  This  applies  even  at  a  cavitation  number 
of  0.3  where  one  iniglit  extx'ct  the  "marginal "  SC  design  to  show  an  advantage  due  to 
the  decline  of  the  conventional  propeller’s  performance  with  increasing  cavitation. 

Further  test  results  of  model  propellers  designed  and  operated  well  within  the 
superca.  itating  region  will  provide  a  more  informative  comparison  with  conventional 
"reduced  cavitation"  designs.  It  is  ho|x'd  that  tlie  autliors  will  e.\tend  their  valuable 
researches  to  include  tests  of  the  propellers  over  a  range  of  shaft  inclinations  and  to 
investigate  the  effects  of  nonuniform  flow. 


J.  P.  Brcblin  (Stevens  Institute  of  Tcclmology) 

The  favorable  prospects  as  outlined  by  Professor  Lerlis  should  have  a  two-folu 
effect  on  naval  engineers; 

1.  stimulate  interest  in  the  application  of  superenvitating  propellers  to  high¬ 
speed  ships. 

2.  provide  them  with  the  range  of  values  of  ilie  controlling  parameters  to  which 
any  design  must  conform  in  order  to  obtain  attractive  efiiciencies. 

In  this  regard,  it  is  to  be  noted  that  in  order  to  achieve  high  efficiency  it  is  necessary 
lo  design  for  moderate  values  of  the  ihrust-  loading  eoeffieient  as  in  the  case  of  noii- 
cavilating  propellers. 
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It  would  also  be  most  instructive  to  have  a  design  chart  which  would  indicate  how 
the  hydrodynamic  efficiencies  of  both  noncavitating  and  supercavitating  propellers 
are  confined  or  limited  by  the  restraints  imposed  by  structural  requirements.  Such 
a  cha.  would  cleariy  show  the  importance  of  structural  limitations  and  might  thereby 
increase  research  on  this  subject. 

One  favorable  prospect  for  supercavitating  propellers  which  has  not  been  men¬ 
tioned  lies  in  the  action  of  such  propellers  in  producing  vibration-exciting  effects. 
In  view  of  the  fact  that  a  supercavitating  section  has  a  lift-slope  of  one-quarter  of 
that  for  a  fullv  wetted  section,  one  might  expect  that  the  vibratory  thrust  developed 
by  an  SC  propeller  operating  in  a  circumferentially  variable  wake  would  be  something 
of  the  order  of  one-quarter  of  that  produced  by  the  noncavitating  propeller  in  the 
same  wake.  In  addition,  heuristically  one  may  at  first  expect  that  the  strength  of  the 
fluctuating  pressure  field  would  also  be  mi*iga*ed  by  the  presence  of  the  elongated 
cavity  at  constant  pressure;  however,  recent  work  on  the  field  about  noncavitating 
propellers  has  indicated  that  the  "thickness  effect"  of  the  blades  is  not  at  all  negli¬ 
gible.  s  1  it  may  be  that  a  blade  with  a  cavity  will  produce  a  large  pressure  pulse  by 
virtue  of  its  enlarged  "displacement."  This  field  can  and  should  be  computed  to  check 
the  truth  of  such  a  guess.  It  would  certainly  be  an  important  asset  of  SC  propellers 
if  it  could  be  demonstrated  that  in  addition  to  providing  high  efficiencies  they  also 
provide  a  large  reduction  in  excitation  of  ship  vibration. 

Another  aspect  in  regard  to  vibration  lies  in  the  fact  that  the  applied  frequencies 
wiil  be  considerably  higher  than  now  obtained  because  of  the  higher  rpm.  This  may 
well  be  of  significance  although  it  may  turn  out  that  components  which  are  not  at 
present  excited  may  be  found  to  be  at  a  resonant  condition  at  supercavitating  propel¬ 
ler  blade  freouencies. 


H.  E.  Saunders  (Capt.,  U.S.N,,  Ret.) 

I  would  like  to  point  out  that  perhaps  the  low  efficiency,  which  is  found  with  even 
some  of  the  modern  supercavitating  propellers,  is  not  necessarily  a  drawback  to 
their  use  or  further  development.  With  the  old.  raring  motorboats  which  used  super¬ 
cavitating  propellers,  '•'arting  thirty  years  ago.  speeds  of  100  miles  per  hour  were 
reached  despite  propulsive  efficiencies  of  only  about  0.25.  The  supercavitatini: 
propellers  did  the  job  despite  ttiis  low  efficiency,  and  perhaps  in  many  present  and 
future  applications,  efficiency  may  not  be  the  prime  consideration. 

There  is  another  point  which  I  would  like  to  emphasize.  It  was  sh'  'n  and 
explained  to  some  extent  by  Mr.  Eames.  in  connection  with  the  Canadian  hydrofoil 
boat,  that  a  standard  density  of  the  water  is  assumed  in  the  inflow  jet  to  the  super¬ 
cavitating  propellers.  However,  all  of  us,  who  have  looked  through  windows  of  our 
naval  vesstiS  and  have  seen  the  so-called  water  in  which  the  propeller  works,  realize 
that  the  inflow  jet  with  its  air  bubbles  looked  like  a  howling  blizzard  of  snow  on  the 
western  plains:  one  can  hardlvsee  the  propeller  for  the  entrained  air.  Also  in  recent 
years,  we  have  found  wiih  our  large,  fast  ships,  for  some  reason  not  adequately 
e.\plained.  that  gre,atcr  and  greater  quantities  of  air  are  encountered  in  the  inflow  jet. 
Mr.  Eames  pointed  out  that  he  had  cavitation  iiehind  one  of  the  hydrofoils.  He  also 
had  separation  behind  th.!!  sloping  shaft.  The  upper  blades  on  his  propeller  were 
certainly  not  working  in  green  water. 

Some  of  the  air  in  the  inflow  jet  comes  down  under  the  bow  of  the  ship.  Some  of 
it  is  pulled  out  of  solution  due  li  low  pressures  along  the  ship's  length.  But  just 
\here  ail  oi  the  air  conies  from,  we  do  not  Knew.  There  are  indications  that  on  some 
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of  our  latest  and  fastest  ships  we  have  pockets  of  air  in  the  inflow  jet  which  are 
iongcr  than  the  pitch  of  the  propellers.  Thus,  these  are  not  bubbles  any  more  but 
really  big  holes.  My  feeling  is  that  while  we  should  continue  our  work  on  the  super- 
cavitating  propellers,  we  should  also  try  to  find  out  what  to  do  about  more  air  in  the 
inflow  jet  as  we  get  to  higher  speeds  and  perhaps  even  longer  ships. 


F.  S.  Burt  (Admiralty  Research  Laboratory) 

Mr.  Tachmlndji  referred  in  his  paper  to  the  use  of  high  speed  computers  for 
predicting  propeller  characteristics  for  a  propeller  series.  We  are  very  interested 
in  this  and  would  tike  to  know  if  the  DTMB  has  actually  programmed  a  complete 
propeller  design  for  computation  on  their  computer.  This  is  quite  a  formidable  task 
as  propeller  design  Involves  the  use  of  correction  factors  such  as  Goldstein's  k-factor 
and  a  correction  for  the  lifting  surface  effect,  which  in  themselves  require  some 
effort  in  programming.  It  may  be  of  interest  for  you  to  know  that  at  ARL  we  are  at 
the  moment  having  Ginzel  camber  correction  factors,  for  the  lifting  surface  effect, 
programmed  'or  our  Pegasus  computer. 

Incidentally,  we  would  take  slight  issue  with  DTMB  when  they  seem  to  use  Lerb's 
angle-of*attack  correction  factor  in  addition  to  the  Ginzel  correction.  We  would 
argue  that  these  conditions  are  equivalent  and  not  complementary. 

The  possible  disadvartage  with  supercavltating  propellers  may  be  in  poor  per¬ 
formance  at  off-design  conditions.  What  information  is  there  available  on  the  per¬ 
formance  at  low  speeds  and  at  the  incipient  cavitation  stage  when  the  efficiency  may 
be  rather  less  than  at  the  ultimate,  fully  cavitating  state? 


F.  H.  Todd  (National  Physical  Laboratory.  England) 

My  first  contact  with  the  problem  of  supercavltating  propellers  was  in  1939  when 
an  ordinary  marine  propeller  was  run  up  to  supercavltating  conditions  in  the  propeller 
water  tunnel  at  the  National  Physical  Laboratory,  Teddington.  I  presented  the  results 
of  these  experiments  in  a  discussion  on  a  paper  given  to  the  Institution  of  Naval 
Architects  in  1944  by  V.  L.  Posdunine.  of  the  Moscow  Academy,  who  developed  a 
theoretical  model  of  the  flow  picture  and  deduced  expressions  (or  the  thrust  and  ideal 
efficiency.'^  It  is  of  interest  to  note  that  he  spoke  at  this  time  of  "wedge-shaped 
blades,"  and  although  he  did  not  give  any  particulars  of  the  shapes  he  had  in  mind  it 
would  seem  likely  that  they  resembled  in  general  those  used  in  the  present  propellers. 

In  these  early  NPL  experiments  the  efficiency  at  the  point  where  supercavi.ation 
was  just  fully  developed  was  some  49  percent,  as  compared  with  61  percent  at  the 
same  slip  in  the  noncavitating  condition.  At  still  higher  slips  the  efficiency  continued 
to  (all.  This  work  was  not  continued  because  of  the  outbreak  of  war,  but  the  results 
indicated  what  could  be  achieved  by  running  a  normal  marine  propeller  under  such 
conditio.-.s. 

The  theoretical  analysis  carried  out  by  Mr.  Tulin,  and  first  pres*' .ted  at  a  Sym¬ 
posium  in  England  in  1955,  has  shown  how,  by  using  sprciallydcsigned  supercavitating 
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soclions.  It  is  possible  to  regain  a  great  deal  of  the  loss  in  efficiency  and  so  to 
produce  propellers  which,  in  supercavituting  conditions,  art  not  greatly  inferior  ir. 
efficicnry  to  the  corresponding  ordinary  marine  propeller  in  the  nencavitating 
condition. 


in  ii'i.i.  paper  Mr.  and  Mr.  Morgan  have  applied  the  pioneer  work  of 

Tulin  to  the  actual  design  problem  for  supercavitaiiiig 

standard  propeller  design  methods  developed  at  the  David  Taylor  Model  Basin  to  this 
new  problem,  they  have  been  able  to  calculate,  on  a  high-speed  computer,  the  per¬ 
formance  of  a  large  number  of  propellers  and  so  produce  the  design  charts  given  in 
their  paper.  The  calculated  performance  characteristics  have  been  checked  by  a 
limited  number  of  experiments,  which  have  shown  that  the  charts  can  be  relied  upon 
for  the  design  of  supercavitating  propellers  within  the  region  covered  by  the  series. 
The  authors  are  to  be  congratulated  on  making  (his  approach  to  the  problem,  which 
has  enabled  them  to  produce  desi)pi  charts  very  much  more  quickly  and  cheaply  than 
would  have  been  possible  if  all  the  30  propellers  had  had  to  be  made  and  tested  in  the 
tank.  Their  work  will  be  of  great  Interest  to  all  propeller  designers  who  are  involved 
in  the  particular  field  In  which  such  supercavitating  propellers  may  be  of  value. 


In  this  respect  the  authors  devote  considerable  attention  to  the  question  of  when 
it  is  desirable  and  possible  to  use  this  type  of  propeller.  It  is  interesting  to  study  the 
charts  which  they  give  to  see  just  what  the  practical  speeds  are  In  representative 
cases  so  that  we  may  gain  a  clearer  idea  of  the  possible  fields  of  usefulness.  In 
order  to  do  this,  I  have  worked  out  three  examples  -  for  a  fast  liner  (Table  1),  a 
destroyer  (Table  2),  and  a  high-speed  miotorboat  (Table  3). 


For  the  liner  a  draft  of  32  feet  has  been  assumed,  a  maximum  propeller  diameter 
of  20  feet,  with  7  feet  of  cover  above  the  tips  and  an  atmospheric  pressure  equivalent 
to  33  feet  of  water,  giving  a  total  head.  H,  of  SO  feet.  Taking  the  points  marked  A,  B, 
C.  D  and  E  on  Fig.  D9,  Table  1  car.  be  constructe.1.  The  points  A  and  B  mark  the 
limiting  time  for  the  use  of  such  propellers,  and  we  see  that  even  in  this  case  the 
speeds  are  high  •  ranging  from  40  to  85  knots.  Perhaps  the  most  inleresiing  case  is 
that  at  point  A,  where  the  speed  is  not  too  far  beyond  those  at  present  in  use  or 
contemplated  for  Atlantic  liners. 


Assuming  a  total  shaft  horse¬ 
power  of  250,000,  estimates  can  be 
made,  from  the  charts  given  in  the 
paper,  of  the  efficiency  and  pitch 
ratio,  and  the  optimum  values  are 
also  given  in  Table  1. 


For  conventional  propellers,  the 
quadruple  screw  arrangement  using 
propellers  of  18.6  feet  diameter  and 
1.23  pitch  ratio,  running  at  200  rpm, 
might  be  expected  to  give  an  effi¬ 
ciency  of  theord'irof  0.68,  assuming 
nc.  cavitation.  This  latter  qualifica¬ 
tion  is,  of  course,  the  crux  of  the 


Fin.  D9  -  Ch?.rt  of  practical  applic  Mon  of 
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’'M.  P.  Tulin,  "Supercavitating  p'low  Past  Foils  .and  St  ruts.,"  Svinposiuni  or.  Cavit.'ition 
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Tabu: 


High  Speed  Liner 

Draft.  32  feet,  propeller  diameter  20  feet,  H  -  50  feet 


j^Point; 

f  ■ 
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A 

B 

1  1 

1  I 

D 

>  E 

1  - 

1  r„7..‘,7;:3 

lUvi  ifc/  •  ^ 

•in 

■ 

1 

1 

n  7 

0.7  ' 

j 

0.3 

I  0.3 
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40.8 

1 

i 

84.5 

1 

84.5  ' 

j 

129.0 

'  129.0 

J 

0.6 

1.4 

0.6  1 

0.6 

i  1.4 

Diam.  (feet) 

20 

15 

1 

10  i 

20 

isl  10^ 

j  j 

20 

■  15  lOl  20 

-J-  -  ♦  I 

1  15' 

1--  —i 

10  201  15 

^  -1 

10 

rpm 

344 

458' 

i 

00 

00 

40 

303 

407'610| 

i 

713 

1 950  1426 ! 1000 

1  i  i  4 

1450| 

_ _ i 

2180^467^623j 

935 

No.  of  screws'' 

1 

4 

2 

1 

i _ 

4 

1 

Conventional 

1  Propeller  type 

Supercavitating 

1 

(assuming  no 

1 

cavitation) 

Diam.  (feet) 

10 

15 

18.6 

rpm 

688 

407 

I 

200 

Pitch  ratio 

0.96  1 

j 

0.92 

1.23 

Efficiency 

0.61  1 

0.625 

I 

0.68 

’shaft  horsepower:  250.000 

business.  In  present  liners  of  this  class,  cavitation  is  already  a  problem  and  some 
already  suffer  from  cavitation  erosion.  To  design  conventional  propellers  to  run  at 
40  knots  or  above  and  absorb  60,000  to70,000  horsepower  eachwithout  suffering  from 
cavitation  would  therefore  be  a  real  problem,  and  the  supercavitating  propeller  may 
well  be  the  answer  to  it.  Under  such  conditions  the  conventional  propeller  would  lose 
some  of  its  margin  of  efficiency  and  any  remaining  difference  in  this  respect  would 
have  to  be  set  agal.nst  the  absence  of  erosion.  If  we  consider  still  faster  speeds, 
mov'ng  along  the  line  from  A  to  B,  the  problem  of  designing  a  conventional  propeller 
becomes  rapidly  more  difficult  and  the  use  of  supercavitating  propellers  m  tre 
attractive. 

F u.'  the  destroyer  and  high-speed  motorboat.  Tables  2  and  3  can  be  prepared. 
In  these  two  types  of  ship,  it  will  be  seen  that  even  at  the  present  top  speeds  the 
supercavitating  propeller  may  already  be  considered  as  a  rival  of  the  conventional 
propeller,  and  it  is  in  the  high-speed  motorboats  that  it  has  already  been  adopted  on 
numerous  occasions,  although  without  the  benefit  of  the  new  type  sections. 

In  the  past,  the  supercavitating  propellers  used  have  in  general  had  normal 
sections  of  the  aerofoil  or  crescent  (hollow-faced)  type,  and  the  relatively  low  effi¬ 
ciencies  of  these  propellers  under  such  conditioiiE  of  operation  have  been  accepted 
as  part  of  the  necessary  price  of  working  in  this  area.  It  lias  now  been  shown  how, 
with  the  proper  choice  of  sections,  this  loss  of  efficiency  can  be  avoided  to  a  large 
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Table  2 


Destroyer 

Dra)  i2  feet,  propirller  diameter  12  feet,  cover  6  feet,  H  =  45  feet 


1  Point:  j 

A 

B 

c 

E 

100  H/V,^  1 

3.0 

0.7 

0.7 

0.3 

0.3 

' »  1 

V  1^  1 

38.7 

80.2 

80.2 

122.5 

122.5 

i 

0.6 

1.4 

0.6 

0.6 

1.4 

1  ■  -  r- 

Diam.  (feet)  12 

6  ,  10 

12 

6 

12 

6 

6 

12 

6 

rpm  '  545 

1090  '  655 

483 

966 

1127 

2254 

1728 

3456 

740 

1480 

1 -  ■ 

;  No.  of  screws ' 

1 

t 

2 

2 

Propeller  type^ 

Supercavitatlng 

Conventional 
(assuming  no  cavitation) 

Dlani.  (feet) 

10 

12.6 

rpm 

855 

350 

Pitch  ratio 

0.94 

1.18 

Efficiency 

0.82 

0.66 

^‘Shaft  hofsepower:  100,000 
’Comparison  at  3H.7  knots 

extent,  and  supercavitatingpropellers  can  be  designed  to  give  reasonable  efficiencies 
under  very  advanced  design  conditions,  thus  extending  the  range  over  which  marine 
prc^ellers  may  continue  to  be  used  for  high-speed  ship  propulsion. 

An  inspection  of  the  tables  will  also  show  the  wide  rati3,e  nf  revolutions  possible 
with  such  propellers,  and  this  feature  may  well  be  of  great  interest  to  the  marine 
engineer,  enabling  him  to  consider  the  adoption  of  lighter,  faster-running  engines  and 
the  elimination  of  gearing. 

Of  course,  as  in  mo.st  new  developments,  the  supercavitatlng  propeller  also 
brings  its  own  problems,  and  one  of  the  most  important  of  these  will  undoubtedly  be 
ti'.e  need  to  obtain  sufficient  strength  in  the  blades,  particularly  near  the  very  fine 
leading  edge.  To  avoid  distortion  and  vibration  in  this  vicinity  will  cull  for  extremely 
hard  and  tough  material. 

Also,  it  is  important  to  realize  the  limitations  of  this  type  of  pri)p«  Her.  Many 
new  ideas  have  been  spoiled  in  the  past  because  attempts  were  made  o  .j)ply  them 
indiscriminately  in  fields  where  their  particular  merits  could  not  be  realized.  From 
the  examples  quoted  above,  it  will  be  realized  that  the  essential  condition  for  the  use 
of  the  supercuvitating  pro|M>llcr  is  a  relatively  high  speed.  It  will  not  assist  the 
normal  cargo  s.hip  to  g(j  faster,  but  in  the  field  of  high-speed  moturbo.''isand  destroy¬ 
ers  it  may  be  considered  as  a  practical  propeller  even  with  present-day  speeds. 
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High  Speed  Motorboat 

Immerblon  to  centreline  shaft  assumed  7  feet,  H  =  40  feet 


i  Point: 

. . 

A 

B 

100  H/V^^ 

(knots) 

J 

3.0 

36.5 

0.6 

0.7 

75.5 

1.4  j 

Diam.  (feel) 

4 

3 

r  2 

4 

2  i 

!  rpm 

u - - 

1540 

2055 

3060 

1363 

_ 1 

2726 

C 

0.7 

75.5 

0.6 

4 


3185 


2 

6370 


0.3 

115.5 

0.6 

^1' 


0.3 

115.5 

1.4 


screws® 


4875  I  9750  2090 


4180 


Propeller  type' 


Supercavltating 


Diam.  (feet) 
rpm 

Pitch  ratio 
Efficiency 


- )  -  - 


_ i 


Conventional 
(assuming  no  cavitation) 


2.40 

2570 

0.90 

0.64 


2.38 

1800 

1.16 

0.67 


’^'Shaft  horsepower;  8000 
^Comparison  at  36.5  knots 


It  is,  Indeed,  interesting  to  note  that  its  field  of  useful  application  begins  Just  about 
at  the  point  which  we  have  now  reached  in  such  high-speed  craft  and  even  in  Atlantic 
liners,  and  if  the  demand  for  still  higher  speeds  in  these  classes  of  ships  continues, 
then  the  supercavitatingpropeilcr  has  a  promising  field  in  front  ot  it  and  the  designer 
a  useful  new  weapon  in  his  armoury. 


A.  Siivcrleaf  (National  Physical  Laboratory) 

These  papers  summarizes  very  great  amount  of  work,  and  the  information  which 
they  give  is  an  immense  aid  to  those  of  us  who  do  not  yet  have  any  personal  expe¬ 
rience  with  supercavitating  propellers.  My  first  reaction  to  the  paper  by  Mr. 
Tachmindji  and  Mr.  Morganis  surprise  in  that  design  methods  developed  for  orthodox 
propellers  (in  the  development  of  which  Prof.  Lerbs  has  played  a  major  role)  appear 
to  work  so  well  for  supercavitating  conditions.  Du  the  physical  conditions  in  the  wake 
immediately  downstream  of  a  screw  with  long  cavities  over  the  back  of  its  blades 
closely  resemble  those  postulated  for  the  conventional  vortex-theory  design  method 
for  propellers?  Prof.  Lerb's  review  of  tiie  flow  models  for  supercavitating  propel¬ 
lers  suggests  to  me  that  a  more  complicated  model  may  be  necessary  to  undersUuui 
fully  the  action  of  supercavitating  propellers. 
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The  pitch  correction  faciors  presenter!  by  Mr.  Tachmindji  and  Mr.  Morgan  are 
clearly  derived  from  a  very  extensive  analysis,  but  I  find  them  difficult  to  understand. 
Does  tile  correction  for  finite  cavitation  number  take  account  of  the  very  marked 
radial  variation  in  the  local  cavitation  number,  which  in  most  propellers  covers  a 
range  of  about  8  to  1  ?  Further,  can  Ludwigg-Glnzel  curvature  correction  factors, 
which  depend  closely  on  the  blade  width,  apply  to  supercavitating  propellers?  What 
is  the  effective  chord  of  a  blade  which  has  a  long  cavity  extending  far  downstream  of 
its  trailing  edge  ? 

The  principle  of  carrying  out  systematic  design  calculations  before  indulging  in 
the  costly,  time-consuming,  and  often  disappointing  process  of  systematic  model 
experiments  is  an  excellent  one,  and  undoubtedly  Mr.  Tachmind)!  and  Mr,  Morgan 
have  applied  it  most  thoroughly.  However,  I  am  not  entirely  clear  how  the  curves  of 
his  Figs.  6  and  7  are  computed;  has  the  inverse  of  a  design  method  been  developed  to 
calculate  the  performance  characteristics  of  propellers  with  specified  geometry,  or 
has  the  design  method  itself  been  directly  applied  to  determine  the  geometrical 
features  of  propellers  satisfying  a  set  of  specified  operating  conditions?  If  the  latter 
method  has  been  followed,  then  presumably  each  of  the  thirty  propellers  for  which 
calculations  were  made  is  an  optimum  design,  and  thus  each  curve  of  constant  pitch 
ratio  in  Figs.  6  and  7  embraces  a  set  oi  propellers  which  arc  otherwise  not  geomet¬ 
rically  identical,  unlike  similar  diagrams  for  conventional  propeller  series. 

Mr.  Tachmindji  and  Mr.  Morgan  claim  satisfactory  agreement  between  measured 
performance  values  for  a  number  of  supercavitating  propellers  and  those  derived 
from  the  calculated  series.  How  were  the  experimental  values  determined?  If  they 
were  based  on  water -tunnel  test  data,  then  what  tunnel  interference  correctionfactors 
were  used?  It  seems  unlikely  that  simple  corrections  are  adequate. 

There  is  a  brief  reference  to  the  possibility  of  using  forced  ventilation  to  operate 
supercavitating  propellers  at  low  ship  and  shaft  rotation  speeds.  How  much  power 
would  be  needed  to  operate  the  necessary  ancillary  gear  ?  Experiments  with  model 
supercavitating  screws  in  a  towing  tank  should  help  to  answer  such  questions.  What 
is  the  efficiency  of  supercavitating  propellers  when  rotating  in  the  astern  direction? 
If  it  is  low,  then  I  should  expect  supercavitating  propellers  to  be  used  for  ships  with 
shafts  rotating  unidlrectlonally;  if  so,  then  controllable  pitch  screws  would  be  neces¬ 
sary.  How  do  supercavitating  sections  behave  over  a  wide  range  of  pitch  settings  ? 
Finally,  it  is  important  to  remember  that  very  large  thrusts  are  needed  to  propel 
large  ships;  practical  considerations  of  propeller  blade  strength  may  well  be  decisive 
factors  in  the  ultimate  adoption  of  supercavitating  propellers  for  large,  fast  ships. 


H.  Lerbs 

One  question  to  which  I  would  like  to  reply  immediately  was  that  by  Mr.  Burt. 
The  question  refers  to  the  lifting  surface  effects  oi  the  propeller  and  the  corrections 
which  arc  necessary  when  you  take  the  section  property  from  two-dimensional  flow. 

Now,  the  lifting  suriace  eifect  exhibits  itself  in  the  curvature  of  the  streamlines, 
and  if  the  lifting  surface  effect  of  the  propeller  were  such  that  the  curvature  ./ver  the 
chord  length  would  be  constant,  Ludwig's  correction  wotila  sulflce.  Now,  owing  to  the 
continuous  change  of  the  velocity  the  curvature  of  the  flow  is  smaller  at  the  leading 
edge  and  greater  at  the  trailing  edge,  and  In  order  to  compensate  for  this  change  of 
curvature  an  angle  oi  attack  is  necessary. 
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A  J  TqphmtnHii 

I'd  like  to  reply  briefly  to  a  few  points.  Regarding  Mr.  Rader's  comments  on 
the  question  of  speed,  I  think  he  has  misunderstood  the  50  knot  question.  The  impor¬ 
tant  thing,  of  course,  is  cavitation  number  and  not  speed.  The  value  of  speed  itself 
is  immaterial. 

Mr.  O'Neill  told  us  on  the  one  hand  that  the  supercavitating  propeller  was  not 
quite  comparable  to  the  ones  at  AEW  and  then  he  showed  us  very  nicely  that  this  was 
in  the  marginal  region.  This  was  the  basic  reason  that  the  diagram  of  Fig.  1.  was 
given,  i.c..  to  anticipate  the  comparison  with  arbitrary  propellers.  Of  course,  it  has 
been  shown  that  tlte  efficiency  of  conventional  propellers  drops  quite  rapidly  at  low 
cavitation  numbers. 

On  Mr.  Burt's  comments  about  computing  machines,  we  do  have  at  the  Model 
Basin  a  complete  program  for  computing  machines.  The  method  used  there  is  induc¬ 
tion  factor  method  rather  than  the  Goldstein  method.  It's  a  bit  easier  to  program 
this  particular  method. 

Dr.  Todd  has  pointed  out  *'  •>  ranges  and  speeds  of  supercavitating  propellers. 


Mr.  Silverleaf  has  given  a  glimmer  of  some  of  the  work  necessary  to  produce 
this  diagram  and  he  is  quite  right  in  saying  there  is  more  to  it  than  meets  the  eye. 

Regarding  the  estimated  performance  of  propellers  in  water  tuimels,  the  one 
which  was  given  was  tested  in  full  scale  and  also  tested  in  the  Basin  and  most  of  the 
work  which  has  been  carried  on  in  the  water  tunnels  is  duplicated  in  the  Basin. 


«  *  *  *  • 
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AN  EXPERIMENTAL  STUDY 
OF  CAVITATiNG  INDUCERS 
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INTRODUCTION 

The  user  of  a  turbomachine  is  mainly  interested  only  in  the  overall  hydrodynamic 
performance  of  the  device.  However,  the  designer  is  almost  always  confronted  with 
the  problem  of  achieving  the  intended  performance  in  the  face  of  many  conflicting 
hydrodynamic  and  system  requirements.  In  certain  areas  it  may  happen  that  a 
formerly  deleterious  effect  (such  as  the  occurrence  of  cavitation)  can  te  turned  to 
good  advantage  as  in  the  case  of  the  supercavitating  hydrofoil  or  propeller.  Unfor* 
tunately.  this  happy  circumstance  is  not  the  lot  of  the  designer  trf  a  liquid  pumping 
system  wnen  the  effects  of  cavitation  ai'e  predominant.  That  this  is  so,  follows  from 
the  fact  that  the  dissipation  effects  in  production  of  lift  by  a  hydrotoll  are  relatively 
unimportant  whereas  dissipation  is  important  in  the  decrease  of  energy  of  a  fluid 
stream  as  in  the  case  of  a  pump. 

The  basic  compromise  in  pump  design  that  makes  cavitation  a  problem  is  rota* 
live  speed.  If  the  size  and  weight  of  a  pumping  unit  were  immaterial,  then  a  suitable 
conil)ination  of  rotative  speed  and  pump(s)  could  always  be  found  to  eliminate  virtually 
any  proidem  of  cavitation.  Fortunately  for  the  occupational  outlook  of  hydraulic  engi¬ 
neers,  one  rarely  has  such  freedom.  In  fact,  weight  and  overall  size  are  of  such 
importance  in  missile  turbopump  applications  that  ihe  conventional  limits  of  rotative 
speed  and  cavitation  criteria  have  been  far  exceeded,  so  that  the  effect  of  cavitation 
on  overall  performance  is  critical,  A  substantial  reduction  in  weight  is  obtained,  of 
course,  t)y  operation  at  high  speeds,  since  to  a  rough  approximation  the  tip  speed  for 
a  given  pressure  rise  is  fixed.  As  the  rotative  speed  is  increased,  the  diameter  is 
reduced  and  the  weight  is  reduced  more  or  less  as  the  cube  of  the  diameter.  Need¬ 
less  to  say,  the  weight  of  auxiliary  driving  equipment  will  also  be  smaller  al  high 
rotative  speeds  since,  as  is  invariably  the  case,  a  high-speed  impulse  drive  turbine  is 
used  and  fewer  gears  will  be  needed  in  the  reduction  train.  The  flow  near  the  inlet 
portions  of  the  pump  is  now  quite  susceptible  to  cavitation  because  of  the  large  rela¬ 
tive  velocities  that  occur  in  ihis  region.  Thus  there  is  every  incentive  to  operate  a 
liquid  pump  .it  the  highest  possiliic  routive  speed,  limited  only  by  cavitation. 

These  flows  as  well  as  non-rotating  flows  are  governed  by  a  cavitation  index  k 
e.xcopt  that  herein  they  are  b.ised  upon  the  inlet  relative  velocity  dynamic  pres.surc, 
ihe  upstream  static  pressure  and  the  vaporpressure  of  the  flowing  fluid.  Some  appre- 
i.'iation  of  the  fluid  dynamic  effects  to  lx*  expected  may  lie  gained  by  a  comparison  of 
the  cavitation  numliers  at  which  •■onventional  pumps  operate  and  those  of  modern 
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propellant  pumps.  A  well-desiipied  ceiilriluKal  (oi  axial)  pump  may  be  expected  to 
operate  with  cavitation  numbers  as  low  as  about  0.3  before  serious  deterioration  in 
performance  occurs.  However,  a  missile  propellant  pump  may  be  called  upon  to 
operate  satisfactorily  with  values  of  k  0.03,  say,  although  at  some  loss  of  efficiency. 
(To  make  the  comparison  fair,  the  service  life  of  the  conventional  unit  as  determined 
by  cavitation  damage  will  be  many  times  that  of  the  propellant  pump.)  It  is  clear 
that  with  such  low  values  of  k,  a  cavitation-free  flow  cannot  be  obtained  and,  in  fact, 
considerations  of  cavitation  dominate  the  design  of  inlet  portions  of  such  machines. 

A  characteristic  feature  of  cavity  flows  in  confined  spaces  is  that  for  a  given 
geometry  there  is  a  minimum  cavitation  number  below  which  steady  flow  is  not  pos¬ 
sible.  liiis  effect  may  be  termed  "choking"  in  analogy  with  the  compressible  phe¬ 
nomenon  or  cavitation  "breakdown."  Examples  of  such  limiting  flows  in  ducts  are 
given  in  Ref.  1  and  in  cascades  in  Ref.  2.  In  the  case  of  a  pump  operating  at  a  given 
speed  and  flow  rate,  there  also  exists  an  inlet  pressure  below  which  maintenance  of 
the  flow  rate  is  not  possible.  It  is  extremely  Important  in  design  to  be  able  to  predict 
the  minimum  required  inlet  pressure,  and  to  so  design  the  machinery  as  to  make 
this  minimum  as  small  as  the  circumstances  allow. 

Fiu.n  iiic  fuicgcing  tCuuika  it  will  have  hcen  anticipated  that  the  inlet  con- 
f.guration  of  a  pump  designed  for  cavitation  will  be  quite  different  from  a  conventional 
machine,  /.t  small  cavitation  numbers  (say  less  than  0.1)  the  cavity  length  becomes 
appreciable,  and  for  the  limiting  cavitation  number,  the  cavity  length  is  Infinlte-at 
least  in  all  planar  flows.  It  is  no  surprise,  then,  that  the  blade  length  of  the  inlet 
portions  of  pumps  for  cavitating  service  must  be  long,  or  at  least  sufficiently  long  to 
insure  finite  cavity  lengths  over  the  desired  operating  range.  The  length  of  the  blade 
is  conveniently  e.xpressed  in  units  of  the  circumferential  blade  spacing,  and  the  ratio 
of  these  lengths  is  called  the  solidity.  The  inlet  portions  of  such  pumps  will  there¬ 
fore  be  of  high  solidily  (at  least  greater  than  unity)  and  to  avoid  high  local  velocities 
will  be  predominantly  axial.  For  convenience  of  manufacture,  this  inlet  region  is 
often  made  separately  and  subsequently  joined  to  the  main  stage.  Following  super¬ 
charger  terminology,  this  separate  piece  is  called  an  "inducer."  The  function  of  the 
Inducer  is  to  pressurize  the  flow  sufficiently  to  enable  the  following  pumping  equip¬ 
ment  to  perform  satisfactorily.  If  the  primary  rotor  is  of  the  centrifugal  type,  the 
pressure  increase  of  the  inducer  portion  usually  needs  to  be  only  about  ten  p''rcent 
of  the  pressure  rise  of  the  system.  The  power  requirement  of  the  inducer  is  then  not 
an  overriding  consideration  and  the  necessar>’  cavitation  performance  of  this  compo¬ 
nent  can  then  be  obtained  at  the  cost  of  efficiency  if  need  be. 

The  inducer  is  thus  only  an  extension  of  the  main  rotor.  Its  being  separate, 
however,  offers  advantages  in  tiat  it  may  be  rur  at  a  different  speed  on  a  coaxial 
shaft  and  certain  fabrication  difficulties  are  al’r  :ated.  Figure  1  is  a  photograph  of 
a  typical  pump-inducer  combination.'^  The  inducer  is  hardly  a  new  device.  For 
example,  one  of  the  very  first  rocket  engines,  the  Walter  109-509A  engine  for  the 
Me-163  rocket  plane,  used  an  inducer-pump  combination  (3).  In  the  intervening 
period  there  has  been  a  rapid  development  of  inducers  and  pumps  for  cavitating 
service  by  organizations  interested  in  missile  development.  However,  relatively 
little  design  information  has  appeared  in  the  open  literature.  We  find,  for  example. 
Zimmerman  in  1950  discussing  the  effect  of  pump  suction  pressure  requirements  in 
terms  of  pumping  machinery  wei^i  (4).  Brumfield  (5)  and  Ross  (6)  undertook  an 
elementary  analysis  to  show  in  effect  that  there  is  an  optimum  inlei  diameter  for  a 


♦  For  a  novel  scheme  to  eliminate  the  indu«.cr,  and  for  a  ^ood  discussion  of  the  prob¬ 
lem,  see  WisliceniiH,  v/,F.,  ‘C'ritual  Considerations  on  C>avitalioii  Limits  of 
trifuj;al  and  Axial Pumps,'  Trans.  ASME  78:1707  (195faJ. 
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t;iven  speed  and  (1cm  rate.  Ross  was 
particularly  interested  in  demon¬ 
strating  the  effect  of  inlet  conditions 
on  weight  and  Brumfield  pointed  out 
the  advantages  of  pre-whirl  in  attain¬ 
ing  low  inlet  pressures.  The  first 
paper  dealing  explicitly  with  the 
inducer  was  by  Rons  and  Banenan  (7) 
in  which  the  function  of  the  inducer  is 
outlinc'd  and  a  general  description  of 
the  flow  is  given.  They  report  few 
details  about  the  internal  flow  in  the 
inducer  but  show  tiiat  extremely  low 
inlet  pressures  can  be  achieved. 

Both  tlie  photograph  of  Fig.  1  and 
those  in  Ref.  7  show  the  indu-cei  to  be 
generally  helical  in  shape.  It  is 
usually  machined  and  in  these  exam¬ 
ples  cor.rlsts  of  a  helical  surface,  the 
lead  of  which  may  vary  from  inlet  to 
discharge.  The  hub  diameter  as  well 
as  the  tip  diameter  may  also  vary  along  the  axis.  Although  there  are  many  design 
variables,  the  gem  ral  appearance  of  an  inducer  is  a  rotor  ot  high  solidity,  small 
number  of  blades,  and  small  blade  angle.  The  purpose  of  this  paper  is  to  report  the 
results  of  some  experiments  on  typical  inducer  shapes.  These  experiments  are 
intended  to  show  in  a  qualitative  way  the  general  (low  patterns  in  the  Inducer  In 
various  stages  of  cavitation  from  incipient  to  near  breakd^n.  For  this  objective  the 
simplest  (but  still  useful)  uiducer  shace  is  chosen;  a  rigid  helix  of  constant  lead. 
Three  blade  tip  angles  were  studied,  namely,  6'’,  9“,  and  12'*.  The  aolidlty  was  kept 
constant  at  2. a  (or  each  of  tliese  investigations.  Additional  testa  were  made  with  the 
9°  impeller  by  varying  the  solidity  from  1.0  to  3.25  and  by  changing  the  tip  clearance 
over  a  wide  range. 

Complete  performance  data  (cavitating  and  nenravitating)  was  obtained  for  each 
of  the  foregoing  arrangements.  As  will  be  seen,  the  (low  through  such  a  simple 
geometrical  device  is  extremely  complicated  and  nut  aubjert  to  exact  analysis 
(although  this  may  not  be  necessary  (or  design).  In  the  following  sections  the  non- 
cavitatlng  and  cavitating  performance  of  these  isducers  will  be  presented,  together 
with  some  simple  correlations  based  on  two-dimensional  free  streamline  theory.  It 
will  be  shown  that  while  we  are  not  able  tc  predict  well  tlie  occui  rence  of  breakdown 
the  correlations  lound  do  o.fer"i'ules  of  thumb"  for  design  that  will  serve  until  better 
information  becomes  available. 


Fig.  i  -  A  typical  inducer  installation  on 
a  centrifugal  pump  for  liquid  oxygen. 
((Courtesy  of  Mr.  T.  Carter,  Turbocraft 
Corp.,  Pasadena.) 


EXPERIMENTAL  PROGRAM 
The  Test  Rotors 

The  combination  of  (low  coefficients  and  head  coeiiiclenis  required  (or  inducer 
applications  lies  far  outside  conventional  pump  or  fan  praclice.  Accordingly,  ..  was 
desired  to  cover  a  reasonably  wide  range  ^  geometric  variables  In  the  test  program. 
To  simplify  construction  not  only  of  the  rotor  but  the  rotor  housing,  the  bU^  shapes 
(as  mited  before)  were  rigid,  helical  surfaces  with  tip  blade  angles  of  6°,  9°,  and  12". 
The  tip  diameter  was  2  Inches  and  the  hub  diameter  was  1  inch.  The  solid' .y  lor  the 
6°  and  12"  ro'.orr.  wat  maintained  at  2.5  whereas  it  was  systematically  varied  in  the 
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Fit".  I  -  The  6  ,  '*  and  12  experimental  indmers. 
The  tip  diameter  is  2  inihes. 


■'men*  ».  ene 


CevfLOPSO  BLADE 


Fig.  3  -  Definition  sketi  h  of 
impeller  geometry 


9'  series  from  unity  to  3.25.  The  tip  clearance 
was  also  systematically  varied  in  the  9'^  series 
for  a  given  solidity  (2.5)  over  a  wide  range. 

Figure  2  is  a  photograph  of  several  of  the 
rotors  tested.  The  various  configurations  tested 
arc  tabulated  in  Table  1.  and  Fig.  3  may  be 
consulted  for  the  definitions  of  the  vaiious 
geometrical  terms. 

All  impellers  were  machined  from  25  bT 
aluminum  stock  and  anodized  for  corrosion  and 
damage  protection.  The  blade  thickness  was 
about  0.045  inch  at  the  tip  for  most  of  the 
impellers.  The  leading  edges  in  all  cases  were 
sharpened  so  that  the  resulting  shape  was  a 
wedge  with  about  a  ten>degree  included  angle. 


Test  Facility 

At  the  start  of  this  program  no  suitatjle  test  facility  was  available.  The  design 
of  the  arrangement  shown  in  Fig.  4  was  determined  by  the  available  funds  and  the 
desire  for  a  simple,  reliable,  and  compact  system.  The  hydraulic  circuit  consists  of 
a  60-galloi)  storage  tank  on  which  are  mounted  the  cylindrical  Lucite  working  section 
(Fig.  4)  and  the  drive  motor  and  associated  controls.  Considerations  of  the  available 
motors  and  power  supply  dictated  that  the  diameter  of  the  working  section  l>e  2  inches. 
For  maximum  visual  observation  of  the  flow,  the  impellers  were  mounted  on  a  l>inc.h 
shaft  that  is  supported  by  a  water-lubricated  bearing  upstream  and  a  grease- 
lubricated  ball  hearing  in  the  downstream  diffusor.  A  mechanical  face-seal  r  .events 
water  from  getting  into  the  bearing  or  prevents  air  from  leaking  into  lire  '-ircuit 
when  operating  at  low  pressures.  A  tlirec-legged  spider  (with  struts  of  9-percent 
thickness)  supports  the  upstream  bearing.  The  support  is  1-1/2  diameters  upstream 
of  the  impeller  so  that  no  appreciable  wake  effects  should  remain  in  the  flow. 

The  discharge  from  the  diffusor  then  passes  through  a  turbine-type  flowmeter 
and  an  auxiliary  circulating  pump.  The  hydraulic  circuit  is  compl  .led  by  discharge 
bark  into  the  60-gallon  reservoir.  The  ambient  pressure  in  the  circuit  is  changed  by- 
applying  vacuum  or  pressure  to  a  separate  container  about  1  gallon  in  volume  that  is 
in  turn  connected  to  the  storage  tank.  This  tank  is  mounted  approximately  1  foot 
above  the  working  section,  and  purge  lines  from  all  high  pointF  in  tlic  circuit  lead  to 
it  so  that  undi.ssolvcd  air  obtained  either  by  deaeration  of  the  water  or  during  the 
noirnul  l  ourse  of  operation  at  low  jiressure  can  be  removed. 
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Table  1 


Constants  of  Impellers  Tested 
Nominal  Tip  Diameter  =  2.0  in.;  Hub  Diameter  =  1.000  in. 


Impeller 

No. 

Blade  Tip 
Angle 
(deg) 

Solidity 

No.  of 
Blades 

Radial 

Tip  Clearance 
(in.) 

Tip  Clearance 
Ratio  (gap/blaUe 
height) 

1 

12.05 

2.5 

4 

0.002 

0.004 

2 

12.05 

2.5 

4 

0.005 

0.010 

3 

9.1 

2.5 

3 

0.0015 

0.003 

4 

9.1 

2.5 

a 

0.0C4 

0.008 

5 

9.1 

2.5 

3 

0.008 

0.016 

6 

9.1 

2.5 

3 

0.020 

0.040 

7 

9.1 

2.5 

0.0055" 

0.011 

8 

9.1 

3.25 

3 

0.0055 

0.011 

9 

9.1 

2.0 

3 

O.OOSS 

0.011 

10 

9.1 

1.5 

3 

0.0055 

0.011 

"  1 

9.1  1 

1 

1.0  ■ 

3 

0.0055 

0.011 

12  ' 

1 

6.1  1 

2.5 

2 

0.0045 

0.009 

»1  his  impeller  .appears  toh.avc  systemati'’ manufai  turinp d iffe rent  es  betwet  n 
It  and  the  preceduu;  ones  of  the  same  blade  anple. 


The  greatest  compromise  in  the  design  of  the  test  system  was  the  impeller  drive 
motor.  With  the  small  diameter  (2  inches)  of  the  rctr-  it  is  necessary  to  operate  at 
high  rotative  speeds  to  obtain  the  low  cavitation  numbers  sought.  (Since  hydraulic 
horsepower  varies  as  the  cube  of  the  speed,  and  fifth  power  of  the  diameter,  a  small 
rotor  operating  at  high  speed  is  demanded  if  the  power  required  is  not  to  be  excessive 
for  a  t'iven  tip  speed.)  The  minimum  useful  rotative  speed  for  cavitation  studies  was 
thuugiit  to  be  atjout  9000  rpm.  A  survey  of  the  electric  motor  market  quickly  showed 
that  no  induction  motor  suitable  for  the  laboiatory  variable  frequency  supply  was 
readily  available,  and  as  a  compromise  choice  a  1/2-hp  universal  motor  was  obtained 
that  could  operate  at  rotative  speeds  from  6000  to  12.000  rpm.  The  motor  powar 
output  was  calibrated  at  several  speeds,  and  electrical  input  power  measurements 
were  subsequently  used  to  establish  the  pump  efficiency.  This  procedure  was  not 
completely  satisfactory  since  the  motor  calibiation  depended  upon  the  operating 
temperature  as  well  as  load. 


Instrumentation 

All  pressures  were  measured  willi  i.ieriury  manometers.  The  flow  rale  was 
fc  jnd  from  flu-  rutatr...  .ii)ci'd  of  a  ralil>ruted  liirlune-lype  lluwiiieier.  Althougii  the 
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working  sscttor  snd  the  Hr..«  motor.  1  h«  dtst  h^rgs 
piping  ^nd  nMnometers  ^re  not  visible. 


motor  speed  was  manually  varied  and  controlled,  it  was  measured  by  comparing  it 
with  i!ie  output  ol  a  known  speed  source.  The  comparison  speed  was  capable  of  being 
varied  in  discrete  units  oj  12  rpm.  In  practice,  the  arnuUaie  current  wa*  varied 
until  ti'.eie  was  m'  diflerence  between  the  moior  speed  and  that  of  the  source  The 
details  of  tills  system  ran  be  found  in  Itf.  8. 

Tiie  impeller  toul  head  was  measured  nith  a  small  imparl  probe  0.05  Inch  in 
diameter  a.  a  station  15  im  lies  downstream  from  the  impeller.  Surveys  near  the 
uh  or  <  asc  were  made  with  a  boundary  layer  probe  0.02  inch  in  height.  Flow  angles 
ana  sialic  pressu.es  were  also  measured  in  the  midstream  ponmn  of  the  annulus. 
Howevc,  owinK  to  t.>e  relatively  large  size  of  these  instruments  and  the  high  curva- 
tuip  of  t  le  flow  in  the  passage,  accurate  measurements  of  these  quantities  could  not 
be  oiitained  neai  tlic  walls 
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Procedure 

The  limitation  to  the  relatively  low  tip  speeds  of  the  present  tests  (about  90 
ft/sec)  required  the  inlet  static  pressures  to  the  impeller  be  on  the  order  of  S  feet 
absolute.  The  first  step  therefore  in  the  tests  was  to  deaerate  the  water  to  levels 
such  that  the  fluid  was  not  supersaturated  with  air  at  these  inlet  pressures.  For  all 
except  the  very  lowest  Inlet  pressures  this  was  achieved  by  limiting  the  air  content 
to  3  ppm  (i.e.,  moles  of  air  per  mole  ol  water).  A  Van  Slyke  blood  gas  analyzer  was 
used  to  measure  the  air  content.  Needless  to  say,  much  time  was  expended  inobtaln- 
ing  and  maintaining  the  air-tightness  of  the  system  to  get  such  relatively  low  values 
of  dissolved  air.  Even  so,  an  air  content  of  say  1/2  ppm  would  have  been  preferable. 

In  these  experiments  the  performance  of  the  machine  is  separated  into  ravitatlng 
and  noncavitating  performance.  The  Utter  tests  were  made  to  get  a  general  idea  of 
the  flow  within  the  impeller  and  to  see  how  the  performance  of  such  machines  com¬ 
pared  with  that  of  more  conventional  designs.  For  this  pui  pose,  total  head,  flow  rate, 
and  input  power  measurements  were  made.  Extraneous  torques  such  as  seal  friction 
were  measured  by  the  electric  power  input  to  the  motor  and  computations  of  the 
efficiency  could  then  be  made. 

The  caviUtion  teats  were  made  by  maintaining  constant  flow  rate  and  speed  and 
decreasing  the  system  ambient  pressure.  The  ambient  pressure  was  lowered  until 
the  impeller  could  not  maintain  the  given  flow  rate  (termed  cavlUtlon  breakdown)  or 
the  system  minimum  inlet  pressure  was  reached.  Operation  near  the  breakdown 
point  was  quite  unstable,  since  the  power  requirement  of  the  impeller  varied  widely 
and  constant  qpeed  could  not  be  obtained  with  a  universal  motor.  For  this  reason 
daU  at  breakdown  itself  is  of  limited  extent  and  most  of  the  deductions  made  were 
based  on  information  obtained  near  this  point 

The  quantity  of  principal  interest  in  the  cavitating  tests  was  the  totnl-pressure 
rise.  It  was  measured  at  the  downstream  station  In  the  middle  of  the  annulus  (at  a 
radius  ratio  of  0.79).  Although  the  total  head  at  this  position  corresponds  to  a  rough 
average  of  the  total  head  over  the  annulus,  the  head  so  measured  must  be  smaller 
than  the  properly  weighted  total  head.  The  rvsults  thus  obtained  are  conservative. 

Both  cavitating  and  noncavitating  performance  data  were  taken  for  each  of  the 
impeller  combinations  listed  in  Table  1.  Studies  on  somewhat  modified  impeller 
forms  were  also  made  but  will  not  be  reported  here.  In  fact,  because  of  the  large 
amount  of  experimental  data  gathered,  only  those  salient  features  of  impeller  per¬ 
formance  both  cavitating  and  noncavitating  will  be  mentioned. 


RESULTS 

To  facilitate  the  presentation,  the  noncavitating  features  of  the  flow  through  the 
inducers  will  be  discussed  first.  As  a  further  aid  in  visualizing  the  flow,  ihe  results 
of  a  tuft  study  made  on  a  12”  Inducer  (No.  1,  Tsdile  1)  will  be  given. 


Tuft  Photographs  (Noncavitating) 

Figure  5  shows  a  sequence  of  three  photographs  of  a  12 "-impeller  operating 
various  flow-rate  coefficients.  As  seen  in  this  picture,  three  rows  of  three  tufts  each 
are  fastened  to  the  case  and  in  addition  three  tufts  are  mounted  on  the  hub  imme¬ 
diately  upstream  and  downstream  of  the  rotor.  At  the  highest  flow  rate  shown 
(.  =  0.10,  occutring  at  about  the  maximum  efficiency),  Ihe  unstream  tufts  show  little 
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Fiji-  ^  -  Sequente  ol  luft  photoirraphs  on  a  IZ  imptflU-r  at  various  llow  rate**. 
The  rotation  is  from  left  to  rl^ht  and  fiow  approaches  the  rotor  from  below. 


or  no  disturbance  and  the  hub  tufts  are  in  accordance  with  a  smooth  relative  flow 
there.  At  the  intermediate  flow  rate  (  =  0.08).  however,  the  row  of  tufts  nearest  the 
impeller  on  the  case  show  a  strong  influence  from  the  impeller  whereas  the  hub  ti.fts 
at  e  still  relatively  unaffected.  At  =  0.06  back  flows  on  the  case  upstream  of  the 
impeller  and  on  the  hub  immediately  downstream  of  the  trailing  edge  are  quite 
noticeable. 

Thus  at  the  lowest  flow  rate  shown  any  resemblance  to  straight  x\ial  flow  is 
gone.  The  general  circulation  pattern  in  the  meridian  plane  appears  to  be  that  of  the 
strong  ring  vottices  discussed  by  Spannhake  (9).  Additional  visual  tuft  studies  were 
made  on  a  9  impeller  to  confirm  this  point.  From  these  it  appears  that  at  flow 
coefficients  for  which  the  strong  upstream  flow  disturbance  is  observed  the  suction 
surface  of  the  blade  near  the  leading  edge  is  not  separated.  However,  tufts  on  the 
pressure  surface  at  the  outside  diameter  indicate  that  a  strong  tip  clearance  flow  at 
the  leading  edge  may  l)e  the  agent  of  the  disturliancc.  The  tip  clearance  in  these 
obse.'-vations  was  1  percent  of. the  blade  height,  but  more  observations  with  variable 
tip  clearance  are  necessary  before  this  question  can  he  settled. 

The  course  of  the  flow  tiuuugh  the  rest  of  the  impeller  is  fairly  complicated  at 
these  flow  rates.  Strong  radial  inflow  on  the  pressure  side  of  Uie  blade  just  down¬ 
stream  of  tiie  leading  edge  was  observed  on  the  inner  half  of  the  blade  height  and 
secondary  flows  were  observed  on  the  hub.  Alwut  halfway  through  the  impeller,  the 
flow  on  the  I'.ub  appears  to  separate.  The  back  flow  at  the  trailing  t  .gc  on  the  hub 
shown  in  Fig.  5  flows  into  this  region.  A  compensating  radial  outflow  is  observed  or. 
the  pressure  side  of  the  blade  near  the  trailing  edge. 

Although  the  flow  patterns  just  descrilied  (  =  0.08  on  the  12  inducer  and  0.075 
on  ihc  9  imircllcr)  are  not  yet  fully  understood,  it  seems  certain  that  the  upstream 
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disturbance  is  not  a  result  of  blade  stall 
and  centrifugal  pumping  action.  It  may 
be  Uierefore  that  the  resemblance 
between  the  present  flow  and  that 
described  by  Spannhake  is  purely  coin¬ 
cidental. 


Overall  Performance  (Noncavitating) 

Pump  performance  is  usually 
expressed  in  terms  of  a  dimensionless 
head  coefficient  .  and  flow  c^:iefficlent  . 
(see  Notation).  The  noncavitating  per¬ 
formance  of  impellers  2,  3,  and  12  is 
given  in  Fig.  6.  (Recall  that  the  total 
head  was  measured  at  the  midpassage 
position.)  The  efficiency  even  under 
noncavitating  conditions  is  rather  low 
(about  75  percent),  by  ordinary  standards. 
The  excessive  passage  length,  poor  flow 
conditions  at  the  leading  edge,  and  tip 
clearance  leakage  all  contribute  to  this 
low  figure. 

Several  elementary  estimatss  of  the 
pressure  rise  curve  were  m.ide,  none  of 
which  were  wliolly  successiul.  One  of 
these  is  shown  in  Fig.  6  for  the  9 'impel¬ 
ler.  ’.t  was  obtained  by  assuming  that  the 
root -mean- square  radius  was  typical  for 
the  machine,  by  assuming  that  there  is 
perfect  guidance  of  the  flow  by  the 
blades,  by  accounting  for  blockage  due 
to  vane  thickness,  and  by  subtracting  off 
a  "friction"  loss  based  on  an  equivalent 
number  of  passage  diameters  and  tlie 
relative  velocity.  At  the  best  efficiency 
point  this  estimate  is  22  percent  high  It 
would  be  surprising  if  such  a  simple 
procedure  were  to  work  well,  since  it  is 
known  that  a  helical  surface  cannot 
impart  a  constant  total  head  to  all  radii 
and  since  it  is  apparent  that  strong  real 
fluid  and  tip  clearance  effect.s  occur. 
Figure  7  shows  a  flow  survey  taken  1.5 
diameters  downstream  of  impeller  7  at 
a  flow  coefficient  of  .  =  0.093  (near  the 
best  efficiency  point).  The  local  flow 
coefficient  and  total  head  coefficient  vary 
appreciably  but  smoothly  across  the 
channel.  The  velocity  profile  and  output 


Fig.  6  -  Noncavitating  effii  icr.t  y  and 
head  coefficient  vs  flow  coefficient  for 
a  6  ,9',  and  It'  helical  inducer  (impel¬ 
lers  12,  1,  and  2)  and  solidity  of  2.5 


RADIUS  RATIO  R/Rn 


Fig.  7  -  Measured  axial  velocity  profile 
.  ,,  measured  head  coefficient  n.eas- 
ured  input  head  coeffivient  '.theoret¬ 
ical  axial  velocity,  and  theoretical  he.’.; 

. .'.'I'icnt  distribiitioiiB  ;u  ro'. t  h  e 

aii»  luH  of  a  9  helic.al  induci  r  at  a 
riean  flow  coeffi-.  ienl  of  .  ■  0.r9i 
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tota]  head  coeffinieni  were  computed  on  the  basis  ol  the  simple  radial  eiiuilibrium 
theory  of  Hef.  10  and  are  also  shown  on  Fig.  7.  (In  these  calculations,  a  constant 
12 -percent  blockage  ol  the  annulus  due  to  vane  thickness  was  assumed.)  The  observed 
axial  velocity  profile  follows  the  theoretical  trend  adequately  but  there  is  a  great 
departure  of  the  observed  v'  curve  fiom  the  radial  equilibrium  value.  We  are  not 
able  to  explain  fully  the  reasons  for  the  wide  discrepancy  except  to  remark  that  tip 
clearance  leakage  and  the  three-dimensional  flows  that  undoubtedly  take  place  violate 
the  assumptions  of  perfect  guidance  and  lossless  relative  flow  used  in  the  radial 
equilibrium  computations.  These  effects  are  so  pronounced  at  a  flow  coefficient  only 
7  percent  lower  (l.e.,  ;  =  0.087)  that  the  axial  velocity  profile  is  nearly  linear  and  Is 
zero  at  tlie  hub.  At  lower  flow  coefficients  reverse  flow  is  measured  at  the  hub 
verifying  the  type  of  flow  patlei’n  shown  in  Fig.  5.  For  these  conditions  the  simple 
radial  equilibrium  theory  fails. 

The  flow-rate  coefficient  computed  from  the  downstream  velocity  survey  agreed 
satisfactorily  with  the  measured  value  for  a  flow  coefficient  of  0.093  and  higher.  As 
a  check  on  the  electrical  measurement  of  power  input  to  the  impeller,  the  torque  was 
computed  from  the  angular  momentum  measurements  of  Fig.  7.  The  agreement 
between  these  two  methods  was  excellent  (within  5  percent).  In  common  with 
other  investigations  (11),  an  Increase  in  tip  clearance  is  found  to  decrease  the 
maximum  efficiency  of  the  Impellers,  to  reduce  the  head  coefficient,  and  to  Increase 
the  torque  required.  Over  the  range  of  tip  clearances  shown  in  Table  1,  the  maximum 
efficiency  is  reduced  by  25  percentage  points,  and  the  head  is  reduced  by  20  percent 
Somewhat  surprising  is  the  finding  that  the  head  coefficient  is  nearly  a  linear  function 
of  the  solidity  at  a  given  flow  rate.  For  example  (see  Fig.  17),  when  the  solidity  is 
increased  from  unity  to  3.25  Ihe  head  coefficient  at  a  flow  coefficient  of  «  0.093 
increases  from  0.083  to  0.12  or  an  increase  of  about  45  percent  A  detailed  expla¬ 
nation  of  this  phenomenon  must  await  further  experiment  since  according  o  two- 
dimensional  unseparated  cascade  flow  theory,  substantially  all  of  the  guiding  effect 
of  a  flat  plate  blade  row  is  achieved  when  the  solidity  is  abwt  unity. 


Performance  During  Cavitation 

It  is  convenient  when  making  cavitation  tests  to  maintain  the  flow  geometry  and 
hence  the  flow  coefficient  constant  and  observe  the  change  in  head  as  a  function  of  a 
cavitation  parameter.  In  the  pump  ami  turbine  literature  the  customary  cavitation 
index  is  the  "suction  specific  speed,"  a  quantity  closely  related  to  the  more  familiar 
cavitation  number,  whic.h  may  be  converted  into  the  suction  specific  speed  (S  i  by 
means  of  the  formula  in  the  Notation  section.  The  total -head  output  of  impellers  2, 
3,  12  as  a  function  of  cavitation  number  was  determined  as  discussed  above  and  is 
s.hown  in  Fig.  8.  A  common  feature  of  all  of  these  curves  is  that  the  head  is  essen¬ 
tially  unaffected  until  ti  e  cavitation  number  is  0.1  or  less.  Even  then,  the  head  drops 
off  only  slowly  (except  for  t.'ie  low  flow  rates)  until  a  cavitation  number  is  reac^'ed  at 
which  a  further  decrease  causes  t.  e  veiv  ;apid  decrease  in  performance  known  as 
cavitation  breakdown.  As  mentioned  previously,  limitations  of  the  circuit  prevented 
obtaining  breakdown  fo*  all  conditions.  Howevei,  some  definite  breakdown  points 
are  s.nown  in  Fig.  8  and  even  for  t  ose  flow  i  ates  w.'en  no  sharp  decrease  occurs,  at 
the  minimum  value  of  u  shown,  b.eakdown  is  imminent. 

T.iese  diagrams  s.'.ow  tl.at  extremely  low  cavitation  numbers  can  be  achieved  (in 
the  order  of  0.03)  for  all  impellers,  so  that  suction  specific  speeus  in  the  range 
25.000  to  30.000  can  be  rcadil;.  ac  iev<  d  (aithough  at  the  risk  of  cavitation  damage). 
However,  t.hcse  plots  do  not  reveal  tiie  inteiesling  and  complicated  flow  patterns  that 
develop  as  cavitation  takes  place  To  illustrate  these  points,  a  number  of  photographs 
of  tne  12  impeller  will  be  used.  The  first  series  (Fig.  9)  shows  the  impeller 
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I.  I  CAVITATION  NO.  k 

Fig.  8  -  C.Tviiatiori  performance  of  a  series  of  helical 
indu»rr»  ol  i.S  solidity  and  0.5  hub  ratio;(a)  12°  inducer 
(impeller  h .  Ihi  9  indu<  er  (impeller  3),  (c)  6  inducer 
(inipelh  r  12) 


St.*? 


Fin.  9  -  Df velopnirnt  u(  cavitation  in  a  li”  hrhral  inducrr  (or  a  tio*  rale-  «  .>r((i>  ii-nt 
r  O.li.  (Thr*f  photograph*  arc  not  (trtetiy  in  a  ■i-qutnt.r  ain-r  they  »rrc  taken  at 
(tiilcrrnt  iimi  a  ami  rotative  ■peeda.) 


A.  J.  .  jst.i 

operating  at  a  flow  locflicient  in  t.ie  good  efficiency  :ange  (  =-0.12)  as  Inc  inlet 

prcitsure  or  cavitation  nunibc*i  is  lowered.  A  patch  of  cavitation  is  seen  at  tiie  lilade 
tip  in  Fig.  9  that  grows  as  t.ie  pressuic  is  lowe.ed  until  at  k  =  0.02  it  is  about  3  4  as 
long  .as  the  blade  T.  e  cavitation  buoble  is  never  clear,  as  it  is  on  a  shaip-edge 
iiydiofoil  in  a  water  tunnel,  but  always  has  a  fiosty  appeaiance.  Close  inspection 
shows  lliat  tne  greatest  part  of  t.ie  fuazv  cavitation  patch  arises  front  a  tip  clearance 
flow  similar  to  liiat  reported  in  Ref.  12.  Ihc  cavitation  is  confined  largely  to  the 
outer  portions  of  the  amtulus.but  at  tiie  lowest  cavitation  numbers  it  cjoes  (x;cu.  t.om 
root  to  tip  The  develoiiment  shown  in  Fig  9  satisfies  one's  intuitive  idea  of  the 
g..-’wii<ol  cavitati(>n  but  at  othei  flow  coefficients  tne  sequence  is  entirely  different 
as  for  example  those  in  Figs.  10.  II.  and  12  In  Fig  10  (  -  0.14)  we  see  e«ei>  otl.ei 
blade  cavitating.  This  ariangement  is  staole  and  it  does  not  always  occur  on  t:* 
s.ime  blades.  At  lower  flow  lates.  t  e  alternale  blade  cavitation  appears  to  propagate 
from  blade  to  blade  in  muc:  t.e  same  way  as  propagating  stall  in  a  cascade,  lie 
fre.|Uencv  of  propagation  depends  upon  the  capitation  number,  being  higli  at  i'igh  k  s 
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and  decreasing  to  zero  frequency  just  before  cavitation  breakdown.''  In  tills  regime 
blade  forces  can  be  quite  high  and  the  various  mechanical  parts  of  the  pump  assembly 
can  be  easily  excited  to  resonance.  It  is  difficult  to  show  the  state  of  the  How  in  this 
"cscill-^ting  cavitation”  condition  but  Fig.  11  gives  some  idea  of  the  disturbed  flow 
presen'.  At  even  lower  flow  rates  the  back-flow  phenomena  illustrated  in  Fig.  5  gives 
rise  to  a  spectacular  cortical  flow  (Fig.  12).  Even  this  peculiar  flow  pattern  is  able 
to  achieve  very  low  cavitation  numbers  (shown  at  breakdown  in  the  las'  af  this 
sequence). 


"'Ttic  t.  . ’;rr<*nct  of  lli***>f  jihcno.Tu-na  h.id  tifi-n  pointi'd  out  to  Iht  author  hy  Dr.  Ton: 
lo  ra  in  1955. 
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k  =  0.0< 


Fik-  -  Cavitation  dcv€-Iopnu*nt  at  a  flow  vorfficirnt  of  •  s  0.08  on  thi*  I^*  inducer 


A  diagratn  showinic  the  lot  atiun  o(  ihcar  various  regioris  is  shown  in  Fig  13. 
The  boundaries  of  these  regions  are  iwl  sharply  defined  and  depend  to  i  c  onsiderable 
extent  on  the  detat.H  of  the  leading  edge  design  and  somewhat  on  the  tip  clearance. 
However,  it  is  ti-picalul  all  ol  tltr  helical  inducers  studied.  The  outlines  of  the  oscil- 
laliin;  cavitation  tegion  are  also  .shown  in  Figs.  8b  and  He  for  the  other  blade  angles. 
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Experimental  Study  ofCa..  ting  Inducerb 


FLOW  COCFFICIENT  if, 


Fis,  13  -  The  various  modes  of  cavitating  flow  in  a 
IZ"  helical  inducer  as  a  function  of  cavitation  number 
and  flow  coefficient 


From  these  diagrams  we  see  that  most  applications  for  highly  cavitating  inducers 
will  be  subject  to  this  phenomenon,  and  accordingly  some  effort  was  made  to  find 
simple  modifications  of  the  impeller  that  would  suppress  it.  Three  were  tried; 
(a)  increasing  the  tip  clearance,  (b)  changing  the  leading  edge  contour  of  the  impeller 
and  (c)  varying  the  lead  of  the  impeller  Uades  from  i^et  to  discharge.  Increasing 
tiie  tip  clearance  offered  some  help  (in  preventing  oscillating  cavitation)  but  at  the 
expense  of  cavitating  performance  and  overall  efficiency.  No  extensive  leading  edge 
modifications  were  carried  out,  but  the  one  tried  wiiich  consisted  of  making  the  lead* 
ing  edge  of  the  blade  surface  a  spiral  rather  than  a  radial  line,  depressed  the  occur¬ 
rence  of  oscillating  cavitation  to  lower  cavitation  numbers  and  also  improved  the 
cavitation  performance  I  In  the  last  attempt  an  impeller  was  constructed  with  a  blade 
angle  of  6°  at  the  inlet  and  9°  at  the  discharge  and  with  a  solidity  of  2.5.  The  overall 
performance  was  similar  to  the  9*  impeller  and  the  cavitation  performance  was 
similar  to  the  6°  Impellers  (although  not  quite  as  good),  but  the  extent  and  severity 
of  the  oscillating  mode  was  greatly  reduced.  The  foregoing  remarks  imply  that  this 
zone  is  to  be  avoided  at  all  cost.  lUs  is  believed  to  be  the  case  only  for  mechanical 
reasons,  since  there  is  no  hydraulic  reason  to  do  so. 

It  has  already  been  mentioned  that  increased  tip  clearance  tends  to  reduce 
hydraulic  performance.  The  same  result  is  also  found  to  be  true  when  cavitation 
occurs,  as  Fig.  14  shows.  According  to  the  present  results  the  smallest  possible  tip 
clearance  gives  the  best  cavitation  performance.  Even  so.  impressively  low  u's  are 
still  achieved  with  the  largest  clearance  used,  although  at  greatly  reduced  output. 
(It  should  be  mentioned  here  that  there  is  probably  no  particular  merit  in  making  the 
tip  clearance  dimensionless  with  the  blade  thickness  since  for  the  ranges  of  Reynolds 
number  used  inertial  forces  prevail  in  the  gap,  and  the  rotor  radiu;.^  is  then  a  better 
charc.rU-rislic  length  (11).)  Photographs  taken  of  cavitation  with  the  1'  gest  tip 
clearance  suggest  that  the  increased  tip  clearance  flow  that  takes  place  gives  rise  to 
large  disturbances  in  the  outer  portions  of  the  passage  that  cavitate  prematurely  and 
thereby  lower  the  output  head. 
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Fig,  U  -  The  effcit  of  tip  clearance  on  the  cavitating 
perforniaiii  e  of  a  9  inducer  with  a  solidity  of  2,S  at  a 
flow  coefficient  near  the  best  efficiency  point  -  0.093)> 
The  solid  symbols  indicate  inception  of  oscillating 
c  avitaticr. 


Fig,  la  -  The  effect  of  solidity  on  the  cavitating 
performance  of  a  9"  helical  indurrr  at  a  flow  coef¬ 
ficient  of  .  =  l).09f.  The  solid  symbols  denote 
inception  of  oscillating  cavitation. 


The  effect  of  solidity  on  cavitation  performance  is  shown  in  Fig.  15.  It  is  some¬ 
what  surprising  that  extremely  low  cavitation  numbers  can  be  achieved  with  a  solidity 
as  low  as  unity.  However,  the  head  had  dzof^d  off  by  a  factor  of  three  at  the  mini¬ 
mum  k  of  0.02  for  >  1,  whereas  for  -  3.25.  the  head  had  only  decreased  by  2C 
percent  at  the  same  k . 

Some  velocity  profile  measurements  were  also  obtained  during  cavitating  flow 
for  a  9  impeller  (No.  7)  to  see  if  significant  changes  occurred  in  the  distributions  of 
Fig.  7.  Interestingly  enough  it  was  found  that  cavitation  improved  the  axial  velocity 
profile.  The  distribution  of  total  head  across  the  passage  remained  about  the  same 
although,  of  course,  lower.  At  flow  coefficients  ranging  over  the  etficienry  peak  of 
this  impeller,  and  at  all  cavitation  numbers,  cavitation  decreased  the  torque  of  the 
impeller  as  found  from  the  velocity  surveys.  The  efficiency,  however,  still  decreased 
v/ith  decreasing  k. 
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DISCUSSION 
Cavitation  Breakdown 

One  of  the  intentions  of  this  work  was  to  correlate  Uie  breakdown  cavitation 
number  with  the  impeller  geometry.  From  t'le  foregoing  remarks  It  is  seen  that 
while  there  are  examples  of  clearcut  cavitation  breakdown,  both  the  limitation  of  the 
equipment  and  phenomenon  itself  do  not  always  allow  such  a  black-and-whiic  dis¬ 
tinction  to  be  made.  Nevertheless,  many  points  at  cavitation  numbers  below  which 
operation  was  not  practical  were  observed— both  visually  and  with  measurements. 
In  all  of  the  cases  where  breakdown  had  either  occurred  or  was  imminent,  the  length 
of  the  cavitation  region  was  between  75  and  100  percent  of  the  blade  chord.  In  no 
case  did  the  cavitation  region  extend  beyond  the  chord  before  breakdown  had  occurred. 
The  reason  for  this  is  quite  clear  since  before  breakdown  the  increase  in  the  total 
head  (and  hence  static  pressure)  is  of  the  order  of  10-15  p  -cent  of  the  tip  velocity 
head.  This  pressure  is  much  higher  than  the  inlet  pressure  and  is  responsible  for 
collapsing  the  cavity.  But  (or  this  pressure  rise  and  hence  total  pressure  rise  to 
exist,  a  peripheral  velocity  '  of  about  10-15  percent  of  the  tip  speed  must  be  im¬ 
parted  to  the  flow.  From  Fig.  16  it  is  seen  that  a  whirl  velocity  of  this  magnitude: 
cannot  be  obtained  with  a  high  solidity  cascade  of  flat  plates  if  the  leaving  relativr 
velocity  Is  comparable' to  the  velocity  on  a  cavity  boundary  (i.e.,  greater  than  the 
inlet  velocity). 


Fig.  16  -  Velocity  trianglen  in  a  flat  plate  cascade 
(a)  without  and  (b)  with  extenaive  cavitation 


The  question  then  arises  as  to  whether  we  can  make  a  reasonable  estimate  of  the 
cavitation  number  when  the  cavitating  region  in  nearly  as  long  as  the  chord.  We  will 
certainly  have  to  exclude  flow-rate  coefficients  less  than  the  maximum  efficiency 
point  to  rule  out  the  strong  three-dimensional  effects  seen  in  Fig.  12.  For  similar 
reasons  Impellers  with  large  tip  clcaiance  will  have  to  be  excluded.  Even  then  from 
the  analysis  of  noncavitating  results  (Fig.  7),  the  main  flow  through  the  impeller  is 
not  frictior.iess  nor  wholly  two-dimensional.  Even  so,  correlations  based  on  theory 
would  be  useful  to  have,  even  if  they  are  ultir:.:tely  empirical.  For  this  purpose  it 
was  assumed  that  the  flow  througli  the  helical  'mneller  was  equivalent  to  the  flow 
through  a  two-dimensional  ca.scade  ci  flat  plates  wUh  a  stieamline  springing  f.ce  at 
the  leading  edge  and  forming  a  partial  cavity  of  length  less  than  the  chord.  Now  it  is 
known  that  the  linearized  (roe  streamline  theory  does  not  provide  a  solution  to  the 
problem  of  the  partial  cavity  on  an  isoUtec  plate  when  the  cavity  length  in  a  reason¬ 
able  fraction  of  the  chord  (12).  Consequently,  the  view  was  taken  th:.t  as  far 
as  the  growth  of  the  cavitt’  in  un  inducer  of  high  solidity  is  concerned,  the  most 
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significant  length  is  the  circumferential  spacing  between  tlie  blades  The  length  of 
the  blades  was  then  taken  as  infinite  compared  with  the  spacing  and  the  growtii  of  a 
partial  cavity  in  such  a  cascade  was  carried  out  by  exact  and  linearized  free  stream¬ 
line  methods. 

The  results  of  both  methods  agreed  well  except  for  large  cavitation  numbers 
where  the  limitations  of  the  linearized  theory  were  exceeded.  Values  of  cavity  length 
vs  cavitation  number  were  also  calculated  (by  the  linearized  theory)  for  a  cascade 
geometry  equivalent  to  the  mean  radius  of  the  9°  Impeller  at  a  flow  coefficient  of 
^  =  0.093,  and  the  results  of  this  calculation  are  shown  in  Fig.  17.  Also  plotted  in 
Fig.  17  are  approximate  lengths  of  the  cavity  as  determined  by  visual  measurements. 
The  agreement  is  hardly  overwhelming  but  several  points  are  worth  mentioning: 
(a)  the  general  trend  of  both  curves  is  the  same  althcigh  a  systematic  difference  for 
rmall  lengths  and  high  k's  is  found;  (b)  the  minimum  cavitation  number  is  reached 
very  soon  after  the  ratio  of  cavity  lengUi  to  spacing  is  1-1/2,  thereby  indicating  that 
excessively  high  solidities  are  unnecessary;  and  finally  (c)  our  empirical  observation 
is  that  for  practically  all  the  flow  rates  and  impellers  tested  (d",  9”,  and  12*)  the 
minimum  cavitation  number  reached  before  breakdown  was  less  than  two  times  the 
minimum  cavitation  numter  possible  in  a  given  cascade  with  a  given  angle  of  attack. 
In  the  present  example  the  minimum  is  the  asymptote  of  the  curve  shown  in  Fig.  17. 
The  value  of  this  asymptote  can  be  obtained  quite  simply  from  elementary  momentum 
considerations  when  it  is  recalled  that  there  is  no  net  force  parallel  to  the  plate  and 
that  the  cascade  is  sufficiently  long  so  that  the  flow  is  perfectly  guided  (see  also 
Ref.  13).  The  result  of  this  calculation  is  that  the  minimum  cavitation  number 
achievable  in  a  cascade  of  infinitely  longflatplates  is  k  ^  i(^.  -  n>  where  a  and  are 
the  local  angle  of  attack  and  blade  angle  respectively  (both  of  these  values  to  be 
small).  This  relation  has  a  maximum  of  '^4  and  is  zero  at  i  ^  u  and  ^  -.  Thefirst 


Fig.  17  -  Growth  of  a 
partial  cavity  in  a  r  it- 
cade  aa  a  function  of 
cavitation  number.  The 
angle  of  attack  and  blade 
angle  correspond  to  the 
mean  radius  of  the  90* 
impeller  at  a  flow  coef¬ 
ficient  of  V  =  0.093. 
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result  follows  from  the  assumed  zero  thickress  ol  the  blades,  and  the  latter,  although 
perhaps  surprising,  only  occurs  when  there  Is  zero  flow  through  the  blade  row.  This 
formula  also  shows  that  smaller  blade  angles  are  better  for  obtalninglower  cavitation 
numbers  and  this  conclusion  is  qualitatively  borne  out  by  the  present  experiments. 


The  present  calculations,  although  crude,  account  for  the  trends  in  breakdown 
occurrence,  at  least  for  sufficiently  high  solidities  and  flow  rates  where  the  flow  is 
"r 'dominantly  two  dimensional.  Further  work  along  these  lines  employing  more 
elaborate  models  will  be  reported  in  the  future. 


Cavitation  Simllllude 

In  the  absence  of  friction  or  body  forces  the  cavitation  number  determines  the 
location  and  extent  of  cavitation  on  a  body.  The  only  question  is,  What  is  the  pressure 
in  Uie  cavity?  In  the  present  experiments  the  cavity  pressure  was  assumed  to  be  the 
vapor  pressure  of  the  bulk  fluid,  since  it  was  not  possible  to  measure  it  directly 
This  assumption  cannot  be  right  since  in  a  fluid  containing  dissolved  air,  the  cavii> 
pressure  can  exceed  the  vapor  pressure  by  the  amount  of  the  air  dltfused  into  the 
cavity.  This  possibility  was  investigated  by  removing  the  impeller  and  blocking  the 
annulus  of  the  test  section  to  a  sufficient  extent  to  create  a  cavity  behind  a  small 
lamina.  The  pressure  in  the  cavity  was  found  to  be  20  to  2S  percent  higher  than  the 
vapor  pressure  of  the  fluid,  (the  air  content  in  the  water  \;'as  the  same  as  that  in  the 
inducer  tests)  confirming  similar  experiments  of  Parkin  and  Kermeen  (13).  We 
suqiect  therefore  that  the  cavitation  nun^ra  listed  in  the  preaesf  report  are  too 
high,  but  in  lieu  of  direct  measurement  we  have  preferred  to  base  them  on  the  equl> 
librium  va'^or  pressure  of  the  liquid.  Of  course  in  pure  liquids  with  ito  dissolved  air 
(e.g.,  liqu.d  xyger)  ihe  pressure  may  be  less  than  the  vapor  pressure  of  the  bulk 
fluid  due  to  thermal  effects  in  evaporaitng  the  liquid  to  fill  the  cavity.  It  is  known, 
for  example,  that  cavitation  performance  in  liquid  oxygen  is  better  than  that  in  tap- 
we^-'r  and  it  is  almost  certoliily  for  this  reason.  At  present  several  greats  are 
w  <i  kii\g  on  this  problem  but  no  conclusive  results  are  available  yet. 


Further  Remarks 

There  are  a  number  of  difficult  problems  that  remain  to  be  solved  before  the 
understanding  of  cavitating  flows  in  rotating  machines  is  well  in  liand.  They  are,  in 
fact,  nearly  too  numerous  to  mention,  for  in  addition  to  embracing  the  unknowns  oi 
the  turbomachine  field,  the  many  effecis  of  cavitation  are  included.  Nevertheless, 
with  the  aid  of  a  few  'tdes  of  thumb  and  some  empirical  data  such  as  that  presented 
herein,  an  inducer  can  be  designed  for  a  specific  application  with  a  minimum  of 
development.  Thus  even  with  our  imperfect  understanding  of  the  cavitating  flow 
throui^  machines,  the  pumping  of  liquids  at  extremely  low  ambient  pressures  offers 
no  insdpr' ruble  problems. 
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NOTATION 

c  =  chord 

h  E  head  (ft  of  water) 
k  =  cavitation  number  =  (p,  -  P|,)/  (iiVj*  2) 
N  =  rpm 

P  -  pressure 

r  a  radius 

s  3  spacing  between  blades 

s  3  suction  qiecific  speed  > 


where  ppm  is  the  flow  rate  in  gallons  per  minute 
U  *  tip  speed  (ra) 

V  3  absolute  velocity 
w  3  relative  velocity 

1  3  angle  between  blade  chord  ind  inlet  relative  velocity 
j  3  blrrfr  angle  measured  from  plane  of  rotation 
7.  3  efficiency 

3  ratio  of  tip  clearance  to  blade  height 
^  3  density 
7  3  solidity  3  c  » 

■I.  3  flow  coefficient  3  average  axial  velocity  /u„  except  as  noted 
f  3  measured  total  head  coefficient  3  ght 
3  input  head  coefficient  =  '•(V,.,  v„,i 
■  3  angular  speed 
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DISCUSSION 


T.  lura  (^ace  Technology  Laboratory) 

I  wish  to  supplement  Dr.  Acosta's  results  with  some  data  obtained  thre«.  years 
ago  in  the  Inducer  test  facility  at  Rocketdyne. 

The  cavitation  patterns  observed  with  helical  imhicers  were  similar  to  those 
described  by  Dr.  Acosta.  For  inducers  with  four  blades,  at  a  given  flow  coefficient,  a 
reduction  in  cavitation  number  productu  UiC  following  sequence  of  cavitation  behavior: 

1.  biltlal  cavitation  -  equal  on  all  blades  at  the  Made  tips 

2.  Alternate  blade  cavitation  -  stable  patterns  on  alternate  blades 

3.  Oscillating  or  propagating  cavitation 


4.  Fully  developed  cavitation  -  equal  on  all  blades. 

Figure  Dl,  a  cavitation  performance  curve  of  a  l$.2-degree  helical  inducer, 
illustrates  the  cavitation  regimes  mentioned.  Hie  altemate  blade  and  unstable  cavi¬ 
tation  patterns  were  most  pronouncedat  the  flow  rates  betcT;  11:^  maxlthum-efficiency 
point  while  stable  alternate  blade  cavitatiou  pattern  was  nut  observed  on  inducers 
with  an  odd  nundber  of  blades;  asymmetric  unsiable patterns  were  in  evidence  between 
the  initial  and  fully  developed  invitation  regimes.  The  osclUating  caWtatlon  consisted 


ri,..  1)1  -  Cavitation  performance  of  16. 2-degree  (at  tip) 
foiir-bladed  helical  inducer 
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o!  the  cavitation  pattern  oscillating  along  the  blade  length  in  a  highly  erratic  manner. 
In  one  case  (for  a  11.2-degree  helical  inducer)  a  definite  propagation  pattern  was 
observed.  The  propagation  speed,  based  on  observations  of  high  speed  movies,  was 
about  one-tenth  of  the  inducer  rotative  speed. 

In  regard  to  vibration  accompanying  inducer  cavitation,  Fig.  D2  gives  a  qualita¬ 
tive  picture  of  the  vibration  levels  obtained  with  a  14.n-degree  helical  inducer.  The 
measurements  were  made  with  a  vibration  pickup  mounted  on  the  test  section.  As 
the  cavitation  number  (or  net  positive  section  head)  Is  lowered,  the  vibration  increases 
steadily  through  the  Hrst  three  zones  of  cavitation.  The  maximum  vibration  level 
occurs  just  prior  to  fully  developed  cavitation  after  which  it  decreases  rapidly  due 
to  bubbles  collapsing  in  midstream  rather  than  against  the  bl^.ds  surfaces. 

In  Fig.  D3,  the  dimensionless  breakdown  NPSH  (net  positive  suction  head)  in 
plotted  as  a  function  of  the  mean-diameter  helix  angle  for  various  angles  of  attack. 
The  breakdown  NPSH  is  defined  here  as  that  value  of  NPSH  at  which  the  inducer 
head  has  completely  dropped  to  zero.  These  data  were  obtained  from  tests  of  seven 
inducers  .'anging  in  tip  solidity  from  1.07  to  2.44.  It  was  found  that  the  breakdown 
NPSH  was  rather  insensitive  to  solidity,  althougii  the  rate  of  head  drop-off  was  quite 
sci..'::itivc  to  solidity  as  pointed  out  by  Ur.  Acoatu.  Along  with  the  breakdown  NPSH 
data,  the  theoretical  calculations  based  onBetz-Pemrsohn's  two-dimensional  analysis 
are  plotted.  The  theoretical  breakdown  curve  has  the  same  slope  as  the  experimental 
data,  but  falls  considerable  below  the  actual  results.  Aithcugli  the  trend  of  breakdown 
is  indicated  by  the  two-dimensional  model,  there  certainly  is  a  need  for  the  more 
elaborate  models  mentioned  by  Dr.  Acosta  and  for  a  three-dimensional  model. 

Figure  D4  shows  the  maximum  Inducer  efficiency  as  a  function  of  solidity,  and 
Fig.  D5  .'.hows  the  cavitation  parameter  corresponding  to  the  maximum-efficiency 
pci  Ills  plotted  as  a  function  of  solidity. 


yiBRAlinN  AMPHTIJDE  RATIO  •• 

Noncovjfi^n  Vibrtitign  Amplihxffi 


Kii;.  l)i  -  Cavitation  vibration  data  of  14.b-degrec  helical  ii  jer 
(amplitude  measurements  with  vibration  pickup  on  test  sect.on) 
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Fig.  L)3  •  Caviiation  head-brealidown  character! itics  of  helical  inducers 
comparison  of  theory  and  experimental  resulte 
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Fig.  D4  -  Effect  of  solidity  on  inducer  efficiency 


In  regards  to  cavitation  similitude,  tests  at  Rocketdyne  on  centrifugal  pumps 
with  inducers  show  that  cavlution  performance  in  liquid  oxygen  is  better  than  that 
in  water,  and  in  liquid  iiiirogen  is  better  than  that  in  liquid  oxygen.  For  a  given  type 
of  pump,  the  criUcal  NPSH  (one  percent  head  drop-off  point)  in  water  was  1.3  times 
that  in  liquid  oxygen  and  1.9  times  that  in  liquid  nitrogen.  However,  these  values 
are  dependent  on  inlet  conditions  such  as  flow  rate  and  design  blade  .ingle.  With  the 
inducer  taken  out  '4  the  same  centrifugal  pump,  tests  between  water  and  liquid  oxygen 
no  longer  showed  a  consistent  difference  in  cavitation  performance. 

If  one  calculates  the  comparative  vapor-bubble  growth  rate  j  from  Plescct  and 
Zwick's  tlieory  (for  superheated  liquid),  it  is  found  that  water  has  10  times  the  growth 
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Fig  D5  -  Effect  of  solidity  on  blade  cavitation  paruneter 


rate  of  liquid  ooiygen  or  liquid  nitrogen.  However,  Plesaet'i  theor}'  does  not  allow 
much  difference  between  the  growth  rate  of  liquid  oxygen  and  liquid  nltroten.  Clearly, 
sonse  theory  ia  needed  to  correlate  the  thermodynamic  propertiea  cl  the  liquid  with 
the  dynamic  featurea  of  the  pump  flow  in  order  to  explain  the  different  behavior  in 
varioua  fluida. 


A.  J,  Acoata 

It  is  clear  that  many  organizations,  such  as  Rocketdyne  and  Aerojet-General 
Corporation,  have  been  actively  working  in  this  field  for  some  time  to  good  effect.  I 
regret  that  they  have  not  previously  found  opportunity  to  present  their  results.  To 
some  degree  perhaps,  the  present  paper  r<'  ^y  assist  in  oringing  their  work  out. 

I',  is  gratifying  that  ma.  j  of  the  observations  made  by  Dr.  lura,  evidently  un 
larger  experimental  apparatus,  voi  ified  In  a  general  way  our  findings  at  the  CalUor  - 
nia  Institute  of  Technology. 


A  GENERAL  LINEARIZED  TNEORY 
FOR  CAVITATING  NYDROFOILS 


IN  NONSTEADY  FLOW 


R.  Timman 

TeehniMche  Hogeuchool » 


1.  INTRODUCTION 

Since  the  exact  theory  of  cavltating  hydrofoils  is  rather  complicated  for  fluid 
bodies,  a  linear  theory  will  be  develop^  which  is  assumed  to  be  applicable  to  the 
bodies  of  small  thickness  ratio,  such  as  propeller  blades  or  tliin  hydrofoil,  which  pre¬ 
vail  in  most  applications  in  naval  architecture. 

In  particular  the  case  of  a  nonuniform  motion  is  considered  here,  which  is  im¬ 
portant  for  vibrating  motion  as  well  as  for  the  motion  of  a  hydrofoil  in  a  nonuniform 
held  of  flow. 

The  underlying  assumptions  can  be  stated  as  follows: 

(a)  The  motion  is  two-dimensional,  the  itydrofoils  move  with  velocity  u  in  the 
direction  of  the  negative  x-axis. 

(b)  The  fluid  is  considered  incompressible  and  nvnviscous  as  long  as  the  pres¬ 
sure  exceeds  the  vapor  pressure  p,.  If  it  reaches  this  value,  the  dmsity  abruptly 
falls  off  to  zero,  thus  causing  a  cavity,  on  the  surface  of  which  the  pressure  has  the 
value  Py,  corresponding  to  vapor. 

(c)  The  motion  of  the  hydrofoil  causes  a  small  disturbance.  Here  both  the  thick¬ 
ness  ratio  of  the  hydrofoil  as  well  as  the  amplitude  of  its  nonsteady  motion  are  of  the 
same  (small)  order  of  magnitude. 

(i)  The  motion  of  the  fluid  is  irrotational  outside  the  hydrofoil  and  its  wake, 
which  extends  along  the  part  of  the  x-axis  which  lies  behind  ihe  hydrofoil. 

It  is  further  assumed  that  the  disturbance  created  by  the  hydrofoil  dies  out  at 
infinity,  except  eventually  in  the  wake.  This  means  that  the  pressure,  which  is  con¬ 
tinuous  in  the  wake,  must  vanish  at  infinity. 

Based  on  these  assumptions  the  mathematical  problem  can  now  be  formulated. 
The  hydrofoil  is  assumed  to  extend  aiong  the  segment  -'f  £  x  ^  of  the  x-axis. 


Cavitating  Hydrofc.ls  in  Nonsteady  Flow 


Its  motion  is  given  by 


f  y  -  h*(x,t)  -I  ^  X  i  +-t  upper  Side 

Ly=h"(x,t).  lower  side 


The  cavity  is  assumed  to  extend  only  over  a  part  of  upper  side  of  the  hydrofoil, 
extending  from  «  -  -{ to  x  ==  *c.  Along  this  part  the  pressure  has  the  constant  value 
Py.  On  the  remaining  part  of  the  hydrofoil  contour  the  fluid  wets  the  surface.  Since 
viscosity  is  neglected,  the  boundary  condition  is  simply  that  the  total  normal  velocity 
of  the  fluid  must  be  equal  to  the  norntal  velocity  of  the  hydrofoil. 

The  moving  hydrofoil  creates  a  disturbance  field  with  velocity  components  (u,v). 
The  linearized  condition  then  gives  on  the  wetted  part  of  the  hydrofoil 

V  '  l>,  »  llhy  =  •{x.O,  (1.1) 

where  w(x,  t )  is  a  knownfunctlon  of  x  and  t.  (Subscripts  denote  partial  differentiation.) 

In  order  to  derive  the  boundary  condition  on  the  cavity  in  terms  of  the  velocity, 
we  remark  that  the  flow  is  assumed  to  be  irrotational  outside  the  hydrofoil  and  the 
wake.  Thence  a  velocity  potential  -t-  exists  which  is  related  to  tiic  pressure  by 
Bernoulli’s  law. 


+,  ♦  I  {(»♦••)*  .  vJ}  t-E  xiu»  ♦  J  .  (1.2) 

which,  in  the  linearized  theory  takes  the  form 

p«"P 

>!■  ♦  Mil  X  -  .  (1.3) 

'  ( 

The  velocity  potential  satisfies  in  an  incompressible  fluid  Laplace’s  equation 

\|.  =  0  (1.4) 

and,  since  Eq.  (1.3)  is  linear,  we  can  introduce  a  pressure  or  acceleration  notential  v. 

.  -  —  .  (1.5) 

equally  satisfying 

V.  0.  (1.6) 

Now  the  boundary  value  problem  can  be  posed  for  the  velocity  potential  or  for 
the  acceleration  potential  f.  Since  the  latter  is  regular  in  the  complete  plane  outside 
the  hydrofoil  (the  pressure  is  continuous  in  the  wake),  it  is  ssmewh...  easier  in  the 
first  stage  of  the  problem  to  formulate  the  problem  for  the  acceleration  potential,  it 
is,  however,  to  be  remarked  hero,  that  for  an  unsteady  motion  ihc  length  of  the  cavi¬ 
tation  bubble  depends  on  the  time.  The  acceleration  potential  v  is  related  to  the 
velocity  potential  ‘1  by 


‘  t'  l-x. 


(!.’’) 
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steady  Flow 


From  the  condition  for  the  velocity  v  -  we  find  on  the  welted  part  of  the 
hydrofoil: 


r  <  X  t ,  y  - 

y=‘-P, 


'»y 


'  ty 


(1.8) 


On  the  cavity  -  .  '  x  <  c,  y  -  *(>,  the  pressure  is  the  vapor  preecuro  and  hence 


(1.9) 


where  ■  has  a  constant  positive  value. 

Since  must  Uc  a  harmonic  function,  there  are  different  methods  available  for 
the  solution  of  this  problem,  e.g.,  Mushkelishvill’s  method  of  singular  integral  equa* 
tions.  In  this  paper  a  function  of  Green  is  Introduced,  whicli  can  be  used  to  find  a 
solution  to  this  boundary  value  problem. 


a.  RfiOUliAR  SOLUTION  TO  THE  BOUNDARY  VALUE 
PROBLEM  FOR  THE  PRESSURE  POTENTIAL 

Recapitulating  the  Licundary  value  problem  for  the  pressure  potential: 

v  ■  •  X  <  c,  y  ■  ♦<>, 

,y  -  "•(’I.n  V  '  4  •  -'  <  n  <  H,  y  ■  -0,  (2.1) 


and 


-  0, 

We  can  solve  this  problem  by  the  introifuctiun  of  Green’s  function 

Op  (x.y:  Xp.yp). 

This  function  is  a  solution  of  the  nonhomogeneous  equation 

'Op  -  '(»p.yp)  (2.2) 

(where  fXp,ypi  is  Dirac’s  -function  for  the  plane),  wlilch  satisfies  the  Iwundary 
conditions 

Gp  ■  f  ,  X  '  r,  y  "  H), 

—  -  0 ,  c  ^  X  '  *  ,  V  -  ^0* 

'  1 ,  V  =  -0.  (2.3) 


Ci  is  regular  at  infinity. 
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Then,  applying  Gretn^s  theorem  to  the  outer  region  of  the  hydrofoil,  wc  obtain 


<'n 


2- 


[  f  r  M, 


(2.4) 


If  we  'Tie  that  both  G,  ^G/An,  v  and  vanish  at  infinity  of  sufficient  high  order, 
the  point  at  Infinity  gives  no  contribution.  Hence,  once  the  Qreen’s  function  is  known, 
the  solution  is  obtained.  This  expression  for  the  pressure  potential,  however,  is  not 
unique  since,  at  the  singular  points  *1,  and  *c  the  boundary  conditions  are  not 
specified.  If  we  put  the  point  r  of  the  Green’s  function  in  one  of  these  points,  we 
obtain  a  solution  of  the  homogeneous  equation,  which  is  regular  outside  the  hydrofoil 
and  does  not  alter  the  boundary  conditions.  Thus  we  may  assume  for  the  total 
solution 


't'p  ■  V,,,  ♦  Ai<3i  ♦  AjCa  * 

where  Aj,  A^,  and  Aj  are  Indeterminate  constants  which  must  be  determined  by  addi¬ 
tional  conditions.  Since  the  differential  equation  is  Laplace’s  equation.  Green’s 
function  can  easily  be  found  by  conformal  mapping  (Fig.  1).  At  first  the  physical 
plane  t  -  x^iy  is  mapped  on  a  z  *  x^iY  plane. 


z  - 


<  ♦  * 


(2.6) 


Then  the  hydrofoil  -f  <  x  <  passes  into  the  x-axis,  and  the  outer  region  passes 
into  the  lower  half  plane.  The  outer  region  passes  into  the  lower  half  plane  Y  <  0  and 
point  I  =  ""ii  '.o  z  =  i.  On  tho  hydrofoil  we  write  r  =  x  =  co»  r,  the  intervalo<  >■  <  « 
corresponding  to  the  upper  side,  and  ^  <  o  <  2"  to  the  lower  side.  If  c  =  -{.  cox  >, 
this  point  passes  into  c  =  cot  y/3.  Fur  x  >  c  the  boundary  condition  is  c  -  o,  for  x  <  r 
it  is  dO'  =  a  By  a  second  mapping 


r,  -  * 


(2.7) 


The  Z-plane  is  mapped  into  a  -plane.  Where  the  outer  region  now  occupies  the 
fourth  quadrant,  c  passes  intothe  origin  and  Blnto  the  point  r,  -  vent  1/2  >.  Green’s 
function  is  constructed  by  a  reflection  of  the  pole  r  with  respect  to  the  axis >  0, 
T)  ~  0  and  7)  <  0, -  0.  Since  on  the  first  axis  the  boundary  condition  is  a  =  n,  we  must 
add  a  pole  with  negative  sign  in  P  =  -  ivp  and  since  on  the  second  the  condition  is 

-  0  we  add  here  a  pole  with  positive  sign.  This  gives  the  rp'''Jting  complex 
potential 


c 


p 


> 


a-y)a*r.p) 
Crtpnr.Hp)  ■ 


(2.8) 
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y  -  G  =  0 


9„  =  w(*,t) 


--t  A  y^=  w(x,t) 


3G 


H 


Figure  1 


-i 


G  ^  0 


A 


Figure*  2 


Figure  3 


In  the  formula  (or  the  regular  solution 
on  the  hydrofoil  contour 

X  =  i  cos  *•, 

,  1 
Z  ~  rnt  —  f\ 

2 


we  need  on.y  tl.3  value  (or  Green’s  function 

x„  -  -  -t  CO*  I'p, 


rot  — 
2 


The  contribution  of  the  first  part  in  the  integral  in  Eq.  (2.4)  can  l)c  evaluated 
easily  by  the  use  of  the  Cauchy-Riemann  equations 


*y 


(2.9) 
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Since  Gp  and  h,,  are  conjugate  harmonic  functions.  This  gives 


27! 


J.l 


o 


n  r  ■  1 

!lx  7  _ 

ax  2” 


(2.10) 


Hence,  we  obtain  tiic  resuitlng  regular  solution 


*  I  (w,n)w„') 


(2.11) 


Tiic  additional  singi.ilar  solutions  can  be  found  trom  the  expressions  for  Cp  in 
the  neighborhood  of  the  singular  points  C  ■  =  0,  A  '  ■  B  ^  ^  j  v  cpt  y/j.  Near 

'  *  0,  wt  put  ^  7  we  let  r  ’  .A  along  the  upper  side  of  the  contour. 

Then 


G 


p 


iH_ 


(it-fp)(i£74p) 
tn  — — = - - 

(U-f,p)(i6  +  'p) 


(l-*^-lp)(f‘'  p) 
(l-it-Jd  +  it  -p) 


(2.12) 


This  gives  an  infinite  number  of  singular  solutions  of  increasing  order,  each  of 
which  has  a  zero  value  on  the  cavity  and  a  zero  normal  derivative  on  the  wetted  part 
of  the  hydrofoil.  The  higher  singularities  must  be  excluded  by  another  physical  con¬ 
dition,  viz.,  the  condition  that  the  pressure  must  be  integrablc  over  the  hydrofoil. 


On  the  segment  CB  we  have  '.p  = 

-iTip  and 

'  -'p(-‘  2  >-?) 

(’x  _  .  f!* 

.IZ 

TT  '  Ti7 

5 -S)T 

Further,  the  first  of  the  potentials  is 

2 

7|  ~ 

p 
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will  exibt,  while  for  the  higher  solutions  it  becomes  divergent.  Therefore  the  singu¬ 
lar  solution  corresponding  to  the  point  C  is 


■^1 


In  order  to  derive  the  second  singular  solution  we  put  r;^  - 


(2.13) 


Here  the  integrability  condition  docs  not  giv?  a  unique  singular  solution,  since 
both  ’7p  and  >,’  give  an  integrable  expression.  It  is  shown  by  Wu,  however,  that  only 
the  first  term  will  give  a  pressure  field,  which  is  higher  than  the  vapor  pressure. 
Hence  the  second  singular  solution  is 


(2.14) 


and  the  third  is 


•'3 


.  -[3 


This  singular  solution,  corresponding  to  the  trailing  edge  B  will  give  a  pressure 
which  is  Infinite  at  this  point.  This  is  excluded  by  the  Kutta  condition  which  requires 
the  pressure  to  he  finite  at  this  point.  Thus  we  are  left  with  the  following  expression 
for  the  pressure  potential: 


***«}  *'’i> ' 


‘  *1  *2  ‘  (V  p)- 

\  |»  / 


(2.15) 


We  further  remaik  l.hat  t.he  di.'iturbancc  pressure  must  vanish  at  infinity.  Since 
in  the  '.-plane  the  point  at  Infinity  corresponds  to 


i('  4-'  2) 


,i  '  4 


r‘. 


-I  -  cc.t  —  > 


2  I  r  r  1  ■  ’ 

Ijj  cos  -  >  ^cos  -  ,■ 


we  obtain  the  coixlition 


ri  *  i  (  (O',*  V  w  )G  sin  <l."  f  A,  2  msf ’’•'4)  ^co;.  —  >  *  A-  -  0.(2.1B) 

1  ^  V>">MV2) 
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Near  the  trailing  edge  B  we  put  ’  "  -i  .  rot  1/2  >'  -  i  -  which  gives 


(“i  ijrot  '"2-i  djcot  V2  i t"? +  /',p) 

(“i  fjcot  ^ '2“i ^^cnt^/2“i?'  +  ^p) 

■tn  (*■■)  ♦iM —  '  —  +  —  . — — 

|_-i  Vcot  -i  V2+Tp 


-i  tjcnt  V2“^  ”«  ijcoi  V2+', 


(  ■  ) 


-2^. 


+2.’ 


cot  V2+^*  <cot  ■^''2+?* 


Tlie  first  singular  solution  is 

%  *  _  f  -  iv 

(C*f**n*)  ♦  2i‘v  (C+.''*~i/2)  -  2i''T, 


,  “41  f2i’;(Ctf2-Tf2^  _  4^2^;  “2t)(C+.-2”7)*) 

O  *  X(.f2-T,2)  -  (^»tT,2)2 

^  -Xv  1 2., ( '2*^2) _ 

(-2  +  2C('2-ti*)  ♦  (f**^*)* 

3.  DETERMINATION  OF  THE  COMPLETE  SOLUTION 

For  the  determination  of  the  unknown  functions  of  the  time  A,(t),  A}(t),<ind  >(t), 
two  additional  conditions  are  necessary.  These  are  fouml  by  first  remarking  that  up 
to  now  the  problem  has  only  been  solved  for  the  acceleration  potential,  whereby  only 
the  differentiated  form  of  the  boundary  condition  (1.8)  is  used.  In  the  original  prob¬ 
lem,  however,  not  only  the  normal  value  of  the  acceleration,  but  also  the  veloc.ty  is 
given  which  contains  me. information.  In  fact,  once  more  it  can  be  seen  that  any 
solution,  satisfying  the  velocity  condition  (1.1)  satisfies  also  (I.fl),  but  the  singular 
solutions,  which  do  not  affect  (1.8)  must  be  added  in  such  a  way  that  (1.1)  is  satisfied. 
Another  condition  is  that  the  cavitation  bubble  must  be  closed. 

In  order  to  express  these  two  conditioas  in  a  mathematical  formulation,  it  is 
necessary  to  derive  an  expression  for  the  velocity  potential  4>  in  terp'.'  of  the  accel¬ 
eration  potential  t.  This  can  be  found  by  solution  of  the  differential  equation 

<■,  ♦  U  It,,  ■  y.  (1.7) 
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Considering  that  the  velocity  potential  must  vanish  at  infinity  upstream  to  the 
hydrofoil,  this  expression  is 

•  -i  r  ,yx',y,t  ■  f  f(x-UCt-t’),y,t')Ht'.  (3.1) 

Substitution  of  (2.15)  and  (2.16)  gives 


f  w,[-t  cos 


tt»'  + 


cos  V4 
i^cosfy/*') ) 


Idx'. 


(8.2) 


After  complicated  calculations,  which  are  given  in  tlie  Appendix,  the  expression 
for  the  velocity  on  the  hydrofoil  takes  the  form  given  in  Eq.  (AlO)  of  the  Appendix. 
Applying  this  result  to  a  point  of  the  wetted  surface,  we  derive 


I„J-  . 

•'v 

( 

'  -  f  *.  • 

J-ftI 

ft  -  n') 

^  1'  /  'y 

, .  Hi!') 

V5  1  . 

il  . 

1  j 

^  —  •  •  —  Hin 

*  “y  2)  ■» 

Since  the  first  term  gives  the  solution  to  the  boundary  value  problem  where  the 
velocity  on  the  wetted  part  lias  the  given  value  w,  this  first  term  cancels  against  tht 
left-hand  member.  Considering  now  the  integrals  with  respect  to  x',  they  ngnip  :an 
be  simplified,  remarking  that  the  singular  potentials  .,jarc  all  imaginary  parts  of 
complex  functions.  Applying  the  Cuuchy-Riemann  equations, 


C  tvitaling  Hyd:  'lils  in  Nor.‘itcady  Flov/ 


where 


,  =  Re  '  ^ 


ifij  -  Re  r^-3-n^ )  1 


,  ^(C  +  V*+7)*) 

<t>.  =  Re(  VZ)  =  - - — ^ - - - 

*  (Ctfi-T;2)2  +  4^»r,=* 


We  can  reduce  (3.3)  by  partial  integration,  remarking  that  the  wetted  nurface  corre 
sponds  to  the  line  f  ~  0  in  the  /;  plane.  Introducing 


(»*)  •  !lin  ''  ”  W|(t,x'), 


we  obtain 


"  "  T  {  l''3  -  ■‘•i  *2  ♦  ?  '^4  *4} 

•  ^  f"  *  r* 

*1  '‘it  •  1  *  J  *2t  •  •2‘'*'  "  dx  •  •  •  . 


It  should  be  noted  that  v  i  '  0  for  -  ~  n.  Therefore  the  only  part  of  the  integration 
which  contributes  to  the  result  is  the  part  of  the  x-axis  extending  from  -<»  to  •<.  The 
integration  along  the  lower  part  of  the  hydrofoil,  which  corresponds  to  the  n-axis  in 
the  -plane,  gives  a  vanishing  contribution.  A  point  on  the  wetted  upper  surface 
between  n  and  c  is  reached  from  the  trailing  edge.  Taking  the  contour  alongthe  upper 
edge  rif  the  hydrofoil,  i.e.,  along  the  real  axis  in  the  '  ~  ?  '  it; plane,  we  get  an  addi¬ 
tional  contribution  from  the  cavitation  bubble.  Hence,  it  is  obvious  that  behind  this 
bubble  extends  a  line  of  discontinuity  in  v. 

The  last  equation  for  A,  and  Aj  is  furnishca  by  the  closure  condition.  If  the  con¬ 
tour  of  the  hydrofoil  and  the  cavitation  bubble  is  represented  by 

>  '  •'(x.l). 


where  b  is  only  given  on  t.he  wetted  part,  The  normal  velocity  is 


*  i' 


•li 


jCd 


•  t 


•X 
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In  orde:  to  derivo  the  contour  of  the  bubble,  we  consider  this  as  a  partial  differential 
equation 


h  "  h_4  - 


Then  the  closure  condition  is 


Tlie  eolocity  v  satisfies  a  similar  partial  differential  equation 


where  n  is  the  normal  acceleration.  This  gives  in  a  similar  way 

v(x.t)  -  v^x'.t  -  .U’. 

Here  v(-')  is  the  given  normal  velocity,  corresponding  to  the  motion  of  the  leading 
edge.  Substitution  gives 

■  H.,  ^  '■?) [’  1  i.  ■ 


■  ^  f  x.lx  ,.(x.. 

i‘  -  ir) ■'*  •  i  1,  “■■■’'’"i'  ■ 
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Substitution  gives  the  third  ret^^^ion: 


I  (-e-x)  •  J"  ' 


4.  SOLUTIONS  FOR  SPECIAL  CASES 

Owing  to  the  time-dependence  of  you  t,  the  equations  for  A,.  Aj,  and  y  are  dif¬ 
ficult  to  solve.  For  this  reason  only  special  cases  can  be  considered. 

The  Steady  Case 

As  a  check  on  this  theory  we  consider  the  steady  case.  The  pressure  potential  is 


f" 

/I  t  \ 

(*'*,)C.  •  <in  <■' 

•  *  A,  n-r  ■  ’r- 

K 

V^p  -p  / 

♦  *2 


where  Aj  and  Aj  are  constants.  The  first  condition  now  re.ads; 

c  U  f  •  G,  sin  r  •  <!<'  *  Aj  2  cos{’'/4)  Vc<>s( V2)  +  Aj  ■  ^===aB  -  0. 
Jy  ico!Hr'2) 

In  the  second  condition  all  the  quantities  w,  vanish  and  we  otitain 

iri 


'i '  f  *  *j  ’  r  ^2  ■ 


The  third  condition  gives: 


'  ‘*'*^*^  '**  "  ’’■*  '  (^)  ' 
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For  a  flat  plate  the  formulas  simplify  considerably.  The  pressure  potential  is 

and  the  three  conditions  are 


CT  +  A,  2  cosfVA)  •  ^os(»/2)  +  A.  •  =  0, 

V«>S{V4) 

0  =  Aj  •  j  •  dx  ♦  Aj  •  1  •  H*, 

*1  J  »l(*)  ds  +  Aj  J'  (c-x)  ryjfx)  dx  =  U*|h^-h.^  -  ^  w(-t)| 


Harmonic  Oscillations  About  a  Certain  Steady  Motion 

We  consider  further  tbe  case  that  the  hydrofoil  performs  harmonic  oscillations 
about  a  certain  steady  motion.  Oirli^i  to  the  dependence  of  the  formula  on  the  pnram* 
ster  r  we  assume  that  the  amplitude  is  so  small,  that  the  time  dependence  of  y  is  also 
small. 


y  =  To  *  >1  ‘ 


Then  we  introduce  a  ‘second  linearization,”  expending  all  quantities,  containing 
y  into  powers  of  y,.  This  gives  rise  to  a  set  of  equations  for  the  determination  of  the 
amiditudes  Aj,  A2,  and  yj.  The  pressure  potential  takes  the  form,  (if  w  -  e*”'  *  «,) 


e.  = 


+  < 


II  r  w,  •  Cp  *in  e  df  ♦  <  I  (i> 


tin  (>  dfi  * 


♦  -t 


.!2!: 

3/ 


tin  fl  dff  yj  e*”*  ♦ 


♦  *1 


3Vj 

ly 


•  y,,  e**'*  ♦  Aj  » 


Wt 


f  A 


3^2 

*  TT 


V  •t*'* 


Tic  conditions  for  Ai ,  A^  and  y|  are  derived  in  a  similar  way.  This  gives  three 
nonhomogeneous  linear  equations  for  the  three  amplitudes.  It  would  be  of  interest  to 
study  the  case,  where  the  determinant  of  this  system  vanishes.  This  would  mean 
that  for  the  corresponding  steady-state,  spontaneous  oscillations  of  the  cavity  can 
occur. 
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4.  CONCLUSIONS 

The  general  theory,  laid  down  in  this  paper,  la  baaed  on  rather  crude  aaeump- 
tions  on  the  behavior  of  cavitatlng  flow.  Considering  the  underlying  hypothesis,  the 
assumption  of  potential  flow  la  not  auSiclent  to  repreaent  detaila  of  formation  and 
decay  of  cavities.  On  the  other  hand,  it  is  well  known  that  for  ateady>flow,  results 
from  potential  How  agree  reasonably  well  with  experiments.  The  further  simplifica¬ 
tion,  introduced  by  the  linearisation,  seems,  in  the  case  of  a  free  hydrofoil,  suffi¬ 
ciently  accurate  for  thin  hydrofoUa  at  small  incidence.  In  a  channel,  however,  this 
sluiplication  might  be  the  cause  of  considerable  error,  owing  to  Uockage  effects. 
This  phenomenon  is  analogous  to  the  behavior  of  linearised  theory  for  transonic  flow 
in  wind  tunnels,  where  the  nonlinear  approximation  is  necessary. 

P  s  regards  the  special  additional  assumptions,  Inti-uduced  to  describe  the  non¬ 
steady  behavior,  the  condition  is  that  in  the  cavitation  bubble  evaporation  occurs 
instantly,  as  soon  as  the  pressure  has  reached  the  cavitation  pressure,  which  is  con¬ 
stant.  However,  every  other  hypothesis  which  must  be  based  on  more  detailed  physi¬ 
cal  ccnalderations  will  arreatly  involve  the  calculations.  As  regards  the  introduction 
of  free  sources  and  sinks,  somewhat  more  explanation  is  necessary.* 

The  concept  is  completely  analogous  to  the  concept  of  free  vortices  in  nonsteady 
airfoil  theory,  which  already  goes  back  to  Birnbaum  (1923). 

Calculation  of  forces,  based  on  this  assumption,  yields  reasonably  good  agree¬ 
ment  with  experiments.  In  linearised  theory  the  circulation  aroimd  the  airfoil  is 
defined  by 

J*  y  •  ds  -  J*  W  •  d», 


where  u  is  related  to  the  pressure  potential  by 

e  *  ♦  l*  nf  ((I,  -  u,  ♦  U  Uj, 


which  means  that 


^  V,  'la  ”  'dj'  ^  d*  +  U  ^  t’,  d*. 


If  wc  suppose  that  ,  is  a  regular  function  outside  the  airfoil,  including  irHnity, 
*  V,  ''x  '  ‘’for  >ny  contour  enclosing  the  airfoil,  and  we  find  that 


^11  d»  -  -  (,1,-11.). 


If  in  the  wake  the  velocity  n  is  discontinuous,  we  find  that  the  time  rate  of  the  circu¬ 
lation  around  the  airfoil  is  equal  to  the  strength  of  the  dlscontlnui*-  at  the  trailing 
edge,  which  is  the  vortlcity  in  the  wake.  For  a  motion  started  at  a  definite  moment 


This  I'xplan.il inn  was  foiinil  in  a  discutiiin  brlw.'fii  the  author  and  Mr.  J.  A.  Gi’urst. 
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in  the  past,  the  wake  is  finite  and  the  total  circulation  around  a  contour  enclosing  the 
airfoil  and  the  wake  vanishes.  A  .similar  consideration  can  be  apolied  to  the  integral 


V  =  I  h  Hx 


if  the  contour  is  given  by  y  -  h(x),  which  represents  the  total  volume  enclosed  by  the 
contour.  Since 

V  --  h,  ♦  n  h,. 

we  have,  for  a  closed  contour, 

f' "  i  J** 

which  expresses  that  the  time  rate  of  change  of  the  volume  by  the  contour  is  equal 
to  the  contour  integral  of  the  function  v. 

For  incompressible  flow  we  have  simply 

where  f  is  the  stream  function  and  v  *  '-t,  for  incompressible  flow.  If  t  is  regular 
outside  the  hydrofoil,  we  have  f,  ~  and  the  volume  enclosed  by  the  contour  is  a 
constant,  as  was  posed  by  Wu. 

We  have  seen  previously  that  from  our  calculation  it  follows  that  a  sheet  of  dis* 
continuity  in  v  extends  behind  the  cavitation  bubble.  This  gives  ris  .'  to  a  sheet  of  dis¬ 
continuity  in  the  Hence,  considering  a  contour  which  lies  along  the  bubble  and  the 
wetted  part  of  the  hydrofoil,  there  is  a  discontinuity  at  the  end  of  the  bubble.  The 
strength  of  the  discontinuity  is  given  by  the  change  in  volume  of  the  bubble.  Since,  in 
linearized  theory  the  pressure  is  a  continuous  function  outside  the  hydrofoil,  the  (Us- 
continuity  in  the  wake  satisfies 

(At),  ♦  UfAt),  -  0, 

which  means  that  (iiia  uiscuntiuuity  is  propagated  with  the  velocity  ti. 
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Sinee  a  discontinuity  in  v  corresponds  to  a  source  distribution,  the  singularities 
are  denoted  as  “free  sources”  in  analogy  to  the  free  vortices  considered  before.  The 
theory  opens  a  possibility  of  an  explanation  of  the  oscillations,  which  are  observed 
for  a  steady  cavity  of  finite  extent.  The  entrainment  process  at  ^he  end  of  the  cavity 
during  which  small  volumes  of  the  gas  phase  are  carried  downstream  with  the  lluid, 
as  the  cavity  volume  decreases,  might  correspond  tothe  creation  of  the  free  sources. 

Only  quantitative  calculations  of  the  occurring  frequencies  and  length  of  the 
steady  state  bubble  would  confirm  whether  or  not  even  this  potentially  theoretical 
approach  can  account  for  this  complicated  phenomenon. 


NOTE  ADDED  IN  PROOF:  From  discussion  of  the  author  with  Messrs.  Geurst,  Tulin, 
and  Eisenberg  (October  19^9)  a  slightly  different  explanation  of  the  ‘free  sources” 
concept  arose.  In  this  concept  they  are  localized  in  the  reentrant  jet.  Hence,  for  a 
closed  contour,  including  the  stagnation  point  behind  the  reentrant  jet,  the  volume  is 
constant.  The  vcl'ume  enciubed  by  the  free  surface  varies  and  is  compensated  by 
“free  sources"  on  the  second  blade  of  the  Riemann  surface.  This  theory  gives  con¬ 
sistent  coT'ditions  and  is  worked  out  ty  Mr.  Geurst.  (To  be  published  in  Archiv  for 
Rational  Mechanics.) 
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APPENDIX 

REDUCTION  OF  THE  FORMULA  FOR  THE  VERTICAL 
VELOCITY  ON  THE  HYDROFOIL 

The  formula  (or  the  velocity  component  v  is; 
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We  can  reduce  the  first  two  terms  by  partial  integration 


j  J  **  -  ^r)  ~  -  ^  <1^'  -  up*'  ^  ‘  -  -')• 

-»  •'y  J 


By 


fBG 

*'( ^1  ^ *  sin  f\6 

OV 


f'  ,  f”  / 

x-x'\ 

dx'  w 

J  »  \ 

ByBx* 


sin  d  d6^ 


(*  ^>  /  *-»*\  BG  f  .  f  /  ^  B'G  By 


x-x'\  d^G  ay  , 

'  —  —  Sin  6d6 


and 


h'  i  ■'  ("•'  ■ "?)  17 ■  b’  [■  ('■•  ■  t)  s 


<16^. 


Apparently  we  havp  to  calculate  the  expression 


— ^ — 7  sin  ^  — -• 


sin 


ay  L  ^ 


(A2) 


From  the  definition 


c 


... .  .  (r-V)(i'*V', 

iH  -  -tn  — ,-=y — ,  .  • 

(r-rni*'.') 


(A3) 
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we  see  that 


oG 

b7 


ac 

ax ' 


-  Re 


I- 

\d« 


(G+iH)  +  —  (C+iH) 

CS. 


=  Re 


f  a(0+iH) 

1  34 


li  +  3(GtiH) 
d*  3' ' 


dz'  a?' 


C} 

dz'  J 


_L  ,JL 

W  4+4'  TT*/  H* 


AlL 

\4-4- 


1  \  £i! 

4+47  •'*' 


(A4) 


Since  ?  =  /z  -c,  where  c  =  cot(V2)  and  z  =  A  -  t/i  *  t 
we  have 


^  _  fU  .  dZ  _  J_  ,  ff  ~  r  . 
dt  dZ  dx  2C  dx  V<  +  *  "  ■  42< 


Substitution  gives 


I  „  C  1  /r  (i+z*)*  {  (i+z'*)M 

4i  It  “t-  ■  -  “7--; 

1  /4i  { !*?»)*  ;  (l+zj'/', 

’4»-ifU  ’  z  ’  t;  ’  /. 

1  Zi(Z,-CKl+Z»)^  -  (Z-C)(1+ZJ)Z» 

4^,  ■  (Z-Z,)ZZ, 

J_  ?i(g,-C)(l+Z»)^  -  (Z-C)(lig^)7»~ 

’  4?,  ’  (Z-z,)z2, 

,  nZ+ZjKZfZ?-!)  -  c  (-l+2ZZ,+Z,Z?+7»Zj+ZZf) 

47;  a, 
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,  (Z*7^)(7.^^-l)  -  C  (-l*2ZZ,+ZjZ^<Z27j«7y.J)"j 

■  rn  zf,  J 

Re  1  /  1  1  \  J_(±  JL\  ii/ii 

■  ■  4i  ■  r.  \z,',  ■  zjJ  ■  rz  ~rj*  r  ■  ij 


We  can  express  this  Into  the  four  singular  potentials 

S',  •-  •  ('>?). 

S',  =(7-f)- 

V.  ^ 


and  the  corresponding  quantities  for  r. 
At  first  we  remark  that 


This  gives; 


30  30  .  1  r  v5-<f; 

3x  '  ’  c  "  C 


<f5  ♦  ('»'3*Xv,+c*s',)(s'?k:v5) 


,  (  9,-^4  .'('ff-VS) 

♦  (S',*Cs,)(s'§+2C?5sc»<f5)  ♦ - - - -  2Cs>jS>S 
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•  -  C((|.,4C9j)(vfKVS)j 

1  rvi^t'S-vjv?  ,  1 

^  [ - - -  +  ('i>3‘t'f+¥iV?)  '  C(3v,vf-2vjf5)  -  C^VjVjJ 

1  [ac^jyf  i  (^,VSV3'(>?)  -(-5  +JC<*)  9j<»^  +  4  ‘*'«'*’s]  ■ 


Further 


30  _  dC  _  _ 1 _ M 

3y  3C  <iy  2  stn^  V2  ^ 


3^0-iIli  3  ,  (vT^  -'/^-^)(VFT  *1/^) 

?C  ■  3C p^-^)(^2=e 

.if  »  /  t  1  \  _  1  /_L  + _ *  \ 

■  y77-e/ 
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j  vl-c  I  y5',<'  j  J 

- 1  ‘  f—  ‘  ‘  —  1  -  W-i  *  \ 


Hence 


30  in  l\/l  l  \  .  „ 

3C  ■  2  (;  ■  r)t,  '  T,)  ■  ■ 


Substitution  of  these  results  into  E'q.  (Al)  gives: 

f"  30  if* 

v(x,0,t)  =  i  v(e,t)  •  —  lin  0  <10  ■  ^  j  'i' 


=  <  j  ^  .in  .W  -  1 J  Hx'  .  ^  .  -(y.t  - 

Jy  V.  gv 

I  I  *  ^  ^  j^Viyf+tViySN-syf) 

(Ik:*)*  ^  I  J 

-  — —  yj'tl  *  c 
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U  f  dx  *  I  w  Iff  t  -  \  .  -I- 

I  \  "/  sin2r/2 


L ,  ^  -  ...  -  ‘ 


— >  sin  0  (10 


M*-  r  j  *12* 

* t)  ■% 


t  * » ♦  ♦ 


IXSCUSSION 


L.  Landweber 

One  usu.'^lly  thinks  of  Green’s  functions  in  connection  with  existence  theorems  or 
numerical  methods  in  which  the  Green’s  function  is  obtained  as  the  solution  of  an 
integral  equation.  In  Professor  Timman’s  paper,  however,  a  Green’s  function  which 
yields  the  solution  of  a  time -dependent  problem  in  potential  theory  is  explicitly  dis¬ 
played.  I  believe  that  the  subject  of  cavitating  hydrofoils,  which  has  yielded  a 
remarkaUe  succession  of  elegant  papers,  has  attracted  so  many  mathematicians  as 
much  for  its  aesthetic  appeal  as  for  its  practical  fruitfulness. 

I  would  urge  the  author  to  assume  less  mathematical  erudition  on  the  part  of  the 
reader  and  to  include  more  details  of  his  mathematical  developments.  Fur  example, 
I  would  have  liked  a  demonstration  that  the  expression  for  the  acceleration  potential 
in  terms  of  tlie  Green’s  funcliun,  Eq.  (5),  satisfies  the  boundary  condition  on  the 
acceleration  potential. 

A  condition  not  considered  in  the  present  paper  is  that  the  pressure  should  be  a 
minimum  within  the  cavitation  bubble  -i  <  »  <  c,  v  =  It  is  known  in  the  steady 
ca.se,  for  example,  that  this  latter  condttton  is  necessary  in  order  to  determine  a 
unique  solution.  This  raises  the  question  concerning  the  uniqueness  of  the  solution 
in  the  unsteady  case. 


M.  Tulin  (Office  of  Naval  Research) 

First  I  would  like  to  comment  on  the  question  of  the  leading  edge  singularity 
which  occurs  in  the  linearized  theory  of  lifting  cavity  flow.  Wheo  i  first  did  the  lin¬ 
earized  theory  for  zero  cavitation  number  flows  past  lifting  foils,  I  compared  the 
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result  for  t'.)P  flat  plate  with  the  expansion  (In  powers  of  the  angle  of  attack)  of  Ray¬ 
leigh’s  exact  solution  and  I  verified  that  the  linearized  then  y  solution,  which  had  a 
-1/4  sirigulai  ity  at  the  leading  edge,  war.  identical  with  the  first  term  in  that  expan¬ 
sion.  That  was,  of  course,  sufficient  verification  that  the  linearized  solution  was  ci'c- 
roct.  Tiien,  when  I  worked  out  the  case  of  the  finite  cavity  flow  past  the  lifting  i  tat 
plav  I  noticed  that  it  was  p  ossible  to  select  more  than  one  solution  to  the  boundary 
value  problem;  only  one  of  these  solutions  hai)  a  -1/4  singularity  at  the  leading  edge 
and  1  naturally  assumed  that  that  one  was  the  proper  solution.  I  never  thought  that  It 
could  be  any  other  way -in  view  of  the  information  provided  by  the  infinite  cavity  case. 
In  order,  however,  to  ‘’piove*  tlie  validity  of  the  present  linearized  theory  siriution 
for  finite  cavities,  may  1  suggest  that  some  Interested  persons  carry  out  an  expansion 
(in  powers  of  the  angle  of  attack)  of  the  Gilbarg-Serrin,  re-entrant  Jel,  exact  theory 
solution  of  the  flat  plate  problem.  The  result  would  also  confirm  the  almost  certain 
conjecture  that  the  linearized  theory  for  finite  cavities,  as  1  first  formulated  it.  Is  in 
fact  a  linearized  version  of  i£-c:itra:;t  theory. 

Now  may  I  comment  on  Professor  Timman’s  model  for  the  unsteady  cavity  flow- 
which  includes  some  sources  or  sinks  in  the  flow  field  trailing  behind  the  cavity. 
First,  I  don’t  understand  the  physical  basis  for  this  model,  1  don’t  see  how  the  flow 
field  in  the  wake  of  the  cavity  can  contain  the  postulated  sources  or  sinks.  Second,  I 
don’t  see  the  mathematical  necessity  for  the  model.  It  is  certainly  true  that  a  cavity 
of  changing  volume  would  imply,  according  to  Incompressible  theory,  that  the  pres¬ 
sures  become  unbounded  at  infinity,  but  it  Is  a)ao  true  that  pressure  waves  are  propa¬ 
gated  with  finite  speed,  even  in  water,  and  that  as  a  result  the  effects  of  compressi¬ 
bility  alter  these  pressure  waves  at  large  distances  from  a  source  (or  cavity  of 
changing  volume)  and  cause  the  pressures  at  infinity  to  remain  unchanged.  I  think 
that  even  acoustic  theory  ipplled  to  the  problem  of  the  flow  field  at  some  distance 
from  a  cavity  of  changing  volume  would  reveal  the  true  nature  of  the  pressure  field 
there  and  would  dispel  the  need  for  both  Professor  Timman’s  model  with  distributed 
sources  and  sinks  outside  the  cavity,  and  Professor  Wu’s  model-which  calls  for  a 
cavity  of  unchanging  volume.  I  believe  that  the  solution  of  the  unsteady  cavity  prob¬ 
lem  which  properly  takes  into  account  the  boun^ry  and  dynamical  conditions  on  the 
body  and  cavity  will  produce,  in  general,  a  cavity  of  changing  volume  without  sources 
and  sinks  distributed  in  the  wake. 


W.  G.  Cornell  (General  Electric  Company) 

1  certainly  hope  that  some  of  the  techniques  that  have  been  shown  Ci*n  be  applied 
to  the  problems  of  unsteady,  separated  aero^namic  flows  which,  so  far,  have  been 
treated  by  what  one  may  call  quast-steady-state  methods.  I  refer  to  problems  such 
as  rotating  stall  and  propagating  stall  in  cascades. 

I  would  like  to  hear  some  comments  about  the  usv  the  Kutta  condition  when  one 
bas  an  unstead"  flow. 


B.  P;ir!(in  (California  Institute  of  Technology) 

I  would  appreciate  It  very  much  if  Professor  Wu  would  Indicate  the  bearing  of  the 
press  c  gradient  at  infinit}'  on  the  values  of  the  coefficients  which  he  quoted  from 
Karm.  r,  work. 
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R.  Timman 

Professor  Landweber  asked  whether  I  did  verily  that  a  constant  pressure  on  the 
cavitation  bubble  was  actually  the  minlmam  pressure  In  the  field.  I  must  again  con¬ 
fess  I  was  a  bit  careless  and  did  not  verify  that. 

With  respect  to  the  Kutta  condition,  if  the  cavity  extends  nearly  the  whole  of  the 
upper  surface,  1  hardly  believe  that  a  Kutta  condition  could  be  valid.  On  the  other 
hand,  as  long  as  the  cavity  is  small  I  don't  see  why  the  Kutta  condition  should  be 
dangerous.  Also,  there  is  a  lot  of  experimental  evidence  in  the  use  of  the  nonsteady 
flow  theory.  Of  course,  they  all  gave  imperfect  agreement  with  theory;  they  don’t 
even  agree  completely  in  the  steady  case.  In  the  steady  case  you  know  the  Kutta  con¬ 
dition,  yet  you  predict  110  percent  of  the  actual  values,  so  why  should  you  expect  in  a 
nonsteady  theory  the  agreement  to  be  better?  So  as  tar  uj  I  can  see,  as  long  as  the 
cavity  does  not  extend  too  close  to  the  trailing  edge,  the  Kutta  condition  is  just  as  bad 
or  as  good  as  it  is  in  all  the  hydrodynainicai  theories. 


T.  Wu  (California  Institute  of  Technology) 

In  reply  to  Dr.  Parkin’s  question,  U  Is  true  that  the  wake  flow  generated  by  »  fiat 
plate  accelerating  broadwise  through  the  fluid  which  is  otherwise  at  rest  in  an  iner¬ 
tial  frame  is  a  problem  different  from  that  treated  by  Karman.  In  this  case  you  may 
take  a  coordinate  system  fixed  with  respect  to  the  fluid  at  infinity  so  that  at  Infinity 
the  velocity  is  zero  and  the  pressure  is  equal  to  r.,  a  constant.  Then  the  plate  will 
be  moving  with  acceleration  a. 

If  the  shape  of  the  free  boundary  is  still  a  constant  in  time,  then  when  the  condi¬ 
tion  of  constant  pressure  is  applied  on  the  moving  boundary,  you  will  have  a  different 
expression  for  the  pressure  equation. 

Next,  I  wish  to  supply  a  uniqueness  proof  with  respect  to  the  leading  edge  singu¬ 
larity,  or  .  Ihe  first  time  I  looked  at  the  3/4  singularity  I  thought  this 
singularity  may  be  ruled  out  by  the  arguoient  that  the  energy  is  not  IntegraUe  at  the 
leading  e^e.  Ihough  this  statement  is  true,  I  wasn’t  too  happy  with  this  anawer. 
Then  I  looked  for  other  physical  requirements  and  found  a  satisfactory  one.  I  imposed 
another  condition,  namely  that  thu  pressure  outside  of  the  solid  body  and  the  cavity 
wake  mustnot  be  leas  than  the  pressure  in  the  cavity,  tliat  la,  u  =  M  w  =  -1/2  Ch  £  u 
in  the  flow  field.  Suppose  the  s^ution  of  •  has  in  the  neighborhood  of  the  leading  edge 
the  expansion 


w  =  iS  ♦  iB  ♦  0(Z>/«). 


where  A,  B  are  two  real  coefficients  so  that  u  =  0  on  the  cavity,  llien,  with  z  -  r  e>‘’, 
we  have  near  y  -  c 


u  A  y~3/*  (in  ^  *  B  lin  +  0(-y*^*). 

From  tliis  result,  we  notice  that  the  term  tin(30/4)  will  change  sign,  whereas  the 
term  !iin(6/4)  will  nut,  as  fi  changes  from  0  to  3rr.  Since  the  first  term  violates  this 
physical  condition  on  the  minimum  pressure,  we  must  therefore  have  A  -  0  . 
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My  own  viewpoint  with  respect  to  the  existence  of  the  flow  source  is  as  follows. 
Suppose  we  take  a  two-diinenstnnal  cylinder,  and  let  it  pulsate  with  its  radius  T>  as  a 
function  of  t  in  a  uniform  stream  of  velocity  ti,  then  the  velocity  potential  is 

yCy,  t)  =  jcos  0  ^  SR  log  y, 

so  that  we  have  a  source  of  streiigth  2nKil  which  depends  on  the  rate  of  change  of  the 
cross  section  or  the  radius.  In  the  problem  of  unsteady  cavity  flows,  however,  it 
oeems  that  the  physical  requirement  must  be  imposed  that  the  pressure  be  finite  at 
infinity.  Otherwise,  we  would  require  an  infinite  amount  of  energy,  and  hence  an 
infinite  time,  to  create  such  a  flow. 

Thuf.  the  question  arises:  why  don’t  we  let  the  cavity  volume  grow  and  have  an 
infinite  pressure  at  infinity?  At  the  first  sight  it  seems  to  me  that  the  affirmative  is 
not  the  case.  One  flow  model  which  avoids  the  flow  source  at  infinity  is  that,  when 
the  volume  of  the  cavity  near  the  body  changes,  there  will  be  a  wake  which  becomes 
thinner  or  fatter  in  the  opposite  sense. 

In  regard  to  the  philosophical  question  about  the  physical  background  of  these  flow 
models  and  their  agreement  with  experiments,  I  have  the  following  point  of  view:  We 
realize  that  all  the  wake  flow  is  the  end  product  of  the  real  fluid  effect.  But  in  order 
to  solve  the  problem  in  an  easy  way  we  want  to  keep  the  potential  problem  as  a  pos¬ 
sible  approximation  by  making  some  mathematical  assumptions,  which  we  call  mathe¬ 
matical  models.  If  any  mathematical  model  gives  a  good  approximation  of  the  flow 
quantities  near  the  solid  body,  so  that  we  can  predict  very  accurately  the  total  hydro- 
dynamic  forces  on  the  body,  then,  as  far  as  I  am  concerned,  the  model  should  'oe  quite 
acceptable.  However,  we  should  not  expect  that  the  simple  model  is  also  capable  to 
provide  a  good  description  of  the  complicated  wake  flow  downstream.  Tlte  problem 
of  the  wake  flow  in  the  wake  is  entirely  different  from  those  considered  here  and  I 
believe  one  cannot  olitain  a  good  result  without  considering  the  viscous  effect,  vortex 
shedding,  the  turbulent  mixing,  and  so  forth. 

Sever  al  experimental  results  have  been  available  for  a  few  special  cases  of  cavity 
flow  past  a  flat  plate  inclined  at  a  small  angle.  These  results  give  substantial  support 
to  these  mathematical  models.  With  respect  to  the  present  linearised  model,  there 
are  certain  features  which  are  different  from  the  nonlinear  cases.  Here,  again,  the 
philosophical  way  to  answer  this  question  is  to  examine  if  it  gives  a  fairly  accurate 
description  of  the  flow  near  the  body,  so  as  to  determine  if  it  is  acceptable. 


•  *  «  *  a 
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